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N.P.L. colour-matching investigation: Final report (1958) 


by W. S. STILES and J. M. BURCH 
National Physical Laboratory, Teddington, Middlesex 


(Received 3 November 1958) 


The second part of the N.P.L.’s colour-matching investigation was 
devoted to determining average colour-matching properties in a large 
(10° diameter) bipartite matching field, and the final corrected results are here 
presented in tabular form, together with a specification of the conditions of 
measurement, and ancillary data on repeatability. The tabulated results 
comprise (a) mean colour-matching functions, referred to reference primaries 
at wave-numbers 15 500, 19 000 and 22 500 cm~, for spectral stimuli in the 
range 12 000 to 25 500 cm~, given at intervals of 250 cm! between 16 000 
and 22 000 cm and at intervals of 500 cm~! outside these limits, (6) the 
standard deviations and correlation coefficients of the colour-matching 
functions at wave-numbers between 14 000 and 25 500 cm~, (c) mean colour- 
matching functions corrected for rod intrusion in the range 12 000 to 17 000 
cm~!, (d) the corresponding mean unit coordinates in a W.D.W. system, and 
their standard deviations, (e) the mean relative luminosity factors of the 
reference primaries and their standard deviations determined by both direct- 
comparison and flicker heterochromatic matching, (f) the mean relative 
luminosity function V’, in the range 12 000 to 15 000 cm~ determined by 
direct comparison with 14250 cm. The main colour-matching results 
are based on 49 subjects, but the results for spectral stimuli of wave-number 
less than 14 000 cm™! rest on fewer subjects. The extent to which the results 
show an increase with age in the yellow pigmentation of the eye is discussed. 


1. INTRODUCTION 


The Interim Report to the Commission Internationale de |’Eclairage (C.I.E.) 
on the National Physical Laboratory Investigation of Colour-matching (Stiles 
and Burch [1], see also Stiles [2], referred to as papers B and A respectively 
in what follows) dealt mainly with the determination of the colour-matching 
functions in both 2° and 10° matching fields for a pilot group of 10 subjects. 
Since then the main measurements on a much larger group (c. 50 subjects) 
have been completed. In accordance with the recommendations of the Ziirich 
meeting of the Commission Internationale de |’Eclairage (C.I.E. [3]), the 
measurements were made for a 10° matching field. A general account of this 
work was given in a paper to the N.P.L. Symposium on Visual Problems of 
Colour (Stiles [4], referred to as paper C in what follows). In the present report, 
the final corrected results are presented in tabular form together with essential 
ancillary details. Since paper C was written data on flicker luminosity factors 
for the primaries have been obtained and some further analysis of the results 
has been made. 


2. "THE MEASUREMENTS 
2.1. General scheme 


The colour-matching functions for the main region of the visible spectrum 
(14000 to 25500cm-1) were determined in two blocks of measurements 


O.A. A 
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(Pts. I and II) employing respectively 24 and 29 subjects (4 subjects were 
common to the two parts). For each subject the spectral range was covered 
in two runs, a ‘green’ run for test stimuli from 17000 cm™ to the blue and 
with the middle instrumental primary in the green at 19000 cm™, and a 
‘yellow’ run for test stimuli from 17000 cm to the red, with the middle 
instrumental primary in the yellow at 17000cm~'. The red and blue 
instrumental primaries were the same for the ‘green’ and ‘yellow’ runs. 
The results of the two runs were linked by using the match at 17000 cm~* 
in the ‘green’ run to transform the ‘yellow’ run results to the ‘green’ run 
primaries (see section on Processing, below). Parts I and II differed in that 
the blue instrumental primary was located at 22450 cmt in Pt. I, at 21 250cm™ 
in Pt. II, and the field intensity for 1/A<19000 cm™ was higher in Pt. II. 
In Pt. III, smaller groups of subjects, selected from those used in Pts. I and II, 
were used, (a) to determine by direct-comparison heterochromatic brightness- 
matching the relative luminous efficiency function in the red from 15000 cm 
to 12000 cm, the comparison field having fixed wave-number 14250 cm 
and (b) to determine the colour-matching functions at four wave-numbers in 
the red, in terms of instrumental primaries at 14250, 17000 and 21250 cmt. 

In addition, each subject of Pts. I and II made full colour matches with the 
‘green’ run primaries on the so-called ‘NPL bluish white’. This white was 
obtained by removing the slit in the central spectrum of the test tier of the 
trichromator so as to allow all the spectral colours to recombine in the second 
dispersive stage, and by inserting into the recombined beam a neutral and an 
OB9 blue filter. The approximate energy distribution of the NPL bluish white 
was given as figure 3 in paper B. The relative luminosity factors of test stimuli 
at 15500, 19000 and 22500 cm (Pt. I) and at 15500, 19000 and 21250 cm- 
(Pt. Il) were also obtained for each subject, using direct-comparison hetero- 
chromatic matching with a white comparison field. The white used was the 
mixture of the instrumental primaries which the subject had previously found 
to give a complete colour-match with the NPL bluish white. 

Finally, for a group comprising 26 subjects, all included in the Pt. I or Pt. II 
observations, the relative luminosity factors of spectral stimuli at 15500, 19000, 
21250 and 22500cm™! were determined by flicker photometry, using as 
comparison source the mixture of the instrumental primaries of the Pt. I 
‘green’ run which gave for the subject concerned complete colour-match with 
the NPL bluish white. These Pt. [V measurements were made some six months 
after the conclusion of the Pt. I and Pt. II observations, and in this case results 
were obtained both for a 10° and a 2° matching field. Table 1 summarizes the 
scheme of measurements of Pts. I, II, III and IV. 


2.2. Subjects 


A preliminary examination by the Ishihara test eliminated dichromatic or 
strongly anomalous subjects. Originally 54 subjects carried out the measurements 
of Pt. Land Pt. II, of whom some 25 had had previous experience of colorimetric 
or photometric matching. The results of five of the inexperienced subjects were 
markedly erratic and these subjects were dropped from the investigation. The 


age and sex distribution of the subjects in the different parts of the work are 
given in table 2, 
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Table 1 


Wave-numbers of 
instrumental primaries 
(cm™) 


Wave-numbers of test stimuli 
(cm~) 


Part I (24 subjects) 
“ Green’ Run 


“Yellow ’ Run 


Part II (29 subjects) 
‘Green’ Run 


‘Yellow’ Run 


Part DIT 

(a) Deep red, 
brightness matching 

(16 subjects) 

(6) Deep red, 
colour matching 

(9 subjects) 
Part IV (26 subjects) 

Flicker Juminosity 
factors 

(a) 10° field 

(b) 2° field 


15420, 19000, 22450 


15420, 1700, 22450 


15420, 19000, 21250 


15420, 17000, 21250 


14250 


14250, 17000, 21250 


Mixture of 15420, 19000, 
22450 to match NPL 
bluish white 


15500, 17000 to 21500 by steps of 
250 

22000 to 25500 by steps of 500 

14000 to 16000 by steps of 500 

16250 to 19000 by steps of 250 

f15500, 16000, 16500, 17000 to 
22000 by steps of 250 

22500 to 25500 by steps of 500 

14000 to 16000 by steps of 500 

16250 to 17000 by steps of 250 

17500, 18500, 19000, 21250, 22500 


12000 to 15000 by steps of 250, 
13081, 12133 


15000 


(nominal) 


12133, 13081, 14000, 


15500, 19000, 21250, 22500. 


+ In the latter part of the Pt. II measurements one of the trichromator slits was acciden- 
tally displaced by a small known amount and as a result the measurements for the final eight 


subjects were made at slightly smaller wave-numbers. 


To facilitate processing and final 


averaging, the instrumental colour matching functions for these eight subjects at the exact 
wave-numbers were determined by interpolation from the values at the displaced wave- 
numbers: the subsequent treatment of the results was then identical with that of the main 


group. 
Table 2. Age and sex distribution of subjects 
(x) (B) (y) (8) 

16-23 incl. 24-32 incl. 33-42 incl. 43-55 incl. 

Male | Female.| Male | Female | Male | Female | Male | Female 
Pes I 0 4 10 1 3 1 + 1 
Pie, JUL 5 6 4 3 5 0 6 0 
Bee vil @) 0 5 wv - 2 1 2, 0 
wll () 1 0 3 1 0 0 3 1 
Pe IAW(@) 2 6 5 3 4 1 4 1 

and (6d) 


(Each subject observed with his ‘ best’ eye, the proportions of left and right eyes being 


approximately 1 
Ptsilvand IT.) 


3 We 


The subjects of Pts. III and IV were selections of those of 


AZ 
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2.3. Field conditions 

In Pts. I, I and III, the matches were made ina circular, horizontally divided, 
bipartite field. For approximately half the subjects in each part, the spectral 
test stimulus, with any necessary desaturating stimulus, occupied the upper, 
and the mixture of primaries the lower half-field: for the remaining subjects 
the stimuli positions were reversed. A narrow surround, of the same spectral 
composition and intensity as the mixture half-field, extended the illuminated 
field to a total diameter of 14°. In Pt. IV the flicker field was circular and of 
diameter 2° or 10°: the surround again extended the total field diameter to 14° 
and it was illuminated with the comparison white to an apparent brightness 
not exceeding that of the flicker field. Subjects were given sufficient time in 
the low level artificial light of the laboratory to recover from any exposure to 
very high brightnesses, before commencing observations. The unused eye was 
normally covered with an eye-shade. The subjects were instructed, in making 
colour matches, (a) not to stare fixedly at the centre of the field while approaching 
the colour match but on the other hand to base their final judgment on the field 
appearance with the gaze directed to the centre, (b) to disregard in the final 
judgment the central region of the field (1° to 2° diameter) in those matches 
where the Maxwell spot made it impossible to make the half-fields similar over 
their whole area for any setting of the primzries. Before making direct-comparison 
heterochromatic brightness matches, the inexperienced subjects were instructed 
on the difference between vividness and luminosity, and on the importance of 
reaching a match by the ‘dynamic’ method of sweeping rapidly from ‘too 
bright’ to ‘too dark’ and back, with diminishing amplitude. In the flicker 
matches of Pt. IV, the subject himself set the flicker speed to obtain for each 
match the most critical match setting. 

The field intensity in a colour match can be specified by the retinal illumination 
in trolands of the mixture half-field—computed on the conventional basis of 
the C.I.E. V, values of the mixture primaries. The field intensities for the 
‘average ’ subject are given in table 3, which also includes details of the band-width 
of the spectral test stimuli. These intensities take account of the fact that in 
Pt. I, the desaturation of the field during the matches on wave-numbers from 
22000 to 25500 cm™ was increased beyond the minimum necessary for a 
match, by the addition of green primary to both half-fields. Sufficient green 
primary was added to keep the resultant field chromaticity on the line in the 
chromaticity diagram joining the points of the spectrum locus corresponding to 
21500 cm and 15420 cm~+ (the red primary). This device to improve the 
stability of the match was not found necessary in Pt. IJ, where minimal 
desaturation was used in the spectral region in question. In both parts, a small 
additional desaturation was used for wave-numbers at or near the primaries, 
and also, for smaller wave-numbers (1/\<17000cm-!), additional blue 
desaturation was used. The object in both cases was to ensure that the matches 
could be made by a genuine bracketing procedure. 

In Pts. I and II the match at each wave-number was based on two or four 
completely independent settings of the controls, certain wave-numbers being 


measured twice in the course of the set. To minimize in the final average any 


effect on a match, of the colour to which the eye had previously been exposed, 
the wave-numbers in the ‘green’ run were taken for half the subjects in the 
order red to blue by ‘odd’ wave-numbers, blue to red by ‘even’ wave-numbers, 
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Table 3. Field intensities and total band-widths of test stimulus 


Wave-number 
(cm~*) 


Log (intensity in photopic trolands). 
Approx. values 


“Yellow ’ run 
14000 (Zr source) 
14500 - 
14500 (W source) 
15000 
15500 ne 
16000 = 
16250 - 
16500 35 
16750 = 
17000 s 


“ Green’ run 
1700 (W source) 
17250 - 
17500 Ap 
17750 - 
18000 - 
18250 - 
18500 - 
18750 = 
19000 » 
19250 
19500 - 
19750 ys 
20000 is 
20250 af 
20500 a 
20750 . 
21000 % 
21250 s 
21500 es 
21750 5 
22000 
22500 = 
23000 s 
23500 s 
24000 s 
24500 ‘ 
24500 (Zr source) 
25000 Fe 
25500 3 


Heterochromatic matches 
15000 (Xenon source) 
14250 x 

13081 

12133 es 


Colour matches 
15000 (Xenon source) 


14000 » 


13081 » 
12133 » 


Flicker luminosity factors 
W source 


ae) 
cs 
— 


NMNNNYNNWH Wd 
NNDDHUNOCHLONY 


YVYYONYNYNYNYNYGNNHNKYNKHNKNNKHKWHNW 
BPwORRUADDOR MDOUUMAMOON 


RRR RPP RPP 
WADERADROOSO 


White. light matches: 
Luminosity factors: 


1s UL 


WWWWWNNNNLY 
UmBPPNOOWON 


SS SS eS Se SG WS DSSS) CES EMESIS COC HIES 
ADONIDDDOODODONKHEDIUDOHNHEERUUAUH 


Pt. III (a) 
22 


Pt. III (4) 
2-2 


9) 


ue) 
leit 


Pt. IV (a) and (6) 


In the range 
2:2 to 2:8 


Total band-width 
1 


+Band contains 
prominent lines. 


Sail 
In the range 2-2 to 2:8 
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For the remaining subjects the order was reversed. An analogous procedure 
was used in the ‘yellow’ run. The white matches were obtained from two groups 
of five independent settings, one taken before, the other after, the spectral 
matches. In Pt. III (a) and (5) at least four independent settings were made at 
each match, and in Pt. IV (a) and (6), five settings. 


3. PROCFSSING OF RESULTS 


The direct result of a spectral match gives the intensity U, of the spectral 
stimulus (7) in energy units which, mixed with a quantity of desaturating 
primary—say D, of the ‘red’ primary (R)—and exposed in one half-field—say 
the upper—matches a mixture of quantities M, and M,, of the other primaries 
(G) and (B), exposed in the other (lower) half-field. The matching equation 
may be written: an 
U(T,)+D(R) = M(G)+M, (8). (1) 
To derive the instrumental colour-matching functions 4@,, 5,, é, for this spectral 
stimulus, an auxiliary match is required between the desaturating and mixture 


red primaries: uM 


Dp(Rk) = My (k). (2) 
By the general additivity assumption, (1) and (2) give 
“Ml DRM 2’ M M ; 
(aa ae aa —— (B)=a(k)+6 E(B 


It will be noted that matching 1s not assumed to be symmetrical with respect 
to the two halves of the field. ‘Thus, one cannot move a quantity through the 
match symbol ‘uMI/’ without using an auxiliary match similar to (2). On the 
other hand, the additivity law is assumed to hold in the general form: 


UuMI uM 
if A= B and Cai D 


uM 
then A+C = B+D 
where A, B, C and D are any four stimuli. 
If the instrumental colour-matching functions of any three spectral stimuli 
are written as the rows in a 3x3 matrix, E, 


the colour-matching functions referred to these stimuli as primaries (reference 
primaries) are obtained by multiplying the vector (4,, 5, é,) by the reciprocal 
of the above matrix. The calculation rests on the general additivity law, and the 
‘derived colour-matching tunctions should define the equivalence of a test stimulus 
and a mixture of reference primaries, both being assumed to be seen in the upper 
half of the field. 

Suppose for a given subject of Pt. I, A,, and A,,, are the instrumental 
colour-matching (c.m.) vectors for the ‘green’ and ‘yellow’ runs. The matrices 


of type E which transform these vectors to a common set of intermediate reference — 


primaries located at 15500, 17000 and 22500 cm—1—E,, and Ey respectively— 
can be written down at once since A,, and A,,, were both measured at test stimuli 
of these wave-numbers. The intermediate c.m. vectors so obtained are 
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Lg,=AgEg and I,,=A,,E,—! and these must obviously agree at the 
wave-numbers of the intermediate primaries. If the E type matrix for 
transforming J,, to a final set of reference primaries at 15500, 19000, 
22500 cm is written as Ey, the final c.m. vector for the ‘green’ run results 
is F,,=A,,b, ‘Eg, | and this will be identical with 4,,E-1 where E is the 
E type matrix for the direct transformation of the instrumental c.m. vector Jala 
to the final reference primaries. To obtain the c.m. vector F,,, of the ‘yellow’ 
run results referred to the final reference primaries, the same transformation 
Eg; * is applied to Ay,Ey as was applied to Ag,E,7}, ie. Fy,=Ay Ey Eo, 
or, since H*=E,-1E,, 1, Fy, =Ay,Ey EE. By this procedure the ‘green’, 
run match on 17000 cm™ is used to convert the ‘yellow’ run results to the 
same final reference system as the ‘green’ run results. For a subject of Pt. II, 
the only difference in the calculation is that the third of the intermediate primaries 
is taken at 21250 instead of 22500cm—. The final c.m. functions for each 
subject, 7,, Z,, 5, are taken to be respectively the components of the vector 1 ie 
in the range 25 500 to 17000 cm™ and of F,,, in the range 17000 to 14000 cm 
and it will be clear that they refer to primaries at 15500, 19000 and 22500 cm—. 
The unit coordinates (chromaticity) for the subject are derived from the c.m. 
functions in a W.D.W. system in which the red (15500) and green (19000) 
unit coordinates are made equal at 17250 cm~ and the blue (22500) and the 
green (19000) are made equal at 20500cm-!. Thus if p=§,/7, for 
1/A=17250 cm and q=@,/b, for 1/A=20500 cm~, the unit coordinates at 
“any wave-number 1/A are r,=p7,/2, g,=g,/Z, 6,=6,/X, where D=p7,+%,+ 9). 
If a,, 6,, ¢, are the quantities of the instrumental primaries (‘green’ run) 
which match the NPL bluish white, the tristimulus values of this white in the 
final reference system will be 


op | | 
& Pe E-1 
| Ow J L Sw 


and the unit coordinates are obtained from /7,,, Z,,, 5,, by a normalization similar 
to that used for the spectral test stimuli. 

The relative luminosity factors measured in Pts. I, II and IV, e.g. 
15500: 19000: 22500 for Pt. I, and the relative luminous efficiency function V, 
in the red (Pt. [EI (a)) are derived at once from the energies of the test stimuli 
used and the relative intensities of the white mixture (luminosity factors) or of 
the 14250 primary (V,) required to secure the heterochromatic match. In 
Pt. III (d), the processing of the colour matches, obtained with instrumental 
primaries at 14250, 17 000, 21250 cm, entailed a transformation to inter- 
mediate reference primaries at 14000, 17000, 21250cm~*. At this stage the 
results for all the nine subjects were averaged, and a correction was applied for 
the specially large slit widths used in Pt. III(b). ‘The mean c.m. functions 
referred to 14.000, 17000, 21250 cm~ were then transformed to 15500, 19000, 
22500 cm- using in the transformation matrix values taken from the arithmetic 
mean of the final colour-matching functions, for all subjects, of Pts. I and II. 
‘The resulting colour-matching functions for wave-numbers below 14000 cm™ 
are taken as the extension to this spectral range of the mean colour-matching 
functions derived from Pts. I and II. (A fuller statement on the processing of 
Pt. III (b) results is given in paper C.) 
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4. CALIBRATIONS, CORRECTIONS, INSTRUMENTAL ACCURACY 
4.1. Wave-number calibration 


In the range 14000 to 25500 cm the wave-number calibration of the 
central tier of the trichromator was obtained by fitting a dispersion curve at 
a series of known spectral lines, but for the extension of the calibration in the 
deep red (14.000 to 12000 cm~) a fringe-counting method using an Edser—Butler 
plate was adopted. The apparatus was housed in a temperature-controlled 
room (20°+1°C), and the fluctuations of the calibration (1 to 2A at 57804) 
were mainly attributable to atmospheric pressure changes. The wave-numbers 
of the primaries were determined by comparison of the test and primary stimuli 
in an auxiliary spectrometer mounted at the eye position. 


4.2. Slit-width corrections 
These were applied to the final mean colour-matching functions. The 
correction exceeded 1 per cent only for wave-numbers below 14000 or above 


25, 000;cma", 


4.3. Stray light 
No appreciable contamination of the test stimulus with stray light of different 
wavelength could be established. In the deep red (Pt. III observations), where 
the elimination of stray light was particularly critical, tests were made both by 
transmission measurements on cut-off filters and by measuring the stray light 
efficiency per stage of the monochromator. 


4.4. Field uniformity 

Perfect uniformity of the 10° diameter semicircular test or mixture field was 
not achieved. By inserting a weak prism at the slit images in the eye position, 
the 1-7°x1-1° area of the semicircular field illuminating the photocell of the 
energy measuring system could be selected from different regions of the field 
and the intensity variation measured. ‘The correction to convert the field 
intensity as normally measured (with the 1-7° x 1-1° measuring area in a central 
position) to the average intensity over the test field varied from —0-7 to — 1-6 
per cent depending on the wave-number. 


4.5. Polarization 
The polarization of the light forming the test stimulus, as delivered to the 
eye was approximately as follows: 


Wave-number (cm) 14250 16000 17500 19250 20750 22250 23750 
Ratio of horizontal to 
vertical component 0:67 0:72 0-77 0:81 0:82 0-81 0-78 
(intensities ) 


Comparisons for different wave-numbers of the visual effects of completely 
polarized test stimuli, polarized respectively in the vertical and horizontal planes, 
indicated differences corresponding to not more than 2 per cent change in | 
effective intensity. ‘Thus for the partially polarized light used in the observations 
any difference from completely unpolarized light in the resulting colour-matching 
functions would be very small and was ignored. The photocell used in the 
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energy measurements was itself slightly sensitive to plane of polarization (the 
curvature of the enclosing glass surfaces was found to account for the effect): 
the corresponding correction (less than 1 per cent) was applied. 


4.6. Chromatic aberration and absorption of the auxiliary lens 


The lens used to image the field on to the photocell surface was not corrected 
for chromatic aberration and this made necessary a correction to the energy 
measurements, which were first evaluated assuming the same constant of 
proportionality between the field intensity (in energy units) and the energy 
density on the photocell, for all wave-numbers. The correction as evaluated 
included the effect of absorption in the auxiliary lens, and had the following 
values : 


Wave-number (cm~?) 14000 15000 16000 17000 18000 — 
Factor to be applied to un- 
corrected colour-matching 0-964 0-970 0-977 0-985 0-993 — 


function 
Wave-number (cm +) 19000 20000 21000 22000 23000 24000 
_ Factor 02996, 1-002" 1-007- 1-011 “1-016 1-026 
Wave-number (cm ~*) 25000 25500 — — — 


Factor 1:040 1:048 — a5 ae = 


The above correction was overlooked in obtaining the Pilot Group Data and the 
factors just given should be applied to the colour-matching functions and V, 
functions (N.P.L. data) given in tables 2, 4 and 5 of paper B. Renormalization 
after application of the correction, will generally be needed. 


4.7. Instrumental accuracy 


The calibration of the optical wedges and filters and the method of obtaining 
a running energy calibration have already been described, and estimates made 
of the instrumental errors (paper C). A simple and rigorous statement of 
instrumental errors is hardly possible. The relative energy distribution depends 
on the correctness of the spectral sensitivity curve of the photocell, which was 
obtained by the Radiometric Section of the NPL by comparison with a 
thermopile. It is estimated that the error in the relative colour-matching functions 
at any two wave-numbers, arising from this cause, will be at most 2 per cent. 
It will affect similarly the relative values at these two wave-numbers of all the 
colour-matching functions and V, functions obtained. ‘The instrumental errors 
in the investigation proper are estimated to produce an error in the ratio of the 
value of a given colour-matching function at two wave-numbers, of not more 
than 2 per cent. This is provided the extremes of the spectrum (1/A> 24500 
and 1/A<14500cm~) are excluded and provided the ratio in question is not 
more than about 10 to 1. For these latter cases the probable limit of the error 
must be raised to 3-4 per cent. Where the actual relative energy distribution 
is eliminated from the result, as in the case of the W.D.W. unit coordinates, 
the cell calibration error drops out and there is some reduction of the other errors. 
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5. REPEATABILITY OF RESULTS 

A direct test of the repeatability of measurements of a subject’s colour-matching 
functions under identical observational conditions (primaries, field intensities, 
etc.) was made for two subjects. These subjects made respectively four and five 
sets of observations on different days, all within a period of about a fortnight. 
The conditions used were the same as in the Pt. I measurements (specified above), 
but observations were confined to 15 wave-numbers plus white. It was 
unnecessary to process completely the results. In each set of measurements 
the observed values of the red instrumental primary were normalized by dividing 
by the observed red primary reading in the match on the red reference primary 
at 15500 cm-!. Similarly, the observed values of the green and blue instrumental 
primaries were normalized to give the value unity for the matches on 19000 
and 22500 cm~ respectively. As the wave-numbers of the instrument primaries 
were quite close to those of the reference primaries, the standard deviations of 
the instrumental colour-matching functions normalized in this way were not 
appreciably different from those that would have been obtained for fully 
processed colour-matching functions based on the reference primaries. ‘The 
only instrumental change, during the whole block of measurements, for which 
a correction had to be made was the slight variation of the relative energy 
distribution of the ribbon-filament light-source. 

The results of the calculations for the observations made by the two subjects 
with the central instrumental primary at 19000 cm~ are given in the ‘green’ 
run section of table 4. For the observations made with the central instrument 
primary at 17000 cm~! the ‘yellow’ run section of table 4 gives the standard 
deviations of the observed quantities normalized to the intermediate primaries 
15 500, 17000 and 22500 cm-?. The final section (‘ yellow’ run data transformed 
to reference primaries) gives the standard deviations when for each set the ‘ green’ 
run result at 17000 cm~! is used to transform the ‘yellow’ run data of that set 
to colour-matching functions based on the reference primaries. The first and 
third sections of table 4 are obviously of main interest. 

The standard deviations for each colour-matching function tend to be 
smallest in the spectral region where the corresponding primary makes the 
main contribution in the match. For the blue function the best values for the 
red and green functions (1 to 1-5 per cent) are never reached. The subjects 
of table 4 were both experienced in colour-matching, and were certainly more 
consistent than the average subject of the groups used in the main measurements. 
In the course of the latter, each subject made repeat measurements for a few 
test stimuli, either on the same day or at least within two or three days. From 
these it was possible to calculate a few average standard deviations of the colour- 
matching functions. ‘These are comparable to the mean values of table 4: 
that is to say, the variabilities of the repeat measurements on the given test 
stimulus and on the test stimuli corresponding to the reference stimuli, are all 
included. 

The values obtained for the Pt. I ‘ green’ run were as shown in table 5. 

It is apparent that for the Pt. I group, which included subjects of widely — 
varying aptitudes and experience in colour-matching, the standard deviations 
exceed in general thuse for comparable stimuli in the measurements summarized 
in table 4 (see also figure 1). Repeatability for the subjects forming the Pt. II 
group, expressed by standard deviations in the primary system 15500, 19000, 
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21250 cm~! was about the same as with the Pt. I group, for the red and green 

functions, but better for the blue function. It is probable that the better 
repeatability of the blue function would disappear on transforming the results 
to the standard reference primaries 15500, 19000, 22500 cm-! but there were 
insufficient experimental data to test this point. 


yaaa 
able 4) Standard deviations ( a — 


n— 
sets under identical conditions of observation 


of colour-matching functions in n separate 


(The standard deviations are expressed as percentages of the mean values. 
For subject W.S.S. 7=4, for J.A.R. n=5) 


Test (15500) (19000) (22500) 
wave-number 


“ Green’ run 


W.S.S. Mean J.A.R./W.S.S. Mean J.A.R.|W.S.S. Mean J.A.R. 
15500 cm-} (0) (0) (0) 


| 


16250 OE SO aay ieee | res ei Fe 85 69 5:3 
17000 ie. Pele 1-8 0 2:0. 192 35. 3:9, 4-4 
17250 (oe gS ee | 0 15-00. | 10-0 7-8 5-6 
18250 eo ee eo | 16 F209 69 48 2-7 
19000 (0) ‘(Oa (Ot ale = 
19750 47 SO 4 | 153 StOe* Oks 9-1 13:8 47 
20500 Delia Ee ORY Se fale 2 a ee $505. Pee 22 
21500 207 46. § 64 14-0 4-8, = 2-7 PT ASS 64 
22500 (0) (0) (0) 
23250 By 46. 6 4d 83122 {8 O87 ee 37 
24500 20 24 22160 76 92 3:9 4:2, 4:6 
NPL 
bluish white | 1-2. 1-5 ieSeldb6 te 1e3 0-8 2:0 9532 


Red function | Green function | Blue function 
H 
| 
| 
1 
i 
| 


| “Yellow ’ run 


(15500) (17000) (22500) 
i. 
| W.S.S. Mean J.A.R./W.S.S. Mean J.A.R.|)W.S.S. Mean J.A.R. 
| 14500cm | 0-7 0-7 0-7 | 3-5 3-1 2:7 |(Percentages misleading 
| 15000 17 1b3D- 0-8 6°8 4:5 De), because mean is nearly 
Zero) 
15500 (0) (0) (0) = 
17000 — — — (0) (0) (0) 
22500 (0) (0) (0) 


‘ Yellow’ run data 
referred to reference primaries 


(15500) (19000) (22500) 


W.S.S. Mean J.A.R./W.S.S. Mean J.A.R.|W.S.S. Mean J.A.R. 
14500 cm~ 0:7 0-6 0:5 327) 4-2 4-6 —_— — — 
15000 1-6 iLoils 0-7 7-0 5:8 4-5 — — — 
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The standard deviations just discussed depend on the repeatability of the 
instrumental set-up as well as of the subject. Only random—non-systematic— 
instrumental variations are concerned, and for any standard deviations exceeding 
1 per cent their contributions can safely be ignored. 


Table 5. Standard deviation as percentage 


Red function | Green function] Blue function 


Stimulus (15500) (19000) (22500) 
NPL bluish white 2-2 1:7 4-0 
17000 cm=? 28 2-1 10-7 
18000 48 1-9 10-0 
21500 4-6 3-6 8-3 


Another comparison made was of the results obtained in the Pilot Investigation 
by seven subjects who also took part in the main measurements about one year 
later. Omitting the long wave region (1/A<16750 cm) where marked rod 
intrusion occurred in the Pilot Investigation, the repeatability was about the 
same as the average in the main investigation. 

In the special repeatability measurements for two subjects, each day’s results 
could be expressed independently in terms of unit coordinates. The standard 
deviations of these coordinates, corresponding to the day-to-day variations 
(table 6), will be referred to below. 


Table 6. Standard deviations of unit coordinates in n separate sets under identical conditions 
Test Red coordinate Green coordinate Blue coordinate 
wave- (15500) (19000) (22500) 

number 

tem”) __| W.S:8. Mean J-A-R. | Wrs.S. . Meane 1 J-A.Ry | W.S.S. an canaann 

(n=4) (z= )5) 
‘ Green’ run 
16250 0:0016 0:0019; 0-0023 | 0:0018 0:0021 0:0024 |) 0:0004 0-0003 0-0002 
17000 0:0024 0-0034; 0-0045 | 0-0023 0-0033; 0-0044 | 0-0004 0-0002, 0-0001 
17250 0:0004 0-0002; 0-0001 | 0-0004 0-0002, 0-0001 | 0-:0008 0-0005 0-0002 
18250 0:0024 00-0022 0-0020]0:0029 0-0024 0-:0019 10-0007 0-004 0-0001 
19750 0:0064 0-0056 0-0048 | 0:0090 0-0082 0-0074 | 0-:0043 0-0040. 0-0038 
20500 0:0040 0-0038; 0-0037 | 0:0020 0:0019 0-0018 | 0-0020 0-0019 0-0018 
21500 0:0027 0:0026 0-0025 | 0-0061 0-0063; 0-0066 | 0:0036 0-0040 0-0044 
23250 0:0007 0:0005  0-0003 | 0:0016 0-0022 0-0028 | 00-0011 0:0020 0:0029 
24500 0:0005 0-0003, 0-0002 | 0-0013 0-0024 0-0035 | 0-0013 0-0024 0:0035 
White 0:0038 0:0039 0-0040 | 0-0053 0-0040; 0-0028 | 0-0086 0:0075 0-0064 
‘Yellow’ run 
(after transformation to ‘ Green’ run primaries) 

14500 0-0015 0:0014 0-:0013 | 0:0015 0-:0014 0:-0013 — — — 
15000 0:0016 0:0013 0-0010 | 0:0016 0-:0013  0:-0010 — — — 
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Table 7. Mean colour-matching functions and unit coordinates 
Colour-matching functions (7, Z,, 6)). Unit coordinates (7), g), by) 
1/r A 7 &, b, 
em!) | (A) (15500) (19000) (22500) i) 8 ba 
12000 | 8333 3710s ee — 52 x 10-2) | 2-0 10-2 1:0110 | —0-0062 | —0-0048 
12500 | 8000 2°76 x 10-> | —8-9x 10-8 DES SeO= 1:0142 | —0-0143 0-0001 
13000 | 7692 2:00 x 10-4 | —1-:00 x 10-8 59x 11058 1:0197 | —0-0224 0-0027 
13500 | 7407 1-415 x 10-3} —9-2x 10-8 5-61 110s" 1:0258 | —0-0294 0-0036 
14000 | 7143 9:74 x 10-3 | —7-4x 10-5 B-OD Om? 1:0311 | —0-0345 0-0034 
14500 | 6897 6:01 x 10-2 | — 4-68 x 10-4 te7eallOme 1:0326 | —0-0353 0 0026 
15000 | 6667 EMO NO || SalesrscK SHINK O2 1:0260 | —0-0277 0-0016 
15500 | 6452 1-000 0 0 1-0000 0-0000 0-0000 
16000 | 6250 Dea) 3°71 x 105" | —8-8x< 1054 0:9333 0:0700 | —0-0034 
16250 | 6154 2-70 Mol er | —abSy sito 0-8746 0:1298 | —0-0044 
16500 | 6061 3-08 179 AOR 2 -6>cl On: 0-8013 0-2048 | —0-0061 
16750" 5970.1-- 3-16 SOK IOS || = Sel 0-7085 0-2992 | —0-0077 
17000 | 5882 5-02 ADO Ost = os. x 10s2 06096 0-4000 | —0-0096 
1250) 15797 2-64 6-02-10 |= 6-5 x 105° 0:5056 0-5056 | —0-0111 
17500 | 5714 2-24 FDO a Om 9/8 x10 =? 0-4070 0-6057 | —0-0127 
17750 | 5634 (legs 8-79 x 10-! | —8:9x 10-3 0:3167 0-6978 | —0-0145 
18000 | 5556 1-30 9-68 x 10 | —9-6x 10-3 0-2385 0-7771 | —0-0156 
18250 | 5479 0:90 1:019 —9:5x 10-3 0-1701 0-8459 | —0-0161 
18500 | 5405 0-561 1-054 — 0-2 x. 10-2 0-1099 0-9044 | —0-0143 
18750 | 5333 0-244 1-033 —5:3x 10-3 0:0517 0-9583 | —0-0100 
19000 | 5263 0 1-000 0 0-0000 1-0000 0-0000 
19250 | 5195 | —1:98 x 10-* 9-41 x 107} 1-07 x 10-7 | —0-0492 1:0255 0:0237 
£9500 | 5128 | —3-22x 10-1 o8h7/ 34 OY 2:78 x 10-2 | —0-0896 1-0205 0-0691 
19750 | 5063 | —4:07x 107! TS) eA 5:-4%10-2 | —0-1239 0-9783 0:1456 
20000 | 5000 | —4-35 x 107? 6:26 x 107} 9-1x10-2 | —0-1395 0-8800 0-2595 
21250 | 4938 | —4:-44x 107? Basil se kos 1:-44x 10+ | —0-1397 0-7335 0-4062 
29500 | 4878 | —4:23x 107! 4-41 x 104 2:16x10- | —0-1228 0:5614 0:5614 
20750 | 4819 | —3:94x 107 3-69 x 107} 3:18 x10 | —0-0969 0-3980 0-6989 
21000 | 4762 | —3:-43x 107! 2:93 x 1071 4-42 x 10-1 | —0-0703 0:2632 0-8071 
21250 | 4706 | —2-91 x 107} DT NO 5:96 x 10+ | —0-0482 0:1654 08828 
27500 | 4651 | —2-25x107 1-630 >4 TAS N0= —0:0316 0-1003 0-9313 
271750 | 4598 | —1-53x 107? 1:06 x 10-4 8:-4x10 | —0-0197 0:0599 0-9597 
22000 | 4545 | —9:2x10-? 6:0 x 10-2 9:22 x 107! | —0-0110 0:0313 0:9797 
22500 | 4444 0 0 1-000 | 0-0000 00000 1-0000 
23000 | 4348 Sx 10m |= 2-8 1052 827306 10 0:0074 | —0:0157 1-0083 
23500 | 4255 TO X<MOm2t 34x 1052 6°30 x 10-3 0:0136 | —0-:0267 1:0131 
24000 | 4167 6:0<1052) | 2-36 1052 BS) S< NO 0:0187 | —0-0321 1:0134 
24500 | 4082 Move O=2 |) = Was xl 1:44 x 1071 0-0231 | —0-0327 1-:0096 
25000 | 4000 S-OsetOne | 2-53x105% 4-0 x 10-2 0-0251 | —0 0314 1-0063 
25500 | 3922 BE RNO- |) = Sets SO OR al Om 0:0273 | —0-0317 1-0045 
[For each value the minimum number of | [The above unit coordinates 
significant figures is given such that a | were computed from the 
change of 1 in the last figure produces a | mean colour-matching func- 
percentage change not exceeding 1/1/(50) | tions, before rounding off, 
times the percentage standard deviation | and the resulting values have 
for a single subject (table 12). This | been rounded off to four 
applies for 1/A>14000 cm". For | decimal places. ] 
1/A<14000 cm~, the rounding-off is 
based on the percentage standard devia- 
tions for 14 000 cm.] 
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6. "THE MEAN RESULTS 


The arithmetic means of the colour-matching functions, transformed to the 
reference primaries, were determined for all 24 subjects of Pt. I, and similarly 
for all 29 of Pt. II, and the two means were then averaged. The results are 
given as the entries from 14000 to 25500cm™ in columns 3, 4 and 5 in table 7. 
The entries from 12000 to 13500cm~ were derived from the results of Pt. III 
in the way already indicated. Columns 6, 7 and 8 of table 7 give the unit 
coordinates in the W.D.W. system for a hypothetical subject having the colour- 
matching functions of columns 3, 4 and 5. 

It has been shown (Paper C) that by the device of the yellow primary and by 
raising the intensity of the oe field, the colour-matching functions, in 
particular the blue function, are' modified at long wavelengths (1/A < about 
17000cm-), The modifications are of the kind to be expected if the effect of 
rod vision on the match is being reduced. As this reduction proceeds, the 
spectral locus in the chromaticity diagram (green versus red unit coordinate) 
approaches for 1/A<17250cm~? a straight line joining the points at 17250 cm 
and 15500cm—. A tentative extrapolation to rod-free colour-matching 
functions for 1/A<17250cm~ has been made on the assumptions (a) that for 
these functions the spectral locus should coincide exactly with the straight line 
just defined and (5) that the deviations from these functions produced by rod 
vision correspond to the addition to the stimulus with the greater scotopic value 
of a small amount of equienergy white (wavelength basis). It is not necessary 
to assume in advance how much equienergy white must be added to represent 
rod intrusion under any given observational conditions. From these assumptions 
rod-free colour-matching functions and unit coordinates for 1/A <17250cm7' can 
be derived from the mean observed functions of table 7. They are listed in 
table 8. 

For each subject of Pts. I and II, the directly measured tristimulus values 
of the bluish white stimulus (means of initial and final determinations) were 
compared with the values calculated from the measured energy distribution of 


Table 8. Mean colour-matching functions and unit co-ordinates in the range 
12 000 to 17 000 cm after correction for rod intrusion 
| 
1/A A 2 E. , 

at (A) TaN Sy by i>) Sy by 

12000 tise? || SEZ SS MO © —1:64x 10-9 1-8x 10-1! | 1-0019 | —0-0019 0-0000 
12500 8000 | 2:76 x 10-5 —8-8x 10-8 9-5x 10-1 | 1-0138 | —0:0141 0-0003 
13000 1692) 200 105+ — 1-08 x 10-6 1-:17x 10-8 | 1-0239 | —0-0244 0-0005 
13500 7407 | 1-415 x 10-8 Sail Se 1-09 x 10-7 | 1-:0315 | —0-0322 0-0007 
14000 PAS) | Serkeseno-© —7:9x 10-5 8:6 x 107 1-0361 | —0-0370 0-0008 
14500 6897176011052 —4-90 x 10-4 Deol Ome 1-0362 | —0-0370 0-0008 
15000 6667 | 2:96 x 10- —1-89 x 10-3 DOS NO? 1-0280 | —0-0287 0:0006 
15500 6452 | 1-000 0 0 1 -00V00 0-0000 0-0000 
16000 6250217 S37) SAKE 2 —41x10-4 0-9303 0:0713 | —0-0016 
16250 6154 | 2-70 Qa Soil=" Ob all ines 0:8722 0-1306 | —0-0029 
16500 6061 | 3-08 AE SOR a1 Ome = 1-95 x 10-2 |'0:7991 0:2054 | —0-0045 
16750 SIO) || Beil SANs 1 = 35} 56 © 0:7071 0:2994 | —0-0066 
17000 5882 | 3:02 Aways) S¢ Oe =4-9x 10-5 0:6088 0-4000 | —0-0088 
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the stimulus and the subject’s own colour-matching functions. The average 
values of the ratios of the observed to the calculated tristimulus values, in the 
system of the reference primaries, and the standard deviations of these ratios 
are given in table 9. 


Table 9. Ratios of observed to calculated tristimulus values for a white stimulus 


15 500 cm7! 19 000 cm~! 22 500 cm-! 

Standard Standard Standard 

Mean deviation Mean deviation Mean deviation 
(per cent (per cent (per cent 
of mean) of mean) of mean) 

O27, 3-0 1-014 2:0 1-033 5-4 
Relative values of the three mean ratios 
when their average is normalized to unity. 

1-002 0-989 1-008 


The differences from unity of the mean ratios represent average apparent 
deviations from strict additivity. The differences for the red and blue functions 
exceed the estimate made of the maximum instrumental error (+2 per cent), 
_ but when allowance is made for the standard deviations of the means (1/+/(53) 

times the standard deviations quoted), it is doubtful if any actual breakdown of 
_ additivity for the group as a whole has been established. For the relative values 
of the three ratios the estimated maximum instrumental error is smaller 
_ (+1 per cent) and the mean results barely exceed this range. 


Table 10. Mean values of log V, normalized at 14 250 cm 


1/r m\ a 1/A X 

ee Ree cet) O| Gy | ete 
12000 8333 4-211 13500 7407 3-777 
12133 8242 4-448 13750 7273 1-195 
12250 8163 4-646 14000 7143 1-608 
12500 8000 3-084 14250 7018 0 

12750 7843 3-500 14500 6897 0-392 
13081 7644 3-072 14750 6780 0-751 
13250 7547 3-353 15000 6667 1-092 


[The standard deviations of log /,, at wave-numbers other than 14 250 cm™, equal about 
0-016 log units, and of the mean log V, about 0-016/1/(16) =0-004 log units, corre- 
sponding to 1 per cent of V.] 


Table 10 lists the mean values, for 16 subjects, of log V, in the red end of the 
spectrum (Pt. III (a)). The results of each subject were initially normalized 
to make log V, zero at 14250cm~!. The individual variations over this spectral 
range are extremely small as shown by the standard deviations (table 10). 
Comparison with the C.I.E. V, data, which apply to a small field, shows a 
deviation in log V, which totals about 0-1 log unit, in the overlapping range 
15000 to 13300cm-, over which log V, changes by approximately 3 log units. 
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Table 11. Relative luminosity factors of reference primaries 
BEIGE RLS OE Sins a Se ee 


15500 cm~? 19000 cm=? 21250 cm 22500 cm} 
Stan- 
dard Standard Standard 
Mean nes Mean pri Mean tee Mean eg 
ev. 


By direct comparison with white 


Real 0-241 26 1-00 — — — 0-077 29 
(0-199) 
Ptelt 0-252 56 1:00 — 0-237 26 — — 
(0-134) 

Pts. 1&1 | 0-247 45 1-00 2a — = — = 
combined 

By flicker comparison with white 

Pt. [V(a) 0:166 32 1-00 — 0-221 11 0-088 18 
10° field (0-232) (0-070) 

Pt. IV(0d) 0-166 By) 1-00 — 0-145 21 0-060 25 
2° field 

CJJ8, 0-169 == 1-00 cae 0-115 — 0-036 — 


+ Standard deviations are expressed as percentages of the mean values. 


[Note: the relative luminosity factors for each subject were normalized to give the 
value unity for the green primary (19 000 cm); the means of the luminosity factors so 
normalized were then taken. ] 


From table 11 giving the mean results and standard deviations of the 
measurements of the relative luminosity factors of the reference primaries 
(i.e. their relative V, values), the following points emerge. For the relative 
luminosity factor of the red primary (15500cm~+), the flicker means obtained 
in 10° and 2° fields and the C.I.E. value are not significantly different, but the 
direct comparison values (10° field) are higher by a factor of about 1:5, which 
is significant at the 0-001 level. For the blue primaries 21250 and 22500 cm-, 
the direct comparison values of Pts. II and I respectively, are not significantly 
different (0-05 level) from the corresponding large field flicker values. However, 
as would be expected for short-wave light the flicker values are significantly 
higher for the large field than for the small field. Also the small field flicker 
values are significantly higher (0-01 level) than the C.I.E. values, in agreement 
with the now generally accepted conclusion that the C.I.E. V, curve is too low 
in the blue. If it is assumed that for a given field size the V, curve is representable 
as a linear combination of the colour-matching functions—the principle 
incorporated in the present colorimetric system—a knowledge of the colour- 
matching functions through the spectrum and of the relative luminosity factors 
for three different stimuli enables the relative luminosity factor for any other 
stimulus to be calculated. The bracketed figures inserted below the line in 
table 11, are these so-called ‘ synthetic ’ factors for one of the two blue primaries 
computed from the mean experimental values for the other primaries and the 
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mean colour-matching functions, for the same group of subjects. For the direct 
comparison results, the synthetic factor and the experimental factor (admittedly 
for two different groups of subjects) differ widely for both blue primaries, while 
for the large field flicker results the differences are much smaller and are probably 
not significant. It appears therefore that the basic assumption is at least 
approximately valid for the large field case when applied to V, values obtained 
by flicker photometry, but not when applied to direct comparison values. 


7. INDIVIDUAL VARIATIONS OF THE COLOUR-MATCHING FUNCTIONS 
For each test stimulus wave-number used in Pts. I and II, the standard 
deviations of the three colour-matching functions for all 53 individual sets 
(uncorrected for rod intrusion), and the associated correlation coefficients 
between pairs of functions have been computed (table 12). 


Table 12. Standard deviations of colour-matching functions, expressed as 
percentages of mean values. Correlation coefficients expressed as percentages. 
Combined Pt. I and Pt. II results 


uA 4 pues Ce) ee 100C,, DoD 5 00C,: 

(cm) (A) mean Smean mean 

14000 7143 4°55 —58 15 + 17 51 +14 
14500 6897 3°9 Se 14 +43 51 +21 
15000 6667 3-1 —41 16 29 88 +18 
15500 | 6452 (0) = es ee as 
16000 6250 3-6 —25 10 FP Sil 54 Seo! 
16250 6154 pe — 43 8°8 + 24 35 +22 
16500 6061 6:7 —29 8-2 +13 31 + 34 
16750 5970 7-9 — 28 TD +22 24 +35 
17000 5882 OF — 32 6:5 —35 22 +39 
17250 5797 9-4 — 38 5-6 — 33 22 +22 
17500 5714 10 —28 3-9 — 34 20 +30 
17750 5634 12 —41 4-1 — 46 24 +4 
18000 5556 11 — 20 2°77 —49 19 + 26 
18250 5479 12 —6 Sra =5/ 2?) +10 
18500 5405 12 +15 3-0 —32 72 | +10 
18750 5333 14 —22 2A — 39 25 + 36 
19000 | 5263 a ol (0) a i a2 
19250 5195 17 —14 2°8 —31 18 44 
19500 5128 14 — 40 3°9 — 43 17 +40 
19750 5063 13 —44 5:3 — 44 14 +38 
20000 5000 14 — 54 7-9 — 44 ill +49 
20250 4938 14 — 60 10 — 33 11 +53 
20509 4878 15 — 64 9-0 —16 12 +49 
20750 4819 15 —72 10 — 26 9-4 +47 
21000 4762 15 —77 11 — 34 9°5 +48 
21250 4706 16 — 80 11 — 38 11 + 36 
21500 4651 20 — 87 14 —48 9-9 +52 
22000 4545 D7] — 83 24 — 38 et +52 
22500 4444 — — — — (0) — 
23000 4348 43 —27 Sil —12 TS +54 
23500 4255 26 —75 26 — 32 8-9 +35 
24000 4167 31 —82 DF —73 7 +68 
24500 4082 44 — 90 44 — 83 33 + 87 
25000 4000 66 — 93 58 —92 54 + 93 
25500 3922 95 — 94 87 —95 79 +96 
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x(7 = 7mean)” 


The standard deviations 6, = fe ( a 


centages of the mean value of the function, the correlation coefficients 
ee X(7 —7mean)(£ —LZmean) 
ie WV (Br =77, eae —2,)) 
that the deviations are distributed normally—in the extreme violet for example, 
this appears not to be so—but the six coefficients provide a rough picture of the 
spread at each wave-number. It was pointed out in Paper C that the mean 
results of Pts. I and II show some small but probably significant differences 
connected with the different observational conditions. ‘The standard deviations 
of the combined Pt. I and II results include the effect of these observational 
differences and are therefore slightly greater than the means of the two standard 
deviations computed separately for Pts. I and II, but the differences are 
inconsiderable in the present connection. 


} 6, and G, are expressed as per- 


Cy» Cor aS Simple percentages. It is not implied 


25.000 22500 20000 17,500 ISOO0Ocm! 
Wave-number 


Figure 1. Logarithms of the standard deviations of the colour-matching functions 
corresponding to the subject variations in the main observations (table 12) and to 
repeatability observations (tables 4 and 5). 
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In figure 1, the standard deviations representing the spread of the different 
subjects’ results are compared with the standard deviations, representing the 
average uncertainty in the results of a single subject (§ 5). The normalization 
of each colour-matching function to unity at the wave-number of the correspond- 
ing reference primary and the probable absence of local irregularities in a 
subject’s true colour-matching functions, would lead one to expect that as the 
primary wave-number is approached the spread of the results must arise 
increasingly from the uncertainty in the observations of each subject. ‘This 
latter uncertainty will also lead to large percentage standard deviations when 
the particular colour-matching function approaches zero, that is, near the 
wave-numbers of the primaries of the other colour-matching functions. On the 


Table 13. Standard deviations of unit coordinates. 
Combined Part I and Part II results 


B2 
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whole, these expectations are borne out by the curves of figure 1. <The igure 
includes the repeatability standard deviations of §5, and it may be concluded 
that for most wave-numbers the observed variations for the group arise 
predominantly from differences between subjects. . ; . 
One principal cause of individual differences is the varying yellow pigmentation 
of the eye lens. The absorption of this pigment increases rapidly at wave- 
numbers to the violet side of the blue reference primary (22500cm™). ‘The 
high values of the three correlation coefficients of table 12 in that spectral region, 
and their signs (when account is taken of the signs of the actual colour-matching 
functions) are consistent with a dominating effect on the individual variations, 


| as 
25000 22500 20,000 17,500 I5000 cm! 
Wave-number 


Figure 2. Logarithms of the standard deviations of the unit coordinates corresponding to 
subject variations (table 13) and to repeatability observations (table 6). 


of different densities of such an overall screening pigment, i.e. one that modifies 
similarly the light reaching all the different colour receptors. The trend of the 
correlation coefficients at other parts of the spectrum is less easy to interpret. 
A sharp change of sign in the green-blue coefficient at 17000cm-! may be 
connected with the linking of the data of the ‘ green’ and ‘ yellow ’ runs at this 
wave-number, but it could also be related to the appearance of rod intrusion. 
For the unit coordinates the statistical spread is specified completely (to the 
order of second moments) by the three standard deviations o,, o,, 0, of 7,, 2, 6, 
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respectively. ‘The values for the combined Pt. I and Pt. II group are listed in 
table 13 and their logarithms are plotted in figure 2, together with those of the 
repeatability standard deviations (means for two subjects) of table 6. 

Unfortunately no mean repeatability standard deviations of unit coordinates 
for the whole group were derivable from the data but they would almost 
certainly be rather higher than the values of table 6. The W.D.W. system of 
unit coordinates used here has the property that the values are unchanged if 
the subject makes all his observations through a colour filter of arbitrary spectral 
transmission. Thus if the differences between subjects were confined to 
differences in an overall screening pigment (or mixture of pigments), the 
standard deviations of the whole group should not be significantly greater than 
the repeatability standard deviations. The cross points in figure 2 all lie below 
the corresponding continuous curves—in most cases by more than 0-3 log unit— 
and the indication is that the differences between the subjects are not limited 
to differences of screening pigment. ‘To be more definite, fuller information on 
the average repeatability for the whole group would be needed. 

The individual variations at different wavelengths are not independent, so 
that the standard deviations of tables 12 and 13 do not specify subject differences 
completely. For example, they do not enable the probable individual differences 
in a match between an arbitrary pair of metameric stimuli of given energy 
distributions Ed and E,’dX\ to be evaluated. ‘To make such calculations the 
complete set of observed colour-matching functions for all subjects would be 
required. Such a set is available to interested persons on application to the 
Secretary, The National Physical Laboratory, Teddington, Middlesex. 


8. RELATION OF INDIVIDUAL VARIATIONS AT DIFFERENT WAVE-NUMBERS: EFFECT 
OF AGE OF SUBJECT 

Differences in density of the yellow pigmentation of the eye lens are almost 
certainly responsible for the wide variations of the colour-matching functions 
—about 1:5 log units—at 1/A=25500cm™!. But another overall screening 
pigment that may be a source of variations is the yellow pigment of the macular 
retina. From the approximate shape of its spectral density curve (inset to 
figure 6), it is clear that the density should be nearly the same at wave-numbers 
24500 and 20000cm-!. Thus the difference of the logarithms of one of a 
subject’s colour-matching functions at these two wave-numbers—the blue 
function is the best to use in this spectral region—should be proportional to the 
density of the subject’s lens pigmentation if all subjects are supposed to have 
the same underlying spectral sensitivities. The difference should therefore 
correlate with the logarithm of any of the three colour-matching functions at 
25 500cm-, and, in fact, it does so fairly well (figure 3). Differences in density 
of macular pigment should be shown most clearly by the difference of the 
logarithm of a particular colour-matching function at wave-numbers bracketing 
the sharp rise in spectral density of macular pigment between 19 000 and 
20500 cm-! (see inset to figure 6). The green colour-matching function is the 
best to use in this case and in figure 4 the difference 


log 2/20 500 — log 2/19 000 = log g/20 500 is plotted against log 5/25 500. 
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The absence of appreciable correlation indicates either that lens pigmentation 
and macular pigmentation do not vary together or that the variations of macular 
pigment are small compared with variations of other kinds. Attempts to find 
other correlations between colour-matching functions at different wave-lengths 
have been unsuccessful. 
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Figure 3. Correlation of log colour-matching functions at different wave-numbers: 


(log 6/20 000 — log 6/24 500) against log 6/25 500. Circles—Part I subjects; Crosses— 
Part II subjects. 


To examine the possible effect of age of subject, the mean colour-matching 
functions for the age groups «, B, y, 5 (table 2) were determined. As the 
differences most likely to occur are in overall screening pigment, the means of 
the logarithms of the colour-matching functions should be taken, and this was 
done for wave-numbers 25500, 25000 and 24500cm-! where the variations 
between subjects are large. For the other wave-numbers, it saved labour to 
compute log means instead of mean logs and checks showed that the differences 
in the results were not material. A renormalization was made of each mean 
function for each age group so that the value at 1/A= 20500 cm equalled unity. 
This relates the three functions at a wave-number where all are making 
significant contributions to the colour-match. The average of the values for 
the four age groups, of each mean log (function) was determined. Finally the 
difference from this average of the value for each age group was plotted against 
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1/A (figure 5). If the effect of age corresponds simply to a change of screening 
pigment the differences corresponding to the three functions should be the same. 
At long wavelengths the triangle points corresponding to differences of the blue 
function break away (an effect possibly connected with rod intrusion differences), 
but ignoring this anomaly it appears that the age effect can be treated to a rough 


"3 aE 20 25 TO 
Log 625500 


Figure 4. Similar to figure 3: log g/20 500 against log 5/25 500. Each point is plotted as 
the age group symbol (a, f, y, 5) of the corresponding subject. 


approximation as a pigmentation difference. From the weighted mean curves 
shown in figure 5 (obtained by giving greatest weight to the points (circles, 
crosses or triangles) corresponding to the most reliable function in each region 
of the spectrum) the differences of the mean log colour-matching functions for 
the respective age groups f, y, 5 and the youngest age group, #, were determined 
(figure 6). If increasing age produced an increasing density of a single overall 
screening pigment these curves should be reducible to a single curve by multiplying 
the ordinates of two of them by constant factors. There are considerable 
deviations from this rule and it is probable that the curves represent the combined 
effects of changes with age of both macular pigment density and of lens pigment 
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density. Using the spectral density curve of macular pigment (inset to figure 6), 
an attempt to resolve the contributions of the density differences of the two 
pigments has been made but it is hardly more than qualitative. Although the 
data show on the average a fairly systematic increase of lens pigmentation with 
age, the variations within each age group are very wide, and the statistical 
significance of the age change is low. An interesting feature of figure 6 is the 
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Figure 5. Mean log colour-matching functions for the four age groups each differenced 
from the mean of the four means, plotted against wave-number. For the blue 
colour-matching function, the differences for the B and y groups are not plotted at 
wave-numbers less than 17 500 cm~!. They show large deviations from the differ- 
ences for the other two functions similar to those appearing in the (a—mean) and 


(5—mean) graphs. The continuous curves represent weighted averages of the 
circle, cross and triangle points. 


drop in all three curves which occurs in the neighbourhood of 1/A=16500cm—. 
The magnitude of the drop is proportional to the probable lens density difference 
as defined by the difference of ordinates of each curve at wave-numbers 25500. 
and 18500cm™, a difference which macular pigment cannot affect appreciably. 


The drop may therefore represent a long-wave feature of the spectral density 
curve of lens pigment. | 
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Figure 6. Differences of the mean log colour-matching functions (weighted averages for 
the three functions) between the age groups f, y, 6 and the age group « (circle points). 
The cross-points indicate tentatively how these differences might be reduced if the 
effect of varying densities of macular pigment with the spectral density curve shown 
in the inset figure, was eliminated. 


9. CONCLUSION AND ACKNOWLEDGMENTS 


This report has been confined in the main to a statement of the average 
colour-matching properties, as measured in a 10° matching field for a large 
group of subjects, to an examination of individual repeatability and differences 
between individuals, and to a specification of the conditions of measurement. 
The application of the results—in conjunction with other similar measurements— 
to a revision or extension of the C.I.E. Standard Colorimetric System is being 
dealt with by the C.I.E.’s Working Committee on Colorimetry and is not 
discussed here. 

The assistance of the subjects who took part is gratefully acknowledged. We 
also wish to record that Miss P. Fowler (Light Division, N.P.L.) and members 
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of the Mathematics Division, N.P.L., were associated respectively with the 
experimental and the processing aspects of the work. The investigation formed 
part of the general research programme of the National Physical Laboratory 
and this paper is published by permission of the Director of the Laboratory. 


La deuxiéme partie de la recherche effectuée au N.P.L. sur l’équilibrage colorimétrique 
était destinée A déterminer ses propriétés moyennes dans un grand (10° diamétre) champ 
bipartite d’équilibrage, et les résultats finaux, corrigés, sont présentés ici sous forme de 
tables, en méme temps qu’une spécification des conditions de mesure et des données 
ancillaires sur la répétabilité. Les résultats tabulés comprennent: (a) des fonctions 
moyennes d’équilibrage colorimétrique, rapportées 4 des références primaires aux nombres 
d’ondes 15 500, 19000 et 22500 cm, pour des stimuli spectraux dans le domaine 
12 000 A 25 500 cm~-1, donnés a des intervalles de 250 cm~! entre 16 000 et 22 000 cm™, 
et A des intervalles de 500 cm~! en dehors de ces limites, (b) les écarts type et les coefficients 
des fonctions d’équilibrage colorimétrique aux nombres d’onde compris entre 14 000 
et 25 500 cm~, (c) des fonctions moyennes d’équilibrage colorimétrique corrigées pour 
tenir compte de l’intrusion des batonnets dans l’intervalle 12 000 4 17 000 cm™, (d) les 
unités de coordonnées moyennes dans un systeme W.D.W., et leurs écarts type, (e) les 
facteurs de luminosité relative moyenne des primaires de référence et leurs écarts type 
déterminés a4 la fois par comparaison directe et par équilibrage hétérochromatique a 
papillotement, (f) la fonction de luminosité relative moyenne V’, dans l’intervalle 12 000 
a 15000 cm™! déterminée par comparaison directe avec 14250 cm. Les principaux 
résultats concernant |’équilibrage colorimétrique sont basés sur 49 sujets, mais les résultats 
pour les stimuli spectraux de nombres d’onde moindres que 14 000 cm reposent sur 


moins de sujets. On discute la fagon dont les résultats montrent une augmentation avec 
l’4ge dans la pigmentation jaune de 1’ceil. 


Der zweite Abschnitt der Untersuchung aus dem N.P.L. tiber Farbmischungen 
beschiaftigte sich mit der Bestimmung der durchschnittlichen Eigenschaften der 
Farbmischungen in einem grossen zweiteiligen Gesichtsfeld (10° Durchmesser). Die 
endgiltigen berichtigten Ergebnisse werden hier in Form einer Tabelle wiedergegeben 
zugleich mit der Angabe der Messbedingungen und zusitzlich auch der Reproduzier- 
barkeit. Die T'abellierergebnisse enthalten 
(a) die mittleren Farbmischfunktionen im Hinblick auf die Bezugsvalenzen bei den 

Wellenzahlen 15500, 19000 und 22500 cm fiir Spektralreize im Gebiet von 
12 000 bis 25 500 cm= (und zwar in Abstanden von 250 cm-! zwischen 16 000 und 
22 000 cm und von 500 cm~! ausserhalb dieser Grenzen), 

(6) die Standardabweichungen und Korrelationskoeffizienten der Farbmischfunktionen 
zwischen 14 000 und 25 500 cm", 

(c) die mittleren Farbmischfunktionen, die wegen Stibchenreizen Korriergten sind, im 
Bereich von 12 000 bis 17 000 cm~, 

(d) die entsprechenden mittleren Einheitskoordinaten in einem W.D.W.—System und 
ihre Standardabweichungen, 

(e) die mittleren relativen Hellbezugswerte der Bezugsvalenzen und ihre Standardab- 
weichungen, gemessen sowohl durch Direktvergleich als auch durch heterochromatische 
Flimmerphotometrie, 

(f) die mittleren relativen Hellbezugswerte V, im Bereich von 12000 bis 15 000 cm-, 
gemessen durch Direktvergleich mit 14 250 cm—?. 

Die Hauptergebnisse der Farbmischungen sind an 49 Versuchspersonen ermittelt 
worden, diejenigen jedoch fiir die Spektralreize mit Wellenzahlen unter 14 000 cm-! an 


weniger Versuchspersonen. Der Einfluss des mit dem Alter zunehmenden gelben Pigments 
im Auge auf die Ergebnisse wird er6rtert. 
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Optical constants of vacuum evaporated films of zinc sulphide and 
germanium of some microns thickness were determined by three different 
methods in the region 2000-10 000 cm! (5-1 x). The refractive indices of 
both substances proved to be definitely higher than for the corresponding 
bulk material. If the films were evaporated with pure nitrogen as residual 
gas instead of air, the refractive index decreased considerably and reached, for 
ZnS, approximately the bulk value, whereas for Ge it still remained somewhat 
higher. The variations in the modes of determination seem to exclude the 
observed anomalies being due to complexity of the film structure. 


1. INTRODUCTION 

Determinations of refractive indices m and absorption coefficients « for thin 
films have, as a rule, given values which are more or less lower than the bulk value. 
This phenomenon may be due to the existence of voids in the layer causing a 
decreased density, according to for example the theory of Garnett [1] for metal 
films. 

The optical properties of an evaporated film depend strongly on the technique 
of evaporation [2]. Good vacuum and high speed of evaporation generally favour 
high values of and «, i.e. result in properties similar to those of the bulk. The 
development of techniques of controlled and reproducible conditions by vacuum 
evaporation has raised the interest of optical measurements on films, and the use of 
thin films as elements in mirrors, filters and polarizers has caused a demand for 
knowledge of their data. Such determinations may also, in spite of the complexity 
of the phenomena, be of some importance for solid state physics. 

In this investigation, we have determined the optical constants for films of 
Ge and ZnS which are being used in interference filters for infra-red. ‘The 
determinations have been performed for films evaporated with air as well as with 


pure nitrogen as residual gas. 


2. THE VACUUM EVAPORATION 
The pressure during evaporation was less than 4 x 10-° mm Hg and the speed 
of deposition 30-60A/sec. The substrate (glass plates 50x 60x 1mm) was 
rotated during the exposure. Provision was made for filling the evaporation 
chamber with nitrogen instead of with air before the evacuation and evaporation. 
The evaporation could be monitored by means of an optical control using radiation 


of wavelength 2°5 pw. 


3. METHODS OF DETERMINATION 

3.1. Measurement of geometrical thickness of the films 
The film thickness was measured by means of an interference microscope 
(Multimi, manufactured by C. E. Johansson, AB, Eskilstuna, Sweden). Silver 
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was evaporated at an edge of the film, and the thickness was determined by the 
displacements of monochromatic interference fringes, observed in Fizeau 
arrangement with multiple reflection [3]. A test of this method of determination, 
similar to that of Heavens [4], was performed through evaporating two germanium 
films on the same plate with the two layers partly overlapping each other. The 
whole plate was then silvered and the displacements of the fringes at the steps glass 
to Ge-layer for both layers as well as at the steps single to double Ge-layer were 
measured. ‘The difference between corresponding steps was found to be 18+ 13A 
(standard deviation) for film thicknesses from 1000 to 40004. ‘This means that 
film thicknesses can be considered additive and that the fringes determine the real 
thickness. 


3.2. Interferometric method of determining optical and geometrical data for films 
The Airy formula gives for the transmission at normal incidence of electro- 
magnetic radiation through a plane-parallel layer of thickness d and complex 
refractive index n,(1—7«), surrounded by non-absorbing or slightly absorbing 
substances of refractive indices n, and n3: 
_|_ tetesexp(—7¢') PP 


— 1 
1 —7i793 exp ( — 27¢’) (1) 


where, ifx« <1: 
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d' = 2nn,(1—1x)od=¢ (1—ik), 
o = 1/A=wave-number. 
‘Transformation of equation (1) gives, by inserting (2): 


1 on, 2 
p= (coshiss + teat sinh «#) +Fsin?¢ (3) 
with 
2 2 2 2 
F= (n° — 4") (1. — ns") 
Cena ©) 


and 
gp = 2mn,od. 
Thus, 
oe 0 (for maximum transmittance), 
m+ (for minimum transmittance) 
where m (integer) is the order of interference. 

Under the assumed condition, nx<n, and if the dispersion is moderate 
(i.e. if mg, as well as , and ng, varies slowly with the wave-number a), it is possible 
to obtain n,, d, and « from equations (3), (4) and (5). If the thickness d is 
sufficient for obtaining in the actual o-region a number of maxima and minima 
in 1/7, then the amplitude F gives, according to equation (4), the refractive 
index n, for the film, provided the indices of the surrounding substances n, (air) 
and n; (glass) are known. Equation (4) gives with n,=1 ; 


(5) 
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Fie 2 2 _ ns? 
nN.” = (n3+1)?F +n? +1 at (6) 
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from which n, is obtained by a few successive approximations. From the 
wave-numbers of the maxima and minima, ,d and hence d will be obtained. 
Finally, the first term in (3), upon which the sine function is superposed, gives 
an approximate value of 

Kp = 20n,xod = tad 


where «=47n,«o is the coefficient of absorption. 

The refractive index of the substrate, m3, was determined from reflection 
measurements at nearly normal incidence. From the reflectance, R,3, the 
refractive index of the substrate glass is obtained according to the Fresnel formula: 


n,—1\? 
hae | ; oh 
13 Gen ( ) 
As our arrangement did not allow absolute measurements of Rj3, the reflectance 


of the glass was compared with that of sodium chloride, whose refractive index was 
obtained from Paschen [5]. 


|Figure 1. Reflectance as a function of angle of incidence for the bare glass surface and for 
the glass surface covered with a transparent film of refractive index higher than that 
of the glass. The light is polarized with the electrical vector in the plane of incidence. 
“Max? and ‘min’ refer to maximum and minimum reflectance of the film due to 
multiple interference at the Brewster angle 6,,, for unpolarized radiation. 
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3.3. Determination of nz from the Brewster angle according to Abeles [6] 


This method makes use of the fact that for light polarized with the electric 
vector in the plane of incidence, the reflectance of a film on a substrate is the same 
as that of the substrate alone when the angle of incidence is equal to the Brewster 
angle. ‘The determination must be performed in a wavelength region free from 
absorption. ‘Then 

N,|n, =n, = tgo, (8) 
where 6,, is the Brewster angle. 

In the application of the method it should be noted that the maximum accuracy 
is obtained when the reflection from the film, due to multiple interference, has a 
maximum. In figure 1 the reflectance, Rpar, is plotted against the angle of 
incidence, 9, for the substrate and for the film. For varying optical path 
lengths, the inclination of the film curve at the point of intersection 6, (Brewster 
angle) varies. The inclination, and hence the accuracy by determining @,, 
becomes maximum for maximum film reflection. For minimum reflection, the 
film curve coincides with the glass curve. 


4. PERFORMANCE OF THE MEASUREMENTS 


The measurements of transmission as a function of wave-number were carried 
out with a Perkin-Elmer double-beam spectrophotometer mod. 13, equipped with 
arock salt prism. ‘The apparatus recorded directly the ratio between test beam 
and reference beam, i.e. the transmittance J. For the reflection measurements, 
a mirror mounting was inserted in front of the entrance slit according to figure 2. 
It is evident that the arrangement cannot give absolute values of the reflectance. 


Figure 2. Mirror mounting for reflection measurements. O object, P;, P:,.Ps plane 
aluminium mirrors, C concave mirror, T rotatable table, D diaphragms. When 
measuring at nearly normal incidence (10°) the mirror P, is removed. 
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In order to get defined angles of incidence, a diaphragm of appropriate width was 
placed in the beam. The accuracy of angle readings, 0-1°, is sufficient for the 
present purpose, as it leads to an accuracy in the refractive index comparable to 
those of our other methods. 

Thin glass plates (microscope cover glass, 0-1 mm thick) were covered on each 
face with an evaporated layer of zinc sulphide for use as polarizers. By oblique 
incidence the transmitted radiation is more or less polarized. The polarization 
has its maximum at a certain angle of incidence and for a set of approximately 
equidistant wave-numbers. With a series of four identical plates a maximum 
degree of polarization of 0-998 is obtained. By constructing a few such series of 
identical plates with different film thicknesses, we could obtain practically total 
polarization at any desired wavelength from visible to 6 y. 

Typical records of transmission are shown in figures 3 and 4. Records of the 
reflection appeared to be true mirror images of the corresponding transmission 
curves. From these curves, transposed into 1/7 against o, the refractive index and 
the absorption coefficient are calculated using equations (3) to (6), with allowance 
for reflection losses at the near side of the glass. For zinc sulphide, both equation 
(6) and the interferometrically measured geometrical thickness are applied, which 
|means two partly independent methods for determination of m,. The absorption 
(of ZnS-films is unimportant in the interval considered. ‘The levelling out of the 
(curve with increasing wave-numbers may be partly due to the decreasing resolving 
jpower of the instrument for shorter wavelengths and partly to a slight non- 
uniformity of the film thickness. Accordingly, the quantity F, defined from 
equation (4), can be determined in the low wave-number region only. It is to 
be noted, however, that in principle, with the aid of equation (5), one single 
determination of F is sufficient for obtaining 7., over the whole region. 
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Figure 3. Transmission record of ZnS-film. Film thickness d= 2-233 p. 


From the transmission curve of a germanium film, figure 4, it is seen that the 
meaks are far from lying on a straight line. This is due on one side to the beginning 
»f absorption of Ge and on the other side to the absorption of the glass substrate. 
\{n principle it is possible to compensate for the substrate absorption by inserting an 
\dentical glass plate in the reference beam. In practice, however, it was found that 
\the F-method did not give unambiguous results for germanium films, but the 
easured thickness d had to be inserted in equation (5). The absorption coefficient 
obtained from the lower envelope in the 1/T-curve according to equation (3). 
\\s in any absorption determination, the absorption coefficient is obtainable 
\kccurately only in a region where « ~ 1/d. 
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Figure 4. ‘Transmission T and 1/T for Ge-film. d=1:-010 yp. 


5. RESULTS AND DISCUSSION 

The refractive index, 3, for the substrate glass, determined from reflectance 
measurements at nearly normal incidence is shown in figure 5 as a function of 
wave-number. As a check, a measurement was made with sodium light with 
the aid of an Abbe refractometer. 

The results of the determination of the refractive index for zinc sulphide films, 
evaporated with air as well as with nitrogen as residual gas, are demonstrated in 
figure 6. Figure 7 shows corresponding curves for germanium films. ‘The most 
striking feature of both these diagrams is the obvious dependence on the kind of 
residual gas. A ZnS-layer, evaporated with oxygen as residual gas, gave a curve 
slightly higher than the air curve. For a Ge-layer evaporated in air immediately 
after an N,-run a curve was obtained situated between the air and the N,-curves. 
The air-evaporated layers appear to have refractive indices higher than that of 
the bulk material. For evaporated ZnS films appreciably thinner than ours, 
Kuwahara and Isiguro [7], Hall and Ferguson [8] and Coogan [9] have obtained 
values of nm for the visible spectrum lower than the bulk value. For bulk ZnS, 
de Vore [10] has measured the refractive index out to 1:5 uw. His values for 
the region 7000-12000 cm~ coincide fairly well with those for our nitrogen- 
evaporated layers. 
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Optical constants of thin germanium films between 1000 and 30 000 cm— have 
been determined by Brattain and Briggs [11]. Their values of the refractive index 
are higher than for bulk germanium [12, 13, 14], which was considered due to 
inaccurate determination of film thickness. However, our result for air-evaporated 
layers shows fairly good agreement with that of Brattain and Briggs [11]. Even 
for N,-evaporated films our refractive index does not reach the bulk value, which is 
4-07 for c= 4000 cm-! and 4-12 for ¢ =5000cm— [12, 14]. 


“igure 5. Refractive index of glass substrate as a function of wave-number. The point 
farthest to the right is obtained both with the Abbe refractometer and from reflec- 
tance measurement. 


The absorption coefficient for Ge films is shown in figure 8 as a function of 
wave-number. ‘There is a slight difference between air and nitrogen layers, 
(carcely greater than the scattering of the plots. ‘The magnitude of « is greater 
than that obtained by Briggs [15], but may approach the results of Avery and Clegg 
113] and of Fan, Shepherd and Spitzer [16] when allowance is made for the 
imited resolving power. As mentioned previously, the accuracy decreases for 
cd < 1, and we cannot decide whether the finite value of « for o < 6000 cm~t is real 
»r due to light scattering or imperfection of the method of determination. 

It is conceivable, and in some cases experimentally verified [17], [18], that 
\vaporated layers have a complex structure and therefore their optical properties 
sannot be characterized by a uniform refractive index. Apparently anomalous 
»ptical constants may thus be caused by stratification, by discontinuities, or by 
nisotropy of the film. In the present case, however, where different modes of 
(etermination have given consistent results this kind of interpretation is hardly 
(pplicable. It seems highly improbable that a determination from the Brewster 
ngle, which is in principle independent of the optical path of the film, should give 

c 


OA. 


34 L. Huldt and T. Staflin 


24 Air 


3 4 one Uf 8 9 10 11 12 10CM 


Figure 6. Refractive index as a function of wave-number for ZnS-films evaporated with 
air and with nitrogen as residual gas. 

Air plots: O, layer with d=2-500 up, A, d=2-221 pw, LJ, d=2:258 yp. Nitrogen 
plots: O, layer with d=2:501y, A, d=2:233y. + determined according to 
equation (6); x determined from Brewster angle; remaining plots from geometrical 
thickness of film. 
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Figure 7, Refractive index as a function of wave-number for Ge-film evaporated with air 
and with nitrogen as residual gas. 
Air plots: O, layer with d=1:092 u; A, d=1-010 #4. Nitrogen plots: O, layer 
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with d=1-340 ; A, d=1:3644; 1, d=1:-449. x determined from Brewster 
angle; remaining plots from geometrical thickness of film. 
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the identical apparent refractive index as a determination where this path is 
essential, unless the agreement is real and the index is the true one. We are thus 
led to the conclusion that the optical properties of evaporated layers of zinc 
sulphide and of germanium are fundamentally changed by the addition of oxygen, 
In this connection consideration may be given to the action of heat treatment 
(‘thermination’), which, according to Rank and Cronemeyer [19], seems to cause 
similar changes in the absorption to that obtained by vacuum evaporation 
according to the present investigation. 
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“Figure 8. Absorption coefficient for Ge-films as a function of wave-number. O evaporated 
with air as residual gas. + evaporated with N, as residual gas. 
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| Les constantes optiques de couches de sulfure de zinc et de germanium préparées par 
‘évaporation sous vide, et dont |’épaisseur était de quelques microns, ont été déterminées 
‘par trois méthodes différentes dans la région 2000-10 000 cm-! (5-1). Les indices de 
+éfraction des deux substances ont été trouvés nettement plus grands que ceux des mémes 
substances a l’état massif. Pour les couches évaporées avec de l’azote comme gaz résiduel 
au lieu de l’air, lindice de réfraction diminuait considérablement et atteignait, pour le 
ZnS, approximativement la méme valeur qu’a |’état massif, tandis que pour le Ge il était 
toujours un peu plus grand. Etant donné la variété des modes de détermination, 11 semble 
que les anomalies observées ne sont pas dies a la structure complexe des couches. 


Die optischen Konstanten aufgedampfter Schichten aus Zinksulphid und Germanium 
von einigen Mikron Dicke wurden nach drei Verfahren in dem Gebiet von 2000-10 000 cm 
(5-1 4) gemessen. Die Brechwerte fiir beide Stoffe lagen eindeutig héher als fiir das ent- 
sprechende kompakte Material. Wenn die Schichten mit reinem Stickstoff als Restgas 
anstelle von Luft aufgedampft wurden, so lag der Brechwert erheblich niedriger und 
arreichte fiir ZnS fast den Wert des kompakten Materials, wahrend er fiir Ge immer noch 
twas hoher blieb. Die Anwendung verschiedener Messverfahren scheint auszuschliessen, 
ass die beobachteten Anomalien auf die verwickelte Struktur der diinnen Schichten 
zuruckzufihren sind. 


C2 


36 Optical constants of evaporated films 


REFERENCES 


[1] Maxwe.y Garnet, J. C., 1904, Phil. Trans., 203, 385; 1906, 205, 237. 
[2] Heavens, O. S., 1955, Optical Properties of Thin Solid Films (London: Butterworths). 
[3] To.ansxy, S., 1948, Multiple-Beam Interferometry (Oxford: Clarendon Press). 
[4] Heavens, O. S., 1951, Proc. phys. Soc. Lond. B, 64, 419. 
[5] Pascuen, F., 1908, Ann. Phys., Lpz., 26, 120. 
[6] Apees, F., 1950, 7. Phys. Radium, 11, 310. 
[7] Kuwanara, G., and Istcuro, K., 1952, 7. phys. Soc. Japan, 7, 72. 
[8] Hat, J. F., and Fercuson, W. F. C., 1955, F. opt. Soc. Amer., 45, 74. 
[9] Coocan, C. K., 1957, Proc. phys. Soc. Lond. B, 70, 845. 
[10] Vore, J. R. pE, 1951, 7. opt. Soc. Amer., 41, 416. 
[11] Brarrain, W. H., and Briccs, H. B., 1949, Phys. Rev., 75, 1705. 
[12] Brices, H. B., 1950, Phys. Rev., 77, 287. 
[13] Avery, D. G., and CiEce, P. L., 1953, Proc. phys. Soc. Lond. B, 66, 512. 
[14] Rank, D. H., Bennett, H. E., and CRoNEmEyER, D. C., 1954, ¥. opt. Soc. Amer., 44, 
1B, 
[15] Bricas, H. B., 1952, ¥. opt. Soc. Amer., 42, 686. 
[16] Fan, H. Y., SHEPHERD, M. L., and Spitzer, W., 1956, Photoconductivity Conference 
held at Atlantic City, New York and London, p. 184. 
[17] Rouarp, P., 1956, 7. Phys. Radium, 17, 184. 
(18] Bousquet, P., 1956, Opt. Acta, 3, 153; 1957, Thése, Paris. 
[19] Ranx, D. H., and CRoNEMEyER, D. C., 1953, Phys. Rev., 90, 202. 


Das Moiré-Gitter als vielseitiges Testobjekt : Photoelektrische 
Aberrationsmessung 


von A. LOHMANN 
z. Zt. Institutet for optisk forskning, Stockholm 70 


(Received 13 October 1958) 


Das Moiré-Gitter erwies sich schon als geeignetes Testobjekt zur 
Messung der optischen Kontrastiibertragungsfunktion (Optik, 14, 510, 1957). 
Hier wird gezeigt, dass man mit der gleichen Apparatur auch Aberrationen 
photoelektrisch messen kann. Man erhalt auf dem Oszillographenschirm 
Kurven, die ungefahr den Photometerkurven eines Twyman-Interfero- 
gramms entsprechen. Das optische Prinzip ist mit Vaisalas Dreispaltinter- 
ferenzen verwandt. Hier fungieren drei (wandernde) Gitterbeugungsmaxima 
des Moiré-Gitters als die drei Beugungsspalte in der Pupille. Mit dem Bau 
wurde begonnen. 

Durch geringfiigige Anderungen kann man mit diesem Gerit auch Fourier- 
Transformationen durchfiihren, Phasen diinner Schichten messen und ein 
Farbspektrum analysieren und registrieren. 


Vaisala [1]benutzte Dreispalt-Interferenzenzur visuellen Messung der Wellen- 
berration. Hier soll auf der Basis von Vaisalas Grundidee eine Moglichkeit 
angegeben werden, wie die Aberrationen photoelektrisch gemessen und auf 
sinem Oszillographenschirm sichtbar gemacht werden kénnen. 

Dreispalt-Interfernzen, die seit Zernike [2] wieder haufiger benutzt wurden, 
zann man lichtstarker machen. Dazu erzeugt man die drei koharenten Licht- 
yuellen im Testobjektiv nicht wie tiblich durch eine Dreispalt-Blende, sondern 
aus drei Gitterbeugungsmaxima [3] (siehe Figur 1). Benutzt man als Gitter 
sin Moiré-Gitter (Figur 2), so kann man durch Verdrehen des Winkels ¢ die 
“loiré-Gitterkonstante ZL kontinuerlich variieren. Dadurch werden nach- 
sinander verschiedene Zonen des Testobjektivs sondiert, weil sich der Abstand 
¢ der beiden ersten Gitterbeugungsmaxima vom nullten Maximum 4ndert. 

sin d= a = @ sin ¢; w= filg Om f.%24. 

Die beiden Gitter rotieren. mit konstanter Winkelgeschwindigkeit +¢ in 
ntgegengesetztem Drehsinn. Dadurch wandern die beiden ersten Gitter- 
neugungsmaxima mit (praktisch) konstanter Geschwindigkeit «=x .t tber die 
>upille des Testobjektivs und zwar zweimal bei jeder Gitterumdrehung. 
\usserdem wandern die stets vertikalen Moiréstreifen in der Bildebene tiber den 
>*hotomultiplierspalt, weil der gemeinsame Drehpunkt der beiden Gitter um die 
3trecke €, neben der optischen Achse liegt (Figur 1 (a)). Dabei entsteht ein 
echselstrom mit der (praktisch) konstanten Grundfrequenz v= (24/d)é>. 
Harmonische Oberfrequenzen miissen im Selektivverstarker eliminiert werden. 
Die komplexe Amplitude des Wechselstroms (Figur 3) hangt eng mit dem 
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symmetrischen und dem antisymmetrischen Anteil der Wellenaberration zusam- 
men: me 
cos KW, (x,y) exp (KW, (x, y)] exp (i27t); Xaa. t=]; ) @.ti 
We(x,y)= +W5(—2, 9); Wyle, y)= —Wy(—4, 9). 


Man kann mit bekannten elektronischen Hilfsmitteln den Betrag und die Phase 


(b) 


Figur 1. Schema der Aberrationsmessung, (a) in Perspektive, (b) in Aufsicht. Der 
Lichtquellenspalt LQ wird durch den Kondensor C im Testobjektiv TO abgebildet. 
Das Gitter G (Moiré) wird durch den Kollimator K und das Testobjektiv in der 
Bildebene B abgebildet. Dort befindet sich ein Spalt mit Photomultiplier. 
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dieser komplexen Wechselstromamplitude als zwei Kurven auf einem Zweistrahl- 
Oszillographen sichtbar machen. Zur elektrischen Phasenmessung (anti- 
symmetrische Aberrationen) benétigt man noch ein Vergleichssignal, das man mit 
einem zweiten Photomultiplierspalt direkt hinter dem Moiré-Gitter gewinnen 
kann (Figur 1 (a)). Der cosinus der symmetrischen Aberrationen ergibt im 
wesentlichen die gleiche Kurve, die man durch Photometrierung eines 'T'wyman- 
Interferogramms erhalten kann. Um die Aberrationen im Testobjektiv nach- 
einander in verschiedenen HGhen (y) zu messen, muss man die Lichtquelle LQ 
in der Hohe y verschieben (Figur 1 (a)). 


Figur 2. Moiré-Gitter aus zwei gleichen, aber verdrehten Gittern. 


Wy 


'o 


Figur 3. Der aus dem Selektivverstiker kommende Wechselstrom. Die umbhiillende 
Kurve ist cos KWg. 
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Figur 4. Aberrationsmessung am Mikroobjektiv. 


Der Aufbau in der Figur 1 ist fiir photographische Objektive gedacht. Um 
ibei Mikroobjektiven keine extrem feinen Gitter zu bendtigen, bringen wir jetzt 
iden Lichtquellenspalt in die Objektebene und das Moiré-Gitter in die Bildebene 
\(Figur 4). Die Austrittspupille AP des Mikroobjektivs wird auf den Photo- 

multiplierspalt abgebildet. Dorthin kommt Licht aus dem Zentrum der 
Austrittspupille und zwei daneben liegenden Punkten (virtuelle +1 und —1 
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Gitterbeugungsmaxima!)., Dreht man die beiden Gitter gegenlaufig (wie in der 
ersten Anordnung), so entsteht wieder derselbe Wechselstrom, der zur 
Aufzeichnung der Aberrationen benutzt werden kann. 

Eine dritte Variante unterscheidet sich dusserlich nur wenig von der ersten 
Anordnung. Dabei ist jetzt eine beliebig breite Lichtquelle erlaubt (inko- 
hirente Abbildung). In der Pupille des Testobjektivs (oder dicht dabei) befindet 
sich eine gleichmassig stark absorbierende Scheibe, die nur im Zentrum (x=0) 
in einem kleinen Loch volle Transparenz besitzt. Diese Abbildungsart, die wir 
‘quasi-koharent ’ [4] genannt haben, liefert bei Drehung der beiden Gitter 
wieder denselben Photomultiplierstrom, also auch eine Messmethode fiir die 
Aberrationen. (Vergleiche damit Zernikes ‘koharenten Untergrund ’ zur Unter- 
suchung von Punktbildern [5].) 

Die beschriebenen Anordnungen sind eng verwandt mit einer Apparatur zur 
Messung des optischen Ubertragungsfaktors [6]. Dort wurde inkoharent, 
hier koharent (bezw. ‘ quasi-koharent ’) abgebildet. Die Verwandtschaft wird 
plausibel, wenn man bedenkt, dass der Messwert dieser neuen Anordnungen 
identisch ist mit dem ‘koharenten Ubertragungsfaktor fiir Zernike-Gabor- 
Objekte’ [4]. Diese Verwandtschaft hat praktische Bedeutung, weil man die 
beschriebenen Anordnungen sehr einfach durch Verbreiterung des Lichtquellen- 
spaltes (Figur 1), beziehungsweise des Photomultiplierspaltes (Figur 4) in eine 
Ubertragungsfaktor-Messapparatur umwandeln kann. Durch unsere neuen 
Vorschlage ergibt sich also eine photoelektrische Messmethode mit Selek- 
tivverstarker zur oszillographischen Registrierung des Ubertragungsfaktors und 
der Wellenaberrationen. Mit dem Bau dieser Apparatur wurde begonnen. 

Wegen der Beziehungen zu den Dreistrahl-Interferenzen ist es klar, dass 
unsere neuen Anordnungen auch zu Phasenmessungen an dtinnen Schichten 
in der Pupillenebene geeignet sind. Ferner kann man nach einer Grundidee 
von Ingelstam [7] diesen Autbau ebenfalls zur Spektralanalyse verwenden. 
Dazu bringt man in die Pupillenebene eine Dreispaltblende. Weil die beiden 
ersten Gitterbeugungsordnungen fiir verschiedene Wellenlingen zeitlich nach- 
einander Uber die beiden dusseren Spalte laufen, erhalt man auf dem Oszil- 
lographenschirm die spektrale Verteilung als Funktion der (reziproken) 
Wellenlange. 

Ausserdem kann man die Moiré-Anordnungen leicht in ein mathematisches 
Analogierechengerat umwandeln, das Fouriertransformationen ausfiirht. Dazu 
benotigt man die reelle Funktion »=f(é), die transformiert werden soll, in 
Form einer Maske. Diese Maske legt man auf das Moiré-Gitter (Figur 5), 
das gleichmassig inkohirent beleuchtet wird. Nun lasst man die beiden Gitter 
wieder rotieren. Die Gesamttransparenz von Moiré-Gitter und Maske wird 
photoelektrisch gemessen und durch den Selektivverstirker geschickt. Dann 
erhalt man auf dem Zweistrahloszillographen direkt das komplexe Fourier- 
Spektrum der Funktion f(€). Sollte die zu transformierende Funktion komplex 
sein, so kann man natiirlich die Fouriertransformation fiir Realtei! und Imagi- 
narteil einzeln ausfihren. Ubrigens haben die neuen Anordnungen (besonders 
Figur 4) auch Beziehungen zum Ronchi-Test [8] und ahnlichen Methoden. 
Ausserdem besteht im Prinzip eine entfernte Verwandtschaft zwischen der 
Anordnung aus Figur 4 und der Shearing-Interferometer-Ubertragungsfaktor- 
Messapparatur von Hopkins, Baker und Kelsall [9]. Die praktischen 
Unterschiede sind aber erheblich, zum Beispiel werden die Funktionen des 
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nehrfach variablen Shearing-Interferometers bei uns allein vom Moiré-Gitter 
vusgefiihrt. 


1 =f(§) 
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*igur5. Fourier-Transformation der Funktion 7 =f(€) als Maske, darauf das Moiré-Gitter. 


ANERKENNUNGEN 


Fur Diskussionen méchte ich Herrn Prof. E. Ingelstam (Stockholm) und 
Jerrn Dr. M. De (Calcutta) danken. Herr Dr. M. De hat gleichzeitig ebenfalls 
‘eplant, eine Ubertragungsfaktor-Messapparatur zur Bestimmung der Wellen- 
_berrationen zu benutzen. 


Recently the moiré grating has been employed as a useful test object for optical contrast 
transfer measurements (Optik, 14, 510, 1957). Here we show that it is possible also to 
easure aberrations by the same apparatus. Oscilloscope curves similar to photometer 
mirves from T‘wyman interferograms should be obtained. ‘The optical principle is related 
> Vaisala’s three slit interference. Here three (moving) diffraction maxima of a moiré 
yating act as three slits in the pupil plane. Such an apparatus is being constructed. 

By slightly changing this arrangement, one can carry out also Fourier transformations, 
‘hase measurements of thin layers and analysis of colour spectra. 


- Comme on le montre dans cet article, le réseau moiré est un test utilisable pour mesurer 
: transfert de contraste en optique (Optik, 14, 510, 1957). Il permet aussi de mesurer 
fhotoélectriquement les aberrations : on obtient sur l’oscilloscope des courbes, semblables 
x courbes photométriques d’un interférogramme de Twyman. Le principe optique 
<coule des interférences a trois ouvertures de Vaisala. Dans ce cas, trois maxima de 
fiffraction du réseau moiré opéreront comme les trois ouvertures de diffraction dans la 
pille. On a commencé 4 réaliser cet appareil. En le modifiant légerement, on peut 
cécuter des transformations de Fourier, mesurer la phase d’une couche mince et, aussi, 


aalyser un spectre de couleur. 
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Matrices are introduced into the transport equation, in order to account 
for polarization effects. ‘The necessary transformation of the scattering 
matrix is carried out by ‘developing its components (in an appropriate 
representation) in generalized spherical functions. A calculation of the 
diffusion length may serve as an example for the application of this formalism. 


1. INTRODUCTION 

The diffusion of light in scattering media is usually treated on the assumptio! 
that polarization effects can be neglected. The spatial and angular distributiot 
of monochromatic light in a purely scattering medium is then described by ; 
scalar function I(r, ,¢). Under certain general conditions, which will here 
after be assumed to be valid, this function satisfies a linear integrodifferentia 
equation, called the transport equation (or equation of transfer). ‘The scatterin, 
function (phase function) p(cos@) of the medium plays the role of the kernel 
The properties of this equation and of its solutions have been extensively discusse: 
by Chandrasekhar in his monograph [1], which will be quoted in the followin 
by “Ral 

When polarization effects have to be taken into account, the function J mus 
be replaced by the respective density matrix I, and p by the scattering matri 
(phase matrix) p. For Rayleigh scattering the transport equation, generalize 
in this sense, was first formulated by Gans [2] and by Chandrasekhar (R.T. 
who also solved several special problems in this context. It will be shown thz 
Chandrasekhar’s methods can be extended to more complicated scattering law: 
if generalized spherical functions are used for the developments of I and p. 


2. REPRESENTATIONS OF POLARIZED LIGHT 
A partially polarized almost monochromatic plane wave can be represented b 
G (2, t) = Re[E(z — ct) exp (ikz —iwt)] 
= Re[{E,(z— ct), E,(z—ct)} exp (ikz —iwt)], 
where FE, and £, are the components of the slowly varying complex amplitude 

of the electric vector 6. The coordinate system, to which these componen 
refer, is defined by some reference plane through the direction of propagatio: 

E, is the component parallel to that plane, and EF, the perpendicular one. 
The time averages (E;E,,* ) define the elements of the following density matr: 
bce =a I+Q U+iV ie (E\E;*) <E,E,*) ( 
a1 Loe ONO VE sale oo *\ CEES) (E,E,* ) | 
which can be expressed by the Stokes parameters J, Q, U, V, as indicated [1, 3-5 
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In the above representation, which may be called the ‘LP’ representation, 
‘two linearly polarized states (with perpendicular planes of polarization) serve 
‘asa basis, namely e, = (1,0) and e,= (0,1), so that E = E,e,+F,e,. Sometimes 
‘It 1s more appropriate to take a different basis, namely two oppositely circularly 
polarized states, represented by the complex unit vectors e,.= (152) 4/72. and 
(e_=(1, —7)/4/2. In the ‘CP’ representation so defined the amplitude E is 
‘expressed as follows: E=E,e,+E_e.. The new components E,, E_ follow 
'from the former through the unitary transformation 


WoNreel fl. iN /E, 
(=) al“) (e)) @) 
_ Since e, and e_ are the eigenvectors of the operator for rotation around the 
idirection of propagation, this operator is diagonal in the CP representation. A 
rotation of the reference plane through an angle y causes EF, to become multiplied 
Iby exp (zy), and E_ by exp(—zy). (The rotation is considered clockwise when 
jviewed in the direction of propagation.) 
The CP components of the density matrix I will be denoted by J,, I), J_) and 
if_2 (instead of I,_, I,,, I__, I_,). They follow from J,,, [,,, etc. through 
idouble application of the unitary transformation (2), i.e. 


if ze] i) (eS Sak ieee Q-iU ({E,E *) 
eee 2a Se Lee Teh, (EE ,*) 
ie mee ie) ogee Pole gy) 8) 
| 1 TaN ah Toe | O+iU (EB F*) 


Like EZ, and E_, the CP components of I also transform independently when 
the reference plane is rotated around the direction of propagation. A rotation 
through an angle y causes J,, to be multiplied by exp(zmy). In particular J, 
and J_, behave like scalars with respect to such rotations. Substituting L(y) 
for the rotation operator we may write 

L(x) (2, I; Io, I_») = UJ, exp (27x), Io, Io, I_» exp ( - 2ix)). 

A third representation should be mentioned, which is much used in optics, 
2ad which we may name the ‘SP’ (Stokes—Poincaré) representation [3-5]. The 
‘Stokes parameters (J, O, U, V) are taken to forma scalar (J) and a vector (Q, U, V) 
in polarization space. Complex quantities are thus avoided. 

The total intensity J is a non-negative quantity, 

J=tl—d td tc 0: (4) 
[fhe same is true for the partial intensity, measured with any compensating and 
polarizing device. This has the further consequence (R.T., p. 32) 
det I= Ly yIog — Lyoley =Lpl_o — LpI_2 =2(? — Q?-— U?— V*) 20. (5) 
We shall say that the matrix I is non-negative if the conditions (4) and (5) are 
satisfied. 


3. THE SCATTERING MATRIX 
When light is scattered by a particle, the complex amplitude E of the scattered 
ight is linearly related to the amplitude E’ of the incident light. Ata sufficient 
distance r from the particle we find 


ga CPLR) gee (6) 
ikr 
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or explicitly, in the LP and CP representations: 


Ey _ exp (ikr) /S4, oa a (6a) 
Ey ikr So, So9]\ #2)’ 

E,\ _ exp (tkr)/S., Si fa (65) 
Es) iiss ee | 


Here S$ is the amplitude matrix (with the LP and CP components S,;, and S,,, , 
etc., respectively), as defined, for example, by van de Hulst [5] (this treatise will be - 
hereafter referred to as ‘L.S.’). 

Evidently also the density matrix of the scattered light is linearly related to that 
of the incident. This is valid also for scattering by a suspension of many particles. 
When a small volume of the scattering medium AV is illuminated by a plane wave, 
characterized by I’, the light scattered into a certain direction is given by 
KpAV _., 

4crr” pl (7) 
(R.T., p. 38) ,where xp is the extinction coefficient (the reciprocal of the mean free | 
path of the photons). This equation defines the scattering matrix p, the LP and CP | 
components of which will be denoted by ),;;, and P,,,,, respectively (7,7, k, /=1, 2; | 
m,n=2,0, —0, —2). Equation (7) states that 


2 2 
Ii; ee >s Di Pig eal na’ and vie ee ahi ee 
1 ul 


(The latter sum, as well as corresponding sums in subsequent equations, is 
intended to run through n=2, 0, —0, —2.) 

For a dilute suspension of equal and equally oriented particles the scattering | 
matrix follows directly from the amplitude matrix of a single particle. In view 
of equations (1), (3), (6), (7) we have 

Pig = (AN /[KpR?)SipS*, and Pox = (Aa N/xpk?) S,S__*, 
etc., where N is the number of particles per unit volume. In general, when 


the particles are different and randomly oriented, averages over all particles 
should be substituted, 


Pisni= (AN kph?) (Si,S5% ), (8) | 

Pog = (Arr |kpk7)(S_., S_2*), ete. (Sa) 

We see, that 
Pia = Pian” (9) ; 


‘The scattering matrix simplifies considerably if the medium is macroscopically 


isotropic and without rotatory power [4], as we shall assume henceforth, and if the | 


scattering plane, which contains both light pencils, is taken as reference plane. 
Each component of p then depends only upon the deflection angle ©, so that we 
may write p=p(cos@). Reflection of space with respect to the scattering plane 
shows that in this case 


Pine =P =Pion = Pi222=Poii = P2122 = P2212 = Poa = 0. (10) | 


The reciprocity law of Krishnan and Perrin [4-6] says moreover that 


Prree=Peop 8d Pj.21=Porro- (11) 
The relations (9-11) are reflected in the CP-representation as 


Pmm Da Sip = real, Pmn =Pnm = Pam =) P20 =P>, Sis (12) 
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hey reappear also in the SP translation of equation (7) in a clear manner [4, 5], 


yf SRC KONG) sh 
O _ KpAV G =p 07 0 Q' | 13 
U Ane 0 0 p" q’ Uy’ 5) ( ) 
V { 0 0 —q' Do Ve 
vith 

P =3 (Piri t+2Pi129 + Poo22) = Poo + Po, —o» 

DP’ =3(Prrr — 2P 1122 + Pov02) = Poo + Po —2, 

Q =3(Pii11 — P2209) = P20 + Pe, 05 14 

DP” = 3(Przre + 2P 991 + Pore) = Poo — Po, -25 Oey 

P” = 3(Pizre — 2P 1991 + Pais) = Poo — Po, -0> 

q = Hae Po121) = —1U(Poo — Pz, 0): 


The scattering matrix is non-negative in the sense that pl’ is non-negative if I’ is 
on-negative. This is expressed by a number of inequalities, among them 
1111 29; Pirv2 29; Po222209, which follow from equation (8), and which can be 
rritten also as p=0, |p’ |S p, and|q|<4(p+pP’). 

A further limitation is given by the fact that no more light can be scattered than 
\ lost from the incident wave. Hence 


Af p(cos @) d(cos@) <1, (15) 


there the sign of equality refers to conservative cases (i.e. to cases without true 
sorption). 

It will be convenient for the subsequent considerations to develop each CP 
»mponent of the scattering matrix in a series of the corresponding generalized 
sherical functions, as defined, for example, by Gel’fand and Sapiro [7], 


Prn(Co8®)= 1 Pyyn!Pyynl(C08 @). 


(ml, nl) 
Ihe functions P,,,,/, with m, n=2, 0 or —2, are real. (Ne distinction is made here 
stween m,n=Oor —0.) Since Pan! = Pim! =P_m, —n!, the coefficients p,,,,/ obey 


rmmetry laws of the same form (12) as the functions p,,,(cos@) themselves. 
he following combinations of the p,,,,,/ will be useful later : 


are 
@=Poo + Po, -0> 


= Poo! + Po, 295 
= Poo! + Po, ae 
h,=214+1—a, 
hy =214+1—;. 


Wend q,are the coefficients of the following developments of the functions p and q, 

iccurring in (13-15), 

| p(cos @)= Siw, Py'(cos O), 
0 

g(cos ©) = 37g, Poy/(cos ©). 


ho! are ordinary Legendre polynomials (usually denoted as P)). 
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As an example the scattering by spherical particles embedded in a non- 


absorbing medium will be considered. In this case S,,=S2,=0, so that only 
four of the LP components of p(cos@) are different from zero, namely Py, 
Pisa = Pore *, and Poo22, Which may be expressed according to equation (8). In the 
case of equal particles we may substitute 47N/«pk? ={Re[S(0)]}+, where S(0) is 


the value of S,, and S,5 for @=0 (L.S., p. 127). The CP components follow 


from equation (8a): 
Po =Poo =t|Si+Se2[?/Re[S(O)], 
P2, -2=Po, —0 =t | S11 — Soe ?/Re [S(0)], 
Po =4(S y+ Soe)(Sir* — So2*)/Re[S(0)]. 


For small non-absorbing spheres some approximations will be quoted, which | 
are accurate up to the order (ka)®, where k is the wave number outside the particle _ 
and a its radius. From the expressions for S,, and S49, given by van de Hulst | 


(L.S., p. 145), we find 


Pon(#) =3[2? + 20+ 2Bu(2u7 = 1), } f 
Pig) Elie rae) eee (16) | 
Pooee(e) =$[1 + 2(a+ B)e]; | 
Poo(t) =Poo(u)=3(1 + )*[1 +2«+28(2p— 1)], / 
IMs bee es. iit | (16a) 
Basler tn eee 
p(w) =F +? + 4a + 48u3) =p'(u), 
q(u)= —3(1—2)(1 + 48). | Oo" 


Here yz stands for cos © and 
= (a)?(n? +2) 
30 + 36(ka)?(n? — 2)(n?+.2)-?’ 
= 5(ka)?(n? + 2)(2n? + 3)-1 
~— 30+36(ka)?(n? — 2)(n? +2)’ 


where 7 is the refractive index of the particle with respect to the surrounding 
medium. With «={$=0 the matrix, as given by equation (16), reduces to that — 


for Rayleigh scattering (R.T., p. 37). 


The CP components of the matrix p are easily developed in P,,,,/.. Let us _ 


mn * 
arrange the coefhicients p,,,,! as if they were elements of the following matrices p’: 


0 0 0 0 0 0 0 0 
san 0 14+2« 1-2« 0 nee Q. Lele 88 ela ee 
210 T—2e. 12a.) Oi “(0 ~1+20+88° 1420458 010 
Por ke waw 0 0 0 " 
1+2«+28 1/4/6 1/4/6 1—2«—£8 
pea teeee et3a+B $-fa-B 1/r/6 
‘Tivo dda dtdete yo — | 
1—2«-—28 1/+/6 1/4/6 1+2«+28 
10/3 1/ (10/3) 4/(10/3) 10/3 
ROC On he logy 
a/ (10/3) i 1 4/ (10/3): 


10/3 4/(10/3) 4/(10/3) 10/3 | 
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Phe Legendre coefficients of p(cos@) are w)=1, w,=3a+4 (9/5)B, w,=(1/2), 
7,=(6/5)8. The average cosine of the deflection angle is 
{cos @ ) = (1/3)a,=«+4 (3/5)B 
@.0., p. 144). 
For n= 1-33 Chu and Churchill [8] have computed numerically the coefficients 
» up to /=71 for the highest value of ka(ka=30). Possibly their method could 
se extended also to the computation of the p,,,,. 


4, "THE TRANSPORT EQUATION 
In a turbid medium (e.g. inside a cloud) light is diffusely distributed over all 
lirections. Such a distribution is described by the specific intensity (the flux 
lensity per unit solid angle) which, in general, is a function of the coordinates and 
he angular variables. If also the polarization state has to be described, the 
espective density matrix must be substituted. ‘The symbol ! will hereafter be 
ased for this quantity. Hence, what has been said before about the incident plane 
ave, from now on refers only to a small part of the diffusely distributed light 

which propagates in directions within a narrow cone dQ. 


x 


Let us write |=I(r, , 6), where ¢ 1s the azimuth, and = cos 4, with 6 being the 
olar angle with respect to the z-axis. For each light pencil the corresponding 
aeridian plane (parallel to the z-axis) will be used as plane of reference for the 
}escription of the polarization state. 

When describing the scattering process we are obliged to carry out a rotation 
(x’) which turns the reference plane from the meridian to the scattering plane 
e the figure). After multiplication of I by p(cos @) another rotation L(—x) 
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turns the reference plane of the scattered light pencil back to the meridian. So the | 
transport equation 


Me) — teed) [| plan bs wo dM usd’) dw db" (17) 


Kpos 
is deduced, the kernel of which is 
P(H, $3 w', 6) =L(— x)p(cos O)L(x’) (18) 

(R.T., p.40). Equation (17) stands for a system of four equations for the unknown 
PUMCUONGH oul ieee. i 

The variables y, y’ and ©, which appear on the right-hand side of (18), should 
be expressed by ¢, 4’, w»=cos@,,and »’=cos 6’ (see the figure). For Rayleigh , 
scattering this substitution can be achieved without difficulties, also in the LP | 
or SP representations (R.T.,§17). (This calculation can be still more simplified 
if the rotations are applied to the amplitude matrix $ instead of to p(cos @).) | 

In general the required rotations are most easily carried out in the CP 
representation, where each element ?,,,(cos ©) becomes multiplied by the 
appropriate phase factor. Wesee that the CP components of p(u, $3 pw’, ¢’) are 


Pinn (Hy B3 H's P') =Pmn (Cos O) exp (—imy + ny’). (19) 
The addition theorem, 


exp (—1mx) Pry’ (Cos O) exp (iny’) = > — 1) Pre (H)Psn'(H’) exp [ts(6- $°)] 


[7], makes it possible to eliminate the variables y, y’, @, and to express the — 
components (19) as follows: 
COMNEL 

Prnnlt ds BOP Y= Dt Ds8(— 1) Pian’ Prins! (Han Pie’) exp [is(P—¢)]- (20) | 

sup — | 

(ll, Il) | 

This has to be substituted into equation (17). 
If | depends only upon one spatial coordinate, s, and if the angular distribution | 

is axially symmetric with respect to the z-axis, equation (17) reduces to ; 


ol b) ( / / / . 
MOH) = 1,0) +4 [ PCH, w’)U(e we’) dy’, (21) | 
Kp a =f 1] 


‘The same reduction is achieved also in more general cases if the azimuthal average — 
1p | 
Men)= 5 | “Mei d) dp 

alo 


is introduced, and if the integration over dd’ in (17) is carried out. The kernel in 


(Zijyis 
; Vie wie Rei 
POH )= 5 | Pl bi Hob) dey 
ny AG) 
the CP components of which are 
Pn (2 ) a > Pron mo (E)Lon UE): (22) 


sup 
(ml, Il) 


Owing to the symmetry relation 


Prnn (ts M') = Pin, —n(Hs BR), 
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vhich follows from (12), any solution of equation (21) can be split up into solutions 
if the following two types: 


| Representation Symmetric solutions Antisymmetric solutions 
| CP Ie aa Ns es ale Le 
Lee 0 0 £ 
ILIe p= sfiei a 12 
(0 fe ) (7.8 0 ) 
SP U=0,- V=0 f=), O=0 


(or either type equation (21) represents a system of only two equations for the 
known functions J, and J). 

Some generalization is needed if we want to keep the azimuth ¢. Following 
handrasekhar (R.T., § 48) we should develop I(z, 4, $) into a Fourier series with 
spect to the variable ¢. A development of this kind must be introduced also 
br the kernel p(u,¢; vu’, ¢’), as suggested by equation (20). The transport 
uation then splits up into independent equations for the Fourier coefficients of I. 
hese equations are of the same form as equation (21) for the zero order term 
2,4). The symmetry mentioned, however, is specific to this term. 


5. THE DIFFUSION LENGTH 

The formalism, developed in the preceding sections, can be incorporated into 
se usual methods which apply to Milne’s and other problems for plane parallel 
yers. ‘The subsequent discussion, which may show how the formalism works, 
iil be limited to a simple problem, namely to the determination of the diffusion 
nmgth of an absorbing medium. A method of Chandrasekhar (R.T., § 48) will be 
sed, but with integrals substituted for the Gaussian sums [9]. 
If the medium is macroscopically uniform, infinite, and with no sources at 
nite distances, equation (17) has solutions of the form 


I=g (1, 6) exp (—2/L) (23) 
here g = (£0, 20) 2-0-2). Non-trivial solutions of this type exist only for certain 
kegenvalues of the parameter L. 

It can be proved that no more than two linearly independent non-negative 
lutions of the type (23) can exist, say g(u)exp(—2/L) and g(— ) exp (2/L). 
hese solutions are independent of the azimuth ¢ and symmetric in the above 
nse, i.€. 2,,(“)=2_m(“)- The corresponding positive eigenvalue L is the largest 
ae. This is the so-called diffusion length. 

To prove these statements we observe that any solution of the type (23) also 
tisfies the integral equation 


Prien dy= PLP [elds wi ete n $) de a | 
x Xp . a (24) 


}ompare R.T., §9), where the lower limit of the first integral is — co if p>0, 
kd + if <0. If any of those statements were not true we could by linear 
mbination construct a particular non-negative solution of equation (24), with 
ro total intensity J at some special z, 4 and ¢. Such solutions cannot exist, as 
e kernel is non-negative. 


.O.A. D 
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The diffusion length and the angular distribution function g(/) should be 
determined from the equation 


(1—nle)eu)= 3] pln’) ge’) ae (25) 


which follows from (17), and where v=«pL. Insertion of the Legendre develop- 
ment 


Em) ali S1(21+ Ds Pp ‘(u) 


into (25) leads to another development 


Sn(b)= (11/2) 1 Soba! Pol (26) 


and to a recurrence relation for the coefficients : 


(2+ 1)go'tt + leg! = vag’ — GE!) | 


a/((+1)?—4]é.!7! + 4/(2—4)é)41= v(hy Eo! — HE 0!). | 
This relates all €,,’ to €)° and €,2.. We put €)°=1 and €,=y, and express the other 


é,,/ formally as functions of the unknowns v andy: 
So = hoy, ) 
£52 = Mhgh»®—1), 
sek hyhyv® — (hy + 4ho)v] —Sqayr, (25) 
£3 = TS) [hg (sen 292(Mohyv? f= Li, etc. 
The series (26) satisfies equation (25) if | 
on (», y) =>) DDC Pane oe y)s (29) ii 


Iml 


with 


19) asf = m0 '(w)P. m0 (we be) dye 
iy 1—p/v 


Two of the conditions (29) are sufficient, one for each m. We take those for the | 


lowest values of /, 


= ) 
L= LD MoE + HEN | 


Y= WDE W)aneo'(y) +0809) 


The other equations (29) follow from (30), if the recurrence relation (27) and a 
similar relation for the D’s, 


VUCE+ 1) m2]D, 18 (0) + 4/(P =m?) Dy! (v) = v[(21 + 1) Dp? (v) — 8p] 


(compare R.T’. p. 153) are observed. Hence any solution v, y of the system 
(30), when substituted into (28), leads to a solution g(t) (26) of equation (25). 

If absorption is weak, i.e. if hy =1—aby is small, the diffusion length becomes 
large (v= O(A)~*)), and the angular distribution differs little from an isotropic 
distribution. ‘This means that the coefficients E,,/ rapidly decrease with increasing 
i, namely €,,'= O(v~) = O(h)"), as we can infer from (29) under the assumption 


(27) | 


(30) || 
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that hh’ — q #0 for 1=2, 3,4.... We observe that polarization vanishes in the 
first two orders (/=0, 1). 

| By making £,/(v, y) and ,'(v, y) equal to zero a development of v~? in powers of 
hy can be deduced [9, 10], which is correct up to the term with h,*' for evenl. We 
find 


v= hgh, — 4ho*hyhe’ | (hohe’ — 92?) +... | (31) 

¥ = 2hoGo/(Naha’ - G2”) +... « 
In conservative cases (w~)=1, hence hy=0) the diffusion length becomes 
infinite and the above solution reduces to g(u) = (0, 1, 1, 0), which represents an 


isotropic distribution of unpolarized light. For this case also a more general 
2xact solution of the transport equation (21) can be quoted, 


| (LZ, Lo, 19, L_2) = [Cy + C2(xpz — 3pu/h,)](9, 1, 1,9) 
{compare R.T., p. 14), where C, and C, are arbitrary constants. Such a distri- 
ution is realized in the far inside of a thick layer of non-absorbing fog, through 


hich a non-zero net current is penetrating. Although the angular distribution is 
anisotropic, the light is completely unpolarized (O=U=V=0). 


Pour tenir compte des effets dtis a la polarisation, on introduit des matrices dans I’équation 
He transport. La transformation nécessaire de la matrice de diffusion est effectuée en 
diéveloppant ses composantes (dans une représentation appropriée) a l’aide des fonctions 
phériques généralisées. Un calcul de la longueur de diffusion peut servir d’exemple pour 
?application de ce formalisme. 


In die Transportgleichung werden Matrizen eingefiihrt, um Polarisationseffekte zu 
eerucksichtigen. Die dafiir notwendige Umformung der Streumatrix wird ausgefiihrt 
furch die Entwicklung ihrer Komponenten (in einer geeigneten Darstellung) nach verall- 
emeinerten Kugelfunktionen. Die Berechnung der Diffusionslange mag als Beispiel fiir 
se Anwendbarkeit dieses Formalismus dienen. 
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Im Hinblick auf die heutigen Méglichkeiten zur Steigerung der Ge- 
nauigkeit von Interferenzmessungen werden die wesentlichen Ergebnisse 
einer Alteren weitgehend unbekannt gebliebenen Arbeit von Ignatowsky 
angegeben und im Rahmen der neueren Arbeiten zur Kohiarenztheorie 
besprochen. Neue fiir einige charakteristische Beispiele gerechnete Kurven 
zeigen den vollstandigen Verlauf der bei dem behandelten unsymmetrischen 
Interferenzfall auftretenden Koharenzausdriicke (Phasenanderung und 
Sichtbarkeit). Die Darstellung erstreckt sich auch auf gréssere Phasenunter- 
schiede. Ein besonderer Hinweis gilt der Art des Zusammenwirkens 
zweier Interferenzsysteme (z.B. bei der Messung von Endmassen usw.). 


1. EINLEITUNG 

Vor nicht ganz hundert Jahren hat Verdet in seinen Vorlesungen die Bedeutung ~ 
der Ausdehnung der Lichtquelle auf die Deutlichkeit von Interferenzerscheinun- | 
gen hervorgehoben (vgl. [1]). 1885 legt Czapski [2] unter Benutzung von 
Ungleichungen, die der Rayleigh’schen A/4-Bedingung entsprechen, die Forde- 
rungen fiir den Aufbau bestimmter Interferometer fest. Darunter befindet — 
sich auch eine Minimalbedingung fiir die Parallelitat der benutzten Strahlen-— 
biindel. Sieben Jahre spiter hat Lord Rayleigh [3] darauf hingewiesen, dass 
ausser der Sichtbarkeit auch die Lage der Interferenzstreifen zu beachten ist. 
Von den Untersuchungen zur Feststellung der Lage von Interferenzerscheinungen _ 
bei keilformigen Blattchen sind besonders die ausgedehnten Arbeiten von Feussner | 
(z.B. [4], vgl. [5]) zu erwihnen. Ubrigens ist kaum bekannt, dass vor Guild [6] _ 
schon Macé de Lepinay [7] ganz ahnliche Betrachtungen angestellt hat. Weitere — 
Beitrage zur allgemeinen Diskussion des Problems stammen von Hansen _ 
(zuletzt [8]) und Slevogt [9]. Kirzlich hat Mihlig [10] die wesentlichsten | 
Gesichtspunkte bei der Interferenz an keilformigen und parallelen Luftplatten | 
im durchfallenden Licht zusammengestellt, allerdings—durch die Verhiltnisse | 
bedingt—ohne neuere Arbeiten z.B. von Schulz [11], [12] zu beriicksichtigen. 

Statt die Frage nach dem Ort der meist raumlich ausgedehnten Interferenz- _ 
erscheinungen zu stellen, kann man—vor allem in messtechnisch besonders 
. 


wwichtigen Fallen——auch die Verhiltnisse in der Beobachtungsebene untersuchen. 

Dabei steht die Bestimmung der Lage der Interferenzstreifen im Vordergrund. 

Die erste ausfiihrliche Untersuchung der Verhiltnisse beim Koéster’schen 
Interferenzkomperator stammt von Ignatowsky [13]. Sie biidet die Grundlage | 
der folgenden Betrachtung. Nach ihm folgt viel spater die allgemeinere Arbeit 
von Schulz [12] und, speziell im Hinblick auf die Genauigkeit bei Endmass- | 
messungen die Arbeiten von Bruce [14] und Thornton [15], die—ebenso wie 
Ignatowsky—die sich aus der endlichen Ausdehnung der Lichtquelle ergebenden | 


. 
| 
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rosser Messlangen und geringer Apertur befassen, behandeln andere Arbeiten 
en Fall Kleiner Messlangen, aber grosser Apertur, wie er in der Mikrointer- 
erometrie vorkommt (vgl. dazu [16] und die dort genannten Arbeiten). 

Die einfache allgemeine Koharenzbedingung, wie sie z.B. von Laue [17] 
ngegeben hat und vor allem auch Pohl [18] an den Anfang der Diskussion 
‘er Interferenzphanomene stellt, ist zwar als Kriterium fiir die Leistungs- 
ahigkeit von Interferenzanordnungen sehr niitzlich, aber zur vollstindigen 
Darstellung der Interferenzerscheinungen oft nicht ausreichend. Auch ausser- 
.alb ihres Bereiches treten—wenn auch schwicher-wieder Interferenzen auf, 
odass dort immerhin noch eine partielle Kohirenz vorhanden ist. Die 
teachtung dieser 'Tatsache ist besonders wichtig, wenn man aus der Intensitit 
ind Lage von Interferenzen Riickschliisse auf die Struktur der Lichtquelle 
aehen will. Richardt [19] hat die Koharenzbedingung auf verschiedene Fille 
gewandt. Insbesondere zeigt er auch schon an dem Fresnel’schen Spiegel- 
ersuch durch Berechnung der Sichtbarkeitskurve die Ausdehnung der Inter- 
erenzerscheinungen tber den Bereich der Kohiarenzbedingung hinaus und 
hlagt deshalb fiir diese den Ausdruck Sichtbarkeitsbedingung vor. Ubrigens 
st derselbe Versuch auch nach Verdet [1] immer wieder zur Demonstration des 
tinflusses der Lichtquellenausdehnung herangezogen worden, nach Richardt 
iletzt von Markovic [20], desgleichen der (allerdings mit einer zusatzlichen 
seugung behaftete) Young’sche Doppelspaltversuch, zuletzt von Baker [21]. 
hnlich haben Thompson und Wolf [22] Versuche zur partiellen Koharenz von 
‘weistrahlinterferenzen angestellt. Ein grosser Fortschritt war theoretisch die 
tinfihrung des Korrelationsfaktors bzw. des Kohiarenzgrades, auch die einer 
emplexen Form, von van Cittert [23] und Zernike [24]. Davon ausgehend 
aben vor allem Hopkins und Wolf (Lit. vgl. [25]) diese 'Theorien wesentlich 
rweitert und auf Interferenz- und Beugungsphinomene (auch bei optischen 
ystemen) angewandt. 


2. ALLGEMEINE BERMERKUNGEN ZUR ARBEIT VON IGNATOWSKY 

Die schon genannte Arbeit von Ignatowsky ist auch heute noch oder wieder 
tuell. Bei den wachsenden Anforderungen an die Genauigkeit von Langen- 
yessungen und der zunehmenden Empfindlichkeit der Messmittel sind die 
urch die endliche Apertur bedingten Korrekturen immer weniger zu vernach- 
issigen. Sie sind deshalb nicht nur theoretisch, sondern auch messtechnisch 
n Interesse. Da die Arbeit zudem einen unsymmetrischen Interferenzfall 
handelt, nimlich die an einem Keilwinkel auftretenden Interferenzer- 
sheinungen (allerdings bei Beobachtung mit einem Interferometer), und 
sserdem weitgehend unbekannt ist, sollen im folgenden die wichtigsten 
rgebnisse noch einmal an Hand graphischer Darstellungen vorgefiihrt und 
Rahmen der neueren Arbeiten diskutiert werdenf. 
+ Die Arbeit ist 1935 im Selbstverlag in russisch erschienen ; doch hat Ignatowsky 
enbar schon in den Jahren 1927/28 in Vortragen tiber das Problem berichtet. Die 
beit enthalt viele Druckfehler. Auch ist die Anordnung nicht sehr tibersichtlich. Der 
f. kommt mit der Veréffentlichung einem schon langer gedusserten Wunsch von Herrn 
. Slevogt entgegen, die genannte Arbeit einem grésseren Kreise und in geeigneterer 
rm nahezubringen. Das nahere Studium der Arbeit wurde durch die Freundlichkeit 
on Herrn G. Berndt, Dresden, erméglicht, der dem Vf. sZt. das russ. Original und 


‘ne wortliche Ubersetzung des Textes zur Verfiigung gestellt hat, woftir auch noch einmal 
1 dieser Stelle gedankt sei. Uber eine ergainzte Berechnung wurde schon kurz in der 


. Naturforschg. [26] berichtet. 
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Wahrend man bisher im allgemeinen nur symmetrische Interferenzfalle 
behandelt hat, oder z.B. von Feussner [4, 5] wohl eine allgemeine Formel fur 
den Phasenunterschied berechnet, diese aber nicht weiter integriert wurde, 
hat Ignatowsky einen unsymmetrischen Fall auch wirklich durchgerechnet, 
und zwar nicht, um eine Minimalbedingung fiir besten Kontrast, sondern 
wirkliche Korrekturwerte zu bekommen. Allerdings beschrankt sich die 
Untersuchung auf den Fall der Zweistrahlinterferenzen und die Einwirkung 


der effektiven Grésse der Lichtquelle. Sie setzt eine fehlerfreie Abbildungs- | 


optik und eine monochromatische Lichtquelle voraus, enthalt also noch nicht 
eine Untersuchung tiber den Einfluss der spektralen Verteilung der Lichtquelle 
und einer Deformation der Wellenflache durch die optischen Systeme, wie sie 
spiiter—allerdings auch nur allgemein—vorgenommen wurde (vgl. [25]). 


Die wichtigsten Teile der Ignatowsky’schen Theorie sind im Anhang, , 


allerdings in etwas anderer Anordnung, so kurz und einfach wie moglich zusam- 
mengestellt. Die Formeln wurden im wesentlichen in der von Ignatowsky 
angegebenen Form hingeschrieben, wobei nur z.T. in Anpassung an den inter- 
nationalen Gebrauch einige Bezeichnungen geandert wurden. Ignatowsky 


hat seine Untersuchungen abgestellt auf den Fall des Koster’schen Interferenz- _ 
komparators in der Form des Michelson-Interferometers. Sie enthalten | 


deshalb den allgemeinen Fall der Interferenzen an einem Keil grosserer Dicke, 
allerdings in der Beschrankung auf eine Beobachtung mit nicht zu grossen 


Abweichungen vom senkrechten Auffall und mit nicht zu grosser Apertur | 


des benutzten Biindelst. Dabei kann die Spiegelflache reell oder virtuell 


{ 


sein. Ein evtl. zusatzlicher Einfluss von Kompensatorplatten ist ftir die — 


Untersuchung des Apertureinflusses im allgemeinen nur von untergeord- 


neter Bedeutung. Zur Vereinfachung wurde ferner angenommen, dass das — 
Medium zwischen den reflektierenden Flachen aus Luft besteht, und dass die | 


Strahlen beim Durchsetzen der begrenzenden Flachen keine Brechung erleiden. 


Im Gegensatz zu Ignatowsky wird zunachst nur der allgemeine Fall eines | 
einzelnen Keiles behandelt. Erst am Schluss wird auf das Zusammenwirken — 


zweier Luftkeile (z.B. in dem Késters’schen Komparator) eingegangen. 


3. ZUSAMMENHANG MIT DER KOHARENZTHEORIE 


Nach Ignatowsky ergibt sich fiir die gesamte (réumlich und zeitlichintegrierte) _ 


Lichterregung im Punkte P aus (10) und (14) 


= = [a,7 + a,?+2a,a,.V .cos (2kL—¢)]. 


Die Gleichung entspricht der von Hopkins [25] angegebenen Formel (4) fiir 
Vx=V und B,=—¢. V ist der Korrelationsfaktor bzw. Koharenzgrad. 


Es ist der absolute Betrag des komplexen Kohirenzgrades oder der Modulus 


des Phasenkoharenzfaktors. Wie Zernike [24] zuerst gezeigt hat, ist V mit der | 
schon von Michelson definierten Sichtbarkeit der Interferenzstreifen identisch: . 


= J max 7 J min 


J max + J min 


t Eine Erweiterung der Ignatowsky’schen Theorie fiir gréssere Aperturen (Fall der 


Mikrointerferometrie) enthalt [16]. 
} Die Formelhinweise beziehen sich auf den Anhang. 
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Diese Beziehung gilt fir den Fall, dass die beiden reflektierten Strahlen dieselbe 
Intensitét haben (andernfalls ist mit dem Produkt 2a,a,/a,? +a,” zu multi- 
plizieren). 

. ¢ ist der Anteil der Phasendifferenz, der durch die Berticksichtigung samt- 
licher durch die endliche Blendenoffnung gehenden Strahlen entsteht. Fiir 
iden behandelten Fall der Beobachtung in Reflexion ist dann die dadurch bedingte 
‘Streifenversetzung «=¢/27, bzw. der an der gemessenen Linge anzubringende 
[Korrekturwert /2R. 

Fuhrt man wie bei der Beugungstheorie die beiden Ausdriicke C und S 
| aa so ergibt sich, wie schon bei Drude [27] grundsatzlich angegeben 
wurde, 


V =1/(C?+ S?) 
nd (vgl. Lommel [28]) 


S 
P=: 


er komplexe Koharenzgrad ware also [=V exp(—i¢). Stroke [29] hat darauf 
ingewiesen, dass photoelektrisch Kontrast (=Sichtbarkeit) und Lage der 
nterferenzstreifen zusammen, also der komplexe Kohiarenzgrad registriert 
werden. 

Ignatowsky hat also schon 1927 die wesentlichen Grundformeln der Koha- 
enztheorie benutzt, ohne offenbar die Wichtigkeit seiner Uberlegungen fiir 
iese Theorie selbst, die damals erst in wenigen Ansatzen vorlag (Berek, von 
saue), ganz erkannt zu haben. Auch die neuen, speziell auf die Bestimmung 
er Korrekturen bei interferometrischen Langenmessungen gerichteten Arbeiten 
(12, 14, 15] lassen diese Zusammenhange weniger deutlich werden. Auf die 
innere Verwandtschaft des komplexen Kohirenzgrades mit dem heute vielfach 
“ngewandten komplexen Kontrastiibertragungsfaktor sei kurz hingewiesen 
{vgl. z.B. [30]). Hier ware eine Anwendung der Ignatowsky’schen 
Ergebnisse auf den unsymmetrischen Fall der Kontrastiibertragungsfunktion 
6glich. 

Die allgemeinere Formel von Feussner [4, 5] fiir den Phasenunterschied A lasst 
zich fiir den hier behandelten Fall in (3) tiberftihren. Bruce [14] und Thornton 
[15] beschranken sich im wesentlichen auf die Berechnung der Phasenanderung. 
ie gehen dabei so vor, dass sie die Verschiebung des Intensitatsmaximums unter 
em Einfluss einer endlichen Apertur durch Integration berechnen. Auf diese 
eise ist es innen moglich, ohne Benutzung des Keilwinkels zu einem Resultat zu 
<ommen. Allerdings fiihrt das natiirlich nur auf die hintersten Kurven der 
iguren 1,4, 7. Die von den Autoren als Phasenunterschied angegebenen Strei- 
‘enversetzungen fiir kreisformige zentrische und exzentrische Blenden stimmen 
it den Ignatowsky’schen Werten (fiir 9=0 und kleine Phasendifferenzen) 
iberein. Ebenso gehen fiir die Falle des unendlich schmalen und rechteckigen 
paltes die Formeln von Ignatowsky in die von Bruce und Thornton tier. 
er Fall $=0 entspricht dem eines Fabry—Pérot-Interferometers. tir dieses 
miissen also die Formeln (36), (37) gelten. In der Tat lasst sich unter Benutzung 
von (10), (14), (36), (37) und bei Umrechnung auf durchfallendes Licht derselbe 
‘usdruck ableiten, den z.B. Stroke [29] fiir die gesamte zu registrierende 
Lichtmenge aufgestellt hat. 
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4, ALLGEMEINE BEMERKUNGEN ZU DEN GRAPHISCHEN DARSTELLUNGEN 


. . . . . 
Um die praktischen Konsequenzen seiner theoretischen Ableitungen zu 


zeigen, hat Ignatowsky einzelne Beispiele durchgerechnet und sich dabei auf ' 


kleine Langen beschrankt, bei denen der Wert v/4 noch unter 7 liegt. Zur 


besseren Veranschaulichung wurden jetzt sowohl die Streifenverschiebung « als / 
auch die Sichtbarkeit V fiir einige charakteristische Falle in ihrem ganzen © 


Verlauf berechnet, und zwar bis zu Werten von v/4=37 bzw. 47. 

Die Wahl von v/4 als Argument ergibt sich einmal aus der theoretischen 
Ableitung. Sie ist identisch mit dem Wert A bei Bruce [14] und entspricht 
auch dem Argument, das z.B. Picht [31] bei seinen Beugungsuntersuchungen 
benutzt hat. w/4 ist der Phasenunterschied, den zwei durch die Mitte und den 
aussersten Rand der Blende gehende Strahlen gegeneinander haben (bezogen 
auf die Schichtdicke). Der Fall v/4=7 stellt angenahert die Rayleigh—-Grenze 
(Grenze der Koharenzbedingung) dar. 

Der Berechnung aller Kurven wurde ein Keilwinkel von }=7 x 10~ und 
eine Brennweite von f=400 mm zu Grunde gelegt. Da aber sehr oft nur Ver- 
haltniszahlen (tg «=r/f bzw. r.9/f) vorkommen, heisst das aber nicht, dass 
die Kurven nur fiir diese Werte gelten. Die Hauptmasstiabe sind fiir alle 
Kurven dieselben. In den drei Hauptkurven (Figuren 1, 4, 7) ist die ganze 
raumliche Kurvenflache durch drei einander parallele Schnitte gekennzeichnet. 
Die in diesen Schnitten oder parallel zu ihnen liegenden Kurven zeigen z.B. 
den Einfluss der wachsenden Blendenoftnung fiir bestimmte Messlangen usw. 
In der hintersten Ebene ist der Einfluss des Keilwinkels $ Null. Dieser Fall 
entspricht also dem symmetrischen Fall einer parallelen Interferenzschicht 
(s. vor. Kap.). 

Wie zu erwarten war, nimmt der Einfluss des Keilwinkels mit grésser werden- 
den Liangen und Aperturen zu. Dabei ist wesentlich, dass die Werte nicht 


beliebig weiter wachsen, sondern oszillieren. Bruce und Thornton haben das — 


Verdienst, zuerst auf diesen Tatbestand hingewiesen zu haben. Aus der 


| 


Ignatowsky’schen Formel ergibt sich das (bei Beriicksichtigung der ¢g-Funktion — 


(s.o.)) ohne weiteres. Die eingezeichneten schragen Schnitte enthalten die 
Kurven fiir die Abhangigkeit des « und V von der zu messenden Lange fiir ein 
bestimmtes Offnungsverhiltnis «. 


5. RUNDE BLENDENOFFNUNG 


Die Berechnung im Fall einer kreisformigen Blende ist relativ umstindlich, 
besonders, wenn man zu einer exzentrischen Lage tibergeht. Je nach der 
Grosse von v/w bedient man sich zur Berechnung von e und V der Lommel’schen 
Funktionen Vo, V, fiir v/w>1 oder U,, U, fiir v/w<1. Die Werte fiir die 
Bessel’schen Funktionen wurden der der Lommel’schen Arbeit [28] angefiigten 
Tafel bzw. den Tabellen von Jahncke-Emde [32]entnommen, Zur Vereinfachung 
der Rechnung und zur Interpolation wurden die Funktionen in entsprechender 
Grosse graphisch aufgetragen (ebenso u.Umstd. die berechneten Lommel’schen 
Funktionen). Die Grésse der Funktionen Vy und V, ist abhangig von der 
Lage des Maximums bzw. Minimums der Bessel’schen Funktionen; z.B. 
befindet man sich im Fall der zentrischen Lage noch unterhalb des ersten Maxi- 
mums von J,, sodass man hier schon mit den ersten Ordnungen auskommt. 
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Figur 1 zeigt e und V als Funktion von v/4 fiir den Fall einer zentrisch gelegenen 
<reisformigen Blende. Es wird ein Maximalwert von «=0,5 erreicht. Bei 
grosseren Messlangen (bzw. Keilwinkeln) werden die «-Werte kleiner, besonders 
auch mit zunehmendem Blendenradius. Fiir kleine v/4-Werte stimmen alle 
urven Uberein. Hier gilt auch der meist als Naherung benutzte Ausdruck 


36) [14]. 


A 
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ML 
tigur 1. Streifenversetzung « und Sichtbarkeit V in Abhangigkeit von der Apertur fiir 
eine runde Blende in zentrischer Lage. 
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Vie 


Verschiebt man die Blende aus der Mitte in Richtung senkrecht zur Keilkante 
1m smm, so kommt zu dem bisherigen Glied (jetzt ¢,*), das aber in seinem 
veiteren Verlauf mehr und mehr in den Bereich negativer e-Werte gerat, noch 
in zweites linear ansteigendes Glied ¢,* hinzu. (Durch die Modifikation des 
sliedes d,* sind die Verhaltnisse doch etwas komplizierter als in [14] angegeben. ) 
» steigt linear mit v/4 an.- Zur Interpolation wurde es fiir verschiedene s-Werte 
fgetragen. In Figur 2 sind beide Anteile fiir verschiedene s-Werte dargestellt. 
Jurchgerechnet wurde nur der Fall y=0, also der einer Blendenverschiebung 
on der Keilkante fort. Die ¢,*-Kurven fiir s=0,75 und 1,0 mm konnten 
icht weiter genau berechnet werden, da nur Werte fiir die Bessel’sche Funktion 
is zur 15 Ordnung benutzt werden konnten. Nach der Zusammensetzung 
rgeben sich die in Figur 3 eingezeichneten Kurven. Als dritte Koordinate 
rurde hier (nach vorne) die Grésse der Versetzung s eingetragen. Man sieht, wie 
it zunehmender Exzentrizitat alle «-Werte im Anfang immer steiler ansteigen. 
ie dort eingezeichneten Tangenten sind die nach (44) mit den Naherungs- 
ormeln (36) und (55) berechneten Werte. Auch konnen hier e-Werte auftreten, die 
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grosser als 0,5 sind (in dem Beispiel bis 0,86). Doch ist fiir hohe v/4-Werte 
der Anstieg durchaus nicht gleichmassig. Fiir bestimmte v/4-Werte kann eine | 
Abnahme eintreten. Es kann sogar vorkommen, dass sich der e-Wert gar nicht 
andert. Bewegt man in diesem Fall die Blende in einer bestimmten Richtung, 
senkrecht zur optischen Achse, so tritt keine Veranderung des Interferenzbildes 


0 n Zire 3 
Wi, 


Figur 2. Einzelanteile der Streifenversetzung € in Abhingigkeit von der Apertur fiir eine i 
runde Blende in exzentrischer Lage. ! 


ein, wahrend sonst—bei kleinen Messlangen—bekanntlich die Regel gilt, dass 
sich die Richtung der Streifenbewegung beim Uberschreiten der Mittellage | 
umkehrt (vgl. [35]). Die Umkehrung kann man benutzen zur Bestimmung der — 
Lage der y,-Achse (vgl. Figur 11), dh. zur Justierung von Interferenzgeraten. 
Bemerkenswert ist auch die relativ hohe Sichtbarkeit (von etwa 20 Prozent) bei 
einer mittleren Verschiebung (von s=0,5 mm). Bei der verhaltnismassig 
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egrossen Apertur von tg « =r/f=25 x 10-4 entspricht einem v/4-Wert von 37 be 
ider Wellenlinge 5 x 10-4 mm eine Messlange von nur 240 mm. 


V -4 
( far = 5:10 “mm 


(0) 60 160 240mm 


Figur 3. Streifenversetzung « und Sichtbarkeit V in Abhangigkeit von der Apertur fiir 
eine runde Blende in exzentrischer Lage. 


6. UNENDLICH SCHMALER UND RECHTECKIGER SPALT 

Wesentlich einfacher sind die Berechnungen fiir den schmalen Spalt und die 
echteckige Offnung durchzufiihren, da man hierzu nur die Fresnel’schen 
iategrale benotigt. Die Integrale wurden nach den Tabellen von Jahncke und 
mde [32] aufgezeichnet, und die erforderlichen Werte graphisch interpoliert. 
“igur 4 zeigt wieder das fiir einen unendlich schmalen Spalt geltende Kurven- 
eebirge. Hier sind die Unterschiede nicht so stark wie im Fall der runden 
Dffnung. Die maximal auftretende Groésse von « ist etwa 0,17. Wegen der 
ehlenden Ausdehnung in der y-Richtung ist naturgemiass die Sichtbarkeit auch 
ur den mittleren v/4-Bereich noch relativ gross. 

Figur 5 zeigt die Wirkung einer seitlichen Verschiebung eines unendlich 
chmalen, doch nicht sehr hohen Spaltes in Richtung senkrecht zur Keilkante. 
\ufgetragen ist nach vorne wieder die Versetzung s. In diesem Fall ist die 
3ichtbarkeit besonders gross. Als Tangente in den Kurvenanfangen sind die 

erte nach der angenaherten Korrekturformel von Hamon [33], die mit der 
on Bruce [14] angegebenen iibereinstimmt, eingezeichnet. Nur bei der 
‘rossten Verschiebung stimmt diese Naherung nicht ganz. Der grosste Wert 
on ¢€ ist etwa 0,15. 

In der folgenden Figur 6 ist nun der Ubergang von einem unendlich schmalen 
u einem breiten Spalt der Lange 2h=1mm (bei f=400 mm) gezeigt. Im 
.nfang steigen natiirlich die e-Werte schnell an. Gut ist die Ubereinstimmung 
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Figur 4. Streifenversetzung « und Sichtbarkeit V in Abhangigkeit von der Apertur fir 
einen unendlich schmailen Spalt in zentrischer Lage. 
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Figur 5. Streifenversetzung ¢ und Sichtbarkeit V in Abhangigkeit von der Apertur fir 
einen unendlich schmalen Spalt in exzentrischer Lage. 
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Sigur 6. Streifenversetzung € und Sichtbarkeit V in Abhangigkeit von der Apertur fiir 
eine rechteckige Blende in zentrischer Lage mit zunehmender Breite. 
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igur 7. Streifenversetzung ¢ und Sichtbarkeit V in Abhiangigkeit von der Apertur fur 
eine quadratische Blende in zentrischer Lage. 
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wieder mit der Berechnung nach den Hamon’schen Naherungsausdricken. 
Im weiteren Verlauf ist der Unterschied aber nicht mehr so erheblich. Der 
grésste «-Wert (von etwa 0,32) tritt hier fiir den Fall einer quadratischen Blende 
ein. 

Figur 7 zeigt nun wieder das ganze Kurvenfeld fiir eine quadratische Blende. 
Die ¢-Werte iibersteigen hier nicht den Betrag von 0,34. In den v/4-Wert 
wurde hier wie auch bei der nachsten Figur die Phasendifferenz fiir den am 
weitesten aussen liegenden Strahl (gegeniiber dem Zentralstrahl) eingesetzt. 
Deshalb entfallen auf einen v/4-Bereich von 37 nur etwa 14 Maxima, wahrend 
es vorher etwa 3 waren. 


2h= 2mm 
2b= 1mm 
f =400mm 
(a = 28-10°4) 
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Figur 8. Streifenversetzung « und Sichtbarkeit V in Abhangigkeit von der Apertur fur 
eine rechteckige Blende in exzentrischer Lage. 


In der Figur 8 ist endlich noch einmal dargestellt, wie sich im Fall einer 
rechteckigen Blende die «- und V-Werte andern, wenn sich diese verschiebt. 
Die jeweilige Lage ist auf der rechten Seite eingezeichnet. Auf die «-Werte 
wirkt sich eine Verschiebung in Richtung senkrecht zu den Interferenzstreifen 
(untere Kurven) ahnlich aus, auf die Sichtbarkeit dagegen eine Verschiebung 
parallel zu den Streifen. Die Hamon’schen Niherungswerte geben wieder gut 
die Anfangssteigung an. Der grésste e-Wert ist hier 0,34. 


7. PRAKTISCHE AUSWIRKUNGEN UND EXPERIMENTELLE BEsTATIGUNGEN 
DER 'l'HEORIE 
Die Arbeit von Ignatowsky bezieht sich auf die Messung der Lange von 
Endmassen mit dem Michelson—Késters-Interferometer. Durch die virtuelle 
Vergleichsflache wird die zu messende Linge (etwa eines Endmasses) unterteilt, 
sodass fiir jedes der beiden Interferenzsysteme eine Korrektur zu berechnen ist 
(vgl. Anhg. V). Bei einem geniigend parallelen Endmass liegen die Keilkanten — 
auf verschiedenen Seiten. Die Phasenverschiebungen haben aber dasselbe 
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orzeichen. Die Gesamtkorrektur c ergibt sich deshalb aus einer Addition der 
Anteile $’ und ¢”. Dabei ist zu beachten, dass wegen des verschiedenen Vor- 
ceichens fiir A der an der virtuellen Vergleichsfliche entstehende Phasensprung 
nerausfallt und etwa bei einer Quarzansprengplatte nur der Phasensprung ¢ 
in der oberen freien Endmassfliche tibrigbleibt. Die gesamte Linge /=/' +1’ 
setzt sich aus (m+o'/n! +0"/n" + £/27)A/2 und dem Korrekturwert c= (¢’+9$")/2R 
‘usammen. m ist die nach anderen Methoden zu bestimmende ganze Ord- 
sungszahl. Die Grossen o’, o”, n’, 7” ergeben sich aus Figur 15. 

Derartige Uberlegungen sind bei jeder Kombination von zwei getrennten 
interferenzsystemen zu beachten. Fir praktische Messungen ist es jedenfalls 
ehr niutzlich, die Korrekturen berechnen zu kénnen. Kurvendarstellungen 
tir das Michelson—Interferometer, aus denen leicht die Korrekturwerte fiir 
cerschiedene Falle entnommen werden kénnen, stammen von Bruce [34]. 
egen des Keilwinkels sind diese etwas zu modifizieren (vgl. [35]). 

Uber die experimentelle Priifung seiner Theorie durch Versuche von R. W. 
Dybski hat schon Ignatowsky berichtet. Dieser verfahrt so, dass er mit dem 
ésters’schen Komparator die Streifenversetzung bei Anderung der Spaltlinge 
nisst. Ein Vergleich mit den berechneten Werten ergab in einigen Punkten 
ine sehr gute Ubereinstimmung. Der Breitenanteil ist in beiden Fallen gleich 
ind fallt bei der Differenzbildung heraus. Einige auch auf grosse Phasenunter- 
chiede ausgedehnte Messreihen hat Bruce [14] veroffentlicht. Nach den 
Serechnungen von Landwehr [35] bestatigen diese ebenfalls relativ gut die 
senatowsky’sche ‘Theorie. Weitere Nachpriifungen und Messungen mit 
npfindlicheren Methoden waren sehr erwiinscht. 


ANHANG 


Zusammenstellung der wichtigsten Formeln der Arbeit von Ignatowsky. 


I. Ableitung der Grundformeln 
Die Lichterregungen der beiden reflektierten Strahlanteile im Punkte P 
igur 9) betragen 

A, =a, cos (wt—7—€-—A,), a) 

A, = 4, cos (wt—m—f—A,), 
renn man annimmt, dass die beiden spiegelnden Flachen metallisch reflektierende 
itlachen sind, die zusatzliche Phasenspriinge € bzw. ¢ verursachen. Bei 
veflexion an einer einfachen Glas- oder Quarzflache fallen die Phasenspriinge 
ort. (a, und a, Amplitudenfaktoren, w=27v, v Frequenz, Ay=k. ON. 
1o=k(O,0,+ O,N2), k=2n/X). Die zeitlich integrierte Lichterregung im 
hunkte p betragt 
| Df? Seo a,?+ a," es a 2 
"= a] (A, + Ay) d= a,a,| > M Pees (eee = 2) | et) 
hiir die Phasendifferenz A=A,—A, ergibt sich mit Hilfe einer vektoriellen 
\ibleitung, die der Kiirze halber hier fortgelassen sei, 
| A=2kL cos u& +2k2(cos a cos ¥— COS a). (3) 


L=I1+«x sin $ sin y—y sin 9 cos y. (4) 
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Die x-y-Ebene (vgl. Figur 10) ist die Ebene der reflektierenden Fliche VM, 
(s. Figur 9). y ist der Winkel, den die Schnittlinie der Ebenen M, und M,, 
B der Winkel, den die Schnittlinie der Einfallsebene (des jeweiligen Strahles) 
mit der x-Achse bilden. Die tibrigen Gréssen ersieht man aus Figur 9. 


(b 


Figur 9. Strahlenverlauf in einem Luftkeil. 


y 


Figur 10. Obere Keilebene (x-y-Ebene). 


Bezeichnet man die Brennweite des Kollimatorobjektivs (u. Umstd. auch | 
des Fernrohrobjektivs), durch deren Grdésse in Verbindung mit der jeweiligen 
Blende (Lichtquellengrésse) die Strahlenneigung festgelegt wird, mit f, 36 
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elten fiir die Koordinaten des leuchtenden Spaltelementes P, in der analogen 
—y-Ebene (Figur 11) 


x =f cos B tg a 
(5) 
X% =f sin B tg a. 
3eschrankt man sich auf so kleine Winkel, dass noch 
r2 
cos «,=1— 7p (6) 
rilt, und auf kleine Keilwinkel 3, so gehen die Gleichungen (3), (4) iiber in 
A=2k(L+D), (7) 
ra) 
L=1+x9 sin y—y? cos y, (8) 
2 
De Raye cosy Greys in ye (9) 


fi fi of? 


Figur 11. Blendenebene. 


abei stellt D den von der endlichen Apertur abhangigen Anteil der Phasen- 
eschiebung dar. . 

Die gesamte wirklich vorhandene Lichterregung im Punkte P ergibt sich 
irch Integration von u, tiber die Flache F der Lichtquelle bzw. der entspre- 
cenden Blende 


a,? + a,* 
p=C| 4 Uf=C. Fayas( Tae +B), (10) 


as phasenabhangige Glied darin ist 
B=; cos (A+¢—&) df. (11) 
FJ p 


immt man, um die weitere Betrachtung etwas zu vereinfachen, nur eine 


|afache Glasreflektion an (also £=¢=0), so wird mit (8) und (9) 


Be 7 {0 2h(L + D) df. (12) 
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Fuhrt man 
= z|, cos (— 2kD) df, 


ss al sin (—2kD) df, 
Fj 


ein, so ergibt die Integration (vgl. [28]) 


B=V cos (2kL—$¢). (14) 
Dabei ist 
V=4/(C?+S?), (15)? 
gba a (16) 


II. Berechnung von V und ¢ fiir eine runde Blendenéffnung 
(a) Zentrische Lage 
Fiir eine Blende mit dem Radius R werden 
c= | hes a os| — 2krd(l+z) cosy sin B 
aR 7 
2krd(l+z)sinycosB  2kRir? 
eared mE |r r dr dB 


< al [one ss ee 2krd(1+2) cosy sin B 
aR? ve 
eis Oem +e |? rte 


te 2f° 


Daraus ergeben sich fiir s=0 (also in der oberen Begrenzungsebene M,) 


coal rom(weR ye] 


Pe bey 2krl9- 
S= al. sin (5) fi yr dr. 


Diese Ausdriicke sind unabhingig vom Winkel y. C’=7R2C und S'’=7R29 
stellen die Integrale von Lommel [28] dar. Daher kann man nach dessen | 
Ableitung die entsprechenden Grossen einftihren 


R2 
v= 2k (19 
— on. ® es) 


und dann die Lommel’schen Funktionen benutzen 


V,= see Taxa | 


oder 


(ea) 2n+1 
U,= » c= Ly (=) Jon sil), | 
n=0 Ww 
J 


U,= 3 (-1) (3) eC: 
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Darin sind J,(x) die Bessel’schen Funktionen v ter Ordnung vom Argument x. 
Nie Funktionen Vy, V, verwendet man fiir v/w>1, die Funktionen U,, U, fiir 


'|w =a le 
_ Dann ergibt sich 


2 ue 0) Uv 
=| sin 5 “LAN sin — V, cos At 
See oe —V,cos= —V, sin’ 
v 2v oe) Ee AN 
Z Uv sO 
=7| 4, cos + Us sin§ |, | 


va ee Uv 
p= =| sis UO; cos |. 


lls Endergebnis erhalt man fiir die Sichtbarkeit 
2, , - peru he ee 
vai [ier + Vi7=2V, cos (5+) 2V sin (5 


V =i /(U+ Us") 


id fiir den Phasenunterschied 


w2 v 1% 

Sa Vo a V; sins 
tm w2 v v 
sn +V, sins, —-V, COS, 


5 kb Uv 
Ue U, sin; — U; cos; 
EP = 5 v- 


-& lasst sich zusammensetzen aus 2 Ausdrticken 


re 
1S P1185 
nid Ls vw 
* Vo cos (5 + 5 
iG Sema oo reer ca 
U; sin(5 + 5) 1 


ann ist 


tg b=te(d1— $2). 


ssigt werden kénnen, so wird 


ov we 
tg bg =tg (; 48 =) , 
jad damit 


Te 
+ pee 
2v 


) 


(23) 


(24) 


(25) 


(26) 


(28) 


(29) 


(30) 


(31) 


ind V,—1 und V, so klein, dass sie gegentiber den anderen Gliedern vernach- 


(32) 


(33) 
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so dass 
2 
f= i = ae (34) 


Bei kleinen V,—1 und V, gilt fiir die Sichtbarkeit 


yt) «) (35) 


2 
reer, 


Kann man auch noch w?/4v gegen v/4 vernachlassigen, so wird 


1 R? 
p= i ee (36) 
und 
sin 2 sin 7) 
4 OP 
4 "iP 


(b) Exzentrische Lage 
Bewegt sich das Zentrum der Blende um die Strecke s vom Koordinaten- | 
Anfangspunkt fort, so wird (vgl. Figur 12) 


x,=d+pcosB, y,=e+psin Bp. 


Figur 12, Exzentrische Lage einer kreisférmigen Blende. 


Man kann nun zwei den obigen Formeln (18) analoge Ausdriicke einfithren 


Zi ees p 2ktp 
C= al 108 (AES) e 7 eo dp 


- (38) 
2 [oe 2kt 
Sal, sin (AIF) Jo ( Pp dp. 


} 
j 


| 
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larin ist 
| t=fr/ (ty? + ty?) = /[ (+2) —21Dv’] (39) 
Lit 
t= a) do cos y— ee 
: f (40) 
p= U2 9 sing a do 
fe ae 
nd 
D’= (I-+-2)9 jin (x-y)- sp (41) 


wischen den jetzt nach (13) geltenden Ausdriicken fiir C und S und (38) 
estehen die Beziehungen 


C=C, cos (2kD’) + S, sin (2kD’), 42 
j S=S, cos (2kD’) +C, sin (2kD’), 4) 
n 
S_ S,—Cytg (2kD’) 
yg ecg ied 148 
89= O= GT Site (ORD) * ) 
jer es ist 
ig b=tg ($,* + po"), (44) 
nn 
1g f* = — tg (2KD’) | 
S (45) 
tg py* = os . | 
1 


| d,* lasst sich je nach der Grésse von v/w=v'/w' mit Hilfe der Formeln (27) 
iGer (28) berechnen. Nur gilt jetzt (ftir s=0) 


ae 
EWI) 4 | (5) (46) 
wo! =2kt = =2k= v/(P9*— 21D") (47) 
Way. A SWAY, 
a (o = -). (48) 


‘ach Einsetzen von D’ wird 


w= 2K iH (49) 

D eetel 
wal vn 60) 
= = 2kIH, (51) 
He () ee | *- sain (-v) | (52) 


\iimmt man zur Vereinfachung den Fall an, dass die Keilkante parallel zur 
-Achse verlauft (der durch Drehung des Keils fast immer zu erreichen ist). 
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d.h. y=7/2, und untersucht nur die Falle, dass die exzentrische Verschiebung 
senkrecht zur Keilkante, aber einmal von ihr fort (y=0) und einmal zu ihr hin 
(v=7) verlauft, so wird 


VH=945 far Se (53) 
Unter denselben Bedingungen wird weiter 
(Ps s7 5 *s X= 0, 
DS -1i(5 +9) fiir — (54) 
und daher bei zu vernachlassigendem 0 


bt =Rl(3) (55) 


Da wegen (42) C?+S?=C,?+S,? ist, ergibt sich fiir die Sichtbarkeit 
VeV(CP+8;’) (56) 
((25) und (26) gilt entsprechend). Ein besonders einfacher Fall ist bet 
Ignatowsky behandelt, namlich der, dass w/v=1 ist (fir R=s, d.h. der 
Rand der Blende geht durch den Koordinaten-Anfangspunkt). Dann ist 
© =w =2kIi(R/f)*, ferner nach*|28) (3. -245) 
U,=3sinv’, U,=4[J,(v')—cos v’] (57) 
und 
1-J,(v’ 
tg po* = FF RVE ETS aT (2) : 
tS [1+ Solo’) 
Fur v’ = (2n+1)z wird tg ¢.* =0 bzw. ¢.*=—n.a(n20). Fiir v'=2nz7 wird) 
tg f,* = 00 bzw. ¢.*=—n. 7/2 (n20). Die Sichtbarkeit V ergibt sich in} 
diesem Sonderfall zu 


(58) 


V=+ V{blo(v")—cos 0’ +sin® 0}. (59), 
Dieser Ausdruck wird zu : 
| 
V= 1+ Jol(2n + 1)7] fiir v' =(2n+1)z bzw. 
(2n+1).7 (60) 
1 — J 9(2nz) ne ' 
Pee fir v'=2nz. 
2n7 


III. Berechnung von V und ¢ fiir einen unendlich schmalen Spalt 

(a) Zentrische Lage ! 

Fur eine Spalthohe (Lange) 2h und eine Flache F=2hdy lassen sich die | 

Integrale C und S (fiir die Einstellebene z=0 und fiir y,=0) nach Einfiihrung 

einer neuen Integrationsgrosse auf die Fresnel’schen Integrale zuriickfiihren. — 

Es wird 

c=F | (A\¢cos (h19* sin? y)[G(6,) + G(0,)] +sin (B19? sin? 

ae n? y)[G (6) + G(0,)] + sin (19? sin? y)[F(0q) + F(0,)]} 


S= a (|) feos (R19 sin? y) [F(0,) + F(0,)]—sin (R19? sin? y) [G(6) + G(A,)]}. 


(61) 
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Ey 2 
G(x) =| cos 7 dy 
0 2 
a 2 (62) 
F(x)= | sin 7 dy 
0 Z 


JG) ; 


ind 


ig 6= 2 = 1 (1-4) (65) 
Darin ist 
_ F(6,)+ F(A) 
oO1= G(6,)+G(G,) oe 
tg by = tg(kl9 sin? y). (67) 
“ur die Sichtbarkeit ergibt sich 
; Sal (7) V{LG Ox) + G (8)? + LPG.) + FG)P} ) 


der auch wegen (66) entweder 


ae Z (jeeet) ery Sat ai NEE) (69) 


cos ¢, sin gp, 


) Exzentrische Lage 


Verschiebt man den Spalt in seiner Lingsrichtung so, dass der Anteil auf 
‘et positiven x,-Achse /,, auf der negativen x,-Achse h, betragt, so sind einzusetzen 


4-2 1(5\(F —9siny), a2, |(;5)(2 +9siny), (70) 


m iibrigen ist in den Formeln unter (a) 4h durch 2(h,+h,) zu ersetzen. Die 
er Formel (66) entsprechende. Formel fiir tg ¢, kann man auch schreiben 


tg $= (71) 


Die fiir 4, auftretenden Schwankungen lassen sich an der Spirale von Cornu 
erstandlich machen, da die Verbindungslinien der Punkte 6,, 8, auf der Spirale 
ait der Abszisse den Winkel 4, bildet. Bei Anderung von @ andert sich dann 


uch 4y. 
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IV. Berechnung von V und ¢ fiir den rechteckigen Spalt 


(a) Zentrische Lage 
In entsprechender Weise wie unter III ergibt sich fiir einen rechteckigen 
Spalt der Lange 2h und Breite 20, also der Flache F=4hb 


C= — 7 cos(Rl9®){[G (0a) + G(0,)][G(Cs) + G(y)] ~ [FGs) + F(6,)] 
fC ee 

16hb* 1 sin(kl}?) 

x {[G (42) + GO)JLF (C2) + FP 1)] + [FOs) + FA) GPs) + GC} 


xP s) P(E) 


S= aes = Cos (R19°){[G (92) + GA) [FP 2) + F(P1)] + [FG2) + FG)] 


~(GC,) Ca) p= A cin (R192) 


ee 
16hb 1 
% {[E(P2) + CAINE) + G(L,)] — FG.) + FOIL) + FCI. | 

(72) 


Darin stellen F und G wieder die Fresnel’schen Integrale dar, und es ist 


a=2, |(;)(4— osiny) a=2,/(;)(4+ asiny) (73) 
T,=2 aG a¢ + Seosy) r=2,/(;)(4- #087). (74) 


Dann ist wieder 


und 


tg $=18 ($1 4a) (65) 
wobei sich \| 
tg b= lg (by +o) (75) — 
zusammensetzt aus | 
_ F(6,) + F(6) 
; OO G)+GG) A 
_ F(T,)+F(0)) | 
VJacinecu ee 
und wo 
tg by = tg (RI9*). (78) 


Bei ¢, ist also eine Aufteilung in den Lingen- und Breitenanteil zu erkennen. 
Fur die Sichtbarkeit ergibt sich 


Vay (C249) = FS * ViLG (0) + GP + FFG) + FOE} 


x Vi[G(P2) + Gs) P + [F(P2) + Fy) 2}. (79) . 


oder auch 


V = Va (80) 
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vat (;) V{LG (62) + G(,) 7 + [F (02) + F(6,)P} 
(81) 
y= L (5) VECO) + COE + FC) + FOIE | 


lb) Exzentrische Lage 

Wird der rechteckige Spalt nun wieder in Richtung der «,-Achse verschoben 
fe) dass die Lange in Richtung der positiven «,-Achse h, und in Richtung fe 
vegativen x,-Achse hy ist, so ist fiir 6, und 0, wieder (70) einzusetzen. Ferner 
st in den Formeln unter (a) 2(h,+h,) statt 4h zu setzen. Findet ausserdem 
woch eine Verschiebung in der y,-Achse statt, so sind auch die Ausdriicke (74) 
mntsprechend zu andern, und es ist 46 durch 2(6,+6,) zu ersetzen. 


V. Kombination mit einem zweiten Keilinterferenzsystem 


Wird die Versetzung zweier Interferenzsysteme gegeneinander zur Messung 
enutzt—wie z.B. bei dem Michelson—Interferometer—, so ergeben sich fiir 
seide Systeme im allgemeinen verschiedene Ausdriicke. Bei einer Endmass- 
messung gilt z.B. fiir den unteren Teil (Figur 13) die bisherige Ableitung (M, 


ZL 


—_— 


Figur 13. Lageverhiltnisse bei einem Endmass. 


st die virtuelle Bezugsebene, M, die Ansprengflache). Ftr den oberen Teil 
elten aber etwas andere Verhiltnisse (vgl. Figur 14). MM, ist wieder die 
sezugsflache und M, die Oberflache des Endmasses. Die Durchrechnung 
eigt, dass man jetzt in den Formeln unter I. L mit negativem Vorzeichen 
insetzen muss; ebenso kehren sich in der Formel (9) die Vorzeichen von z 
ind des letzten Ausdruckes (J/2)(r/f)2 um. Dementsprechend ist in den 
ntegralen C und S ein positives Argument (+ 2D) einzusetzen. Die Integrale 
18) bleiben aber auch hier giiltig. Nur sind Z und 9 durch die in diesem Fall 
eltenden Gréssen zu ersetzen (9 allerdings mit umgekehrtem Vorzeichen). 
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Bei kleinen Phasenunterschieden v/4 gehen die Korrekturwerte c in * 
besonders einfache Ausdriicke tiber. Im Falle einer runden Offnung in i 
zentrischer Lage ergibt sich mit (34). 


rQ/ "Qu 2 if 
Me R 2 TSP 4U 9 sin? y (82) | 
4\f A 
Die Bezeichnungen ersieht man aus Figur 13. Fiir einen schmalen Spalt in ! 
zentrischer Lage gilt ie 
ea dy +o” Ux? + lo” smn'y (83) 
2k 2 


a 


Figur 14. Strahlenverlauf im oberen Luftkeil. 


f,’ und ¢,” sind die Anteile des Phasenunterschiedes ¢, fiir die beiden Keilsysteme. 
Entsprechend ergibt sich fiir den rechteckigen Spalt in zentrischer Lage unter — 
denselben Bedingungen als Korrektur 


_ Py! + yy" + yy" 4 Pa tHe" Te (84) 
i 2k 2 
Die Langenanteile #,’, 4," und die Breitenanteile 5’, %” sind also vollkommen 
getrennt. . 
Der Keilwinkel lasst sich natiirlich aus dem Streifenabstand 7 entnehmen 
(9 =A/2y). Fir eine sehr genaue Bestimmung ist die entsprechende Korrektur 
zu beriicksichtigen, zu deren Berechnung der aus Formel (36) gewonnene Wert © 
ausreicht. Liegen die Interferenzstreifen tiber der Quarzplatte parallel zur q 
Keilkante, was durch entsprechende Einstellung zu erreichen ist, die Streifen 
auf dem Endmass aber schrag dazu (vgl. Figur 15), und zwar um den Winkel 7_ 
gegen diex-Achse geneigt, so ist dieser Winkel gleich dem Wert y fiir den | 
zugehorigen Anteil. Fiir den Keilwinkel dieses Systems gilt ®=/2ysiny. | 
Fur den Winkel 9, zwischen den Ebenen M, und Mg, der die Unparallelitit } 
des Endmasses bestimmt, ergibt sich aus vektoriellen Uberlegungen 


_ sind’ cos” siny. sind” cos 
sin 6 sin 6 


Sin = 


(85) 
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o, %” sind die Keilwinkel zwischen M, und M, bzw. M, und My, 8 ist der 
Winkel fiir den Azimut der Schnittlinie von M, und M, aaa eer der 
~-Ebene, aber mit entgegengesetztem Vorzeichen. Liegen beide Interferenz- 
streifensysteme parallel zur y-Achse, so wird (fir y=7/2 und = — 7/2) 


— sind, =sin (¥ +9”) (86) 
[In diesem Falle stehen alle Schnittlinien senkrecht auf der x-z-Ebene. Bei 


y-inem Interferenzbild nach Figur 15 lisst sich 9, aus den zu messenden Gréssen 
, Mu” 
»o, 7,” und 7 berechnen zu 


r We NoD 
iy 2 2 Uf EY) : 
e Farsi | | 28 +(1t ) sint |. (87) 


y 


fe 
( lini y 
LIL 


Figur 15. Prinzipskizze des Interferenzbildes bei einer Endmassmessung. 


ANERKENNUNG 
Besonderen Dank schuldet der Verfasser Frau G. Schroer fiir unermiidliche 
lilfe bei den umfangreichen Rechnungen. 


With regard to modern possibilities for the increasing exactness in interference 
easuring, the essential results of an older work of Ignatowsky, nearly unknown till now, 
rre given and discussed in connection with the recent publications about coherence 
eory. New curves, calculated for some characteristic examples, show the whole course 
f the coherence terms (change of phase and visibility) in the treated case of an unsym- 
netrical interference phenomenon. ‘The curves are also extended to greater phase differ- 
mces. Special reference is given to the kind of interplay of two interference systems (e.g. 
1 the measurement of end standard lengths). 


En considération des possibilitées d’a présent pour une croissance d’exactidude des 
iesures interférentielles, les résultats essentiels d’un ouvrage plus ancien d’Ignatowsky a 
eu prés inconnu sont présentés et discutés en connexion des récentes publications sur la 
néorie de cohérence. Des nouveaux courbes, calculées pour quelques exemples charactéri- 
tiques, montrent le cours complet des termes de cohérence (changement de phase et 
isibilité) dans le cas traité d’une phenoméne d’interférence asymétrique. Les courbes 
‘étendent jusqu’aux différences de phase plus grandes. La fagon de la coopération de 
eux systémes d’interférence, par exemple pour mesurer des longueurs a bouts, est traitée 
iarticuliérement. 
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Anmerkung bei der Korrektur. Dem Verf. wurden erst nach Drucklegung die folgenden 
Arbeiten bekannt, die einzelne Teile aus dem ganzen Fragenkomplex behandeln und nicht _ 
unerwahnt bleiben sollen. Ihre Einordnung ergibt sich aus der Bezifferung: 
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Die Arbeit von Bruce enthalt auch schon vollsténdige Kurven der Streifenversetzung, 
die in der oben angegebenen Weise berechnet wurden, insbesondere fiir den Fall einer 
rechteckigen Offnung (allerdings noch ohne Beriticksichtigung des Keilwinkels). : 


Essai de determination des trés faibles diametres apparents en 
radioastronomie 


par J. ARSAC 
Observatoire de Meudon 


(Received 18 August 1958) 


Par suite de leur faible pouvoir séparateur, les radiotélescopes donnent des 
images dans lesquelles il n’y a quelquefois qu’une seule donnée disponible 
(courbure d’une courbe interférométrique au voisinage de lorigine, ou 

| élargissement du maximum central de la figure de diffraction). On déduit 
de cette donnée des bornes encadrant le diamétre apparent de l’astre, en 
Pabsence de toute hypothése sur la forme de cet astre. On utilise pour cela 
la théorie des distributions dont on résume ici les grandes lignes. 


1, INTRODUCTION 

La notion de pouvoir séparateur a été introduite en optique pour caractériser 
intervention de la diffraction lors de la formation d’une image par un instrument. 
“image d’un point n’étant pas ponctuelle, on choisit comme critére la plus 
etite distance devant séparer deux points-sources de méme intensité pour 
u’ils soient vus comme distincts a travers l’instrument. Mais on ne décrit 
insi que la déformation d’un type trés particulier d’objet; de plus lorsque l’on 
btient une image dans laquelle la répartition d’éclairement est celle de la 
gure 1, ce n’est qu’au prix d’une hypothése que l’on affrme avoir un objet 
formé de deux points sources distincts : il pourrait tout auusi bien avoir une 
Forme semblable a celle de la figure 1. 


E 


0 x 


Figure 1. Profil d’un objet dont l’image peut faire croire a lexistence de deux points 
sources 4 la limite de séparation. 


Un sérieux progrés fut accompli quand, a la suite des travaux de Dufheux [1] 
yn en vint A considérer un instrument d’optique comme un filtre linéaire de 
‘réquences d’espace; sa bande passante est limitée aux fréquences inférieures a 
ane certaine fréquence de coupure. Le pouvoir séparateur est alors lié principale- 
ment 4 la valeur de la fréquence de coupure, et un peu a la forme de la bande 
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passante. II apparait alors que l’éclairement en un point quelconque de |’image 
ne peut étre enti¢rement arbitraire : il est fonction de ’éclairement en un 
certain nombre de points réguliérement répartis [2]. _L’ application des théories 
mathématiques de l’approximation permet en outre de montrer que les 
variations d’éclairement sont bornées, et de décrire de maniere précise les 
déformations que l’instrument entraine pour un certain type d’objets. 
Malheureusement, elle ne permet pas l’opération inverse : il n’est pas possible 
de remonter de maniére certaine de l’image a l’objet [6]. 

L’ observation a l’aide d’antennes en radioastronomie ne differe pas, dans son 
principe, de l’observation a l’aide d’un instrument d’optique [3,4]. Mais le 
probléme du pouvoir séparateur so pose de maniére plus grave. II est tellement 
difficile (et couteux) d’obtenir 'de bons pouvoirs séparateurs qu’il apparait 
nécessaire de tirer le meilleur parti possible des antennes dont on dispose. Nous 
allons indiquer quelques résultats relatifs a l’étude du diamétre apparent des 
radio-sources lorsque celui-ci est tres faible, en tous cas inférieur a la largeur 
du lobe d’antennes. 

Remarquons d’abord que la notion de diamétre apparent est en elle méme 
assez vague. Si la source étudiée est un cercle de luminance uniforme, le 
diamétre apparent de la source s’identifie a celui du cercle, mais le plus souvent, 
la source a un contour plus ou moins régulier, et il n’y a pas passage brusque 
d’une zone de luminance constante a une zone de luminance nulle, mais au 
contraire transition plus ou moins lente. On peut alors définir le diamétre 
apparent dans une direction soit comme le segment a l’extérieur duquel la 
luminance est nulle, soit au contraire comme le segment dans lequel la luminance 
est supérieure 4 une certaine valeur (par exemple, la moitié de la luminance 
maximum) ou encore dans lequel est émise une certaine fraction de |’énergie 
totale de l’astre (par exemple Ics ?). Ces définitions peuvent conduire a des 
nombres distincts, qui dépendent effectivement de la forme de la répartition de 
luminance sur l’astre. 

Dans les cas ot le pouvoir séparateur limité de l’instrument fait que l’on ne 
posséde que peu de renseignements sur l’astre étudié, il est usuel de définir le 
diamétre apparent ¢quivalent de la source, qui est celui d’une souce fictive, 
circulaire, de luminance constante, qui donnerait les mémes résultats expéri- 
mentaux (méme courbe interférométrique au voisinage de l’origine, ou méme 
élargissement de la partie centrale de la figure de diffraction). 

I] est important de savoir dans quelle mesure ce diamétre apparent équivalent 
se rapproche du diamétre apparent véritable, suivant l’une ou l’autre des 
définitions que l’on peut en donner. Nous donnerons des inégalités reliant 
entre eux ces différents nombres. Nous étudierons d’abord le cas de 
Vinterférométrie, puis celui des antennes continues. 

Pour ne pas rebuter le lecteur par l’aridité des développements mathématiques 
nécessaires, nous exposerons d’abord les résultats, groupant en appendice les 
démonstrations utiles. 


2. LE CAS DE L’INTERFEROMETRIE 


On sait que l’interférométrie 4 deux antennes réalise analyse harmonique 
de la source étudiée [7]. Si l’on connecte deux antennes identiques, distantes 
d’une longueur a, sur une ligne Est-Ouest, 4 un méme récepteur, le passage d’une 
source devant ce dispositif donne sur |’enregistrement une sinusoide superposée 
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1 un fond continu. Si T(«,y) est la répartition de luminance radioélectrique 
sur la source, l’axe des x étant pris paralléle a la ligne des antennes, on ne peut 
connaitre que la fonction f(x) 

fe= | Peny)ay (2.1) 


Astre 
(ceci étant du a la faible directivité des antennes suivant Oy). L’amplitude de 
a sinusoide sur l’enregistrement est proportionnelle 4 la valeur de la transformée 
Je Fourier de f(x) pour la valeur a/A de l’argument. Nous noterons F(u) cette 


F(u)= | A?) exp (—2miux) dx. (A est le segment ot f(x) #0.) (2.2) 


La connaissance de F(u) sur tout l’axe réel équivaut a celle de f(x). 


IQs ie F(u) exp (27iux) du. (2.3) 


Il est impossible de connaitre F(w) pour toute valeur de u; méme si l’on résout 
e probléme technique de la conservation de la phase de l’onde haute fréquence 
ors de sa transmission des antennes au récepteur, la décroissance de F(w) pour 
‘es grandes valeurs de u fait que l’on est limité par le bruit de fond. La bande 
e ‘fréquences ’ wu ot l’on connait F(w) étant limitée, le pouvoir séparateur de 
’interférométrie est limité. 

_ L’interprétation des résultats de l’interférométrie se fait en reconstituant une 
mage de la source 


+L 
P(x) = | © Fluexp 2nius) du (2.4) 


Méme si l’on ne tient pas compte de ce que, le plus souvent, F(u) n’est connu 
ya’en module, P(x) peut différer de f(x), et ceci d’autant plus que F(w) prend, 
en dehors de l’intervalle —L,+Z des valeurs plus élevées. Si F prend déja des 
valeurs trés faibles aux extrémités de l’intervalle —L, + L, on peut raisonnable- 
jent espérer que cette fonction restera trés faible en dehors de cet intervalle, et 
‘image sera jugé satisfaisante (mais il n’y a la aucune certitude). S’il n’en 
est pas ainsi, il est impossible de dire dans quelle mesure l’image ressemble a 
‘objet. En particulier, son diamétre apparent peut étre notablement supérieur 
celui de l’objet. 

Pour résoudre cette difficulté, il semble préférable d’essayer de déduire le 
jiamétre apparent de la source de la courbe interférométrique elle-méme, sans 
yasser par l’image plus ou moins fidéle que l’on pourrait en former. ‘T'rés souvent, 
’intervalle —L, +L, dans lequel est connue la courbe interférométrique est 
el qu’a son intérieur, cette courbe s’écarte peu d’un arc de parabole. Cec 
correspond au fait que le module de F(w) est une fonction paire maximum pour 
z=0. Les seuls renseignements fournis par une telle courbe interférométrique 
sont donc la valeur 4 l’origine de F(w) et de sa dérivée seconde. Comme de plus 
on ne fait que des mesures relatives, seul compte le rapport de ces deux nombres, 
2n sorte que l’on ne connait qu’un seul paramétre. Peut-on le relier au diamétre 
upparent de la source? Si l’on suppose que la source est rigoureusement 
yonctuelle, alors la fonction F(w) a un module constant, et la dérivée seconde de 
ce module est nulle. Si au contraire la source est trés étendue alors la courbe 
nterférométrique varie trés vite autour de l’origine, et la valeur du parametre 


considéré sera trés grande. 
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On démontre alors les résultats suivants: 


(2A) Nous appellerons M(u) le carré du module de F(u): M(u)=|F(u)P. 


D, étant donné par la relation 


ore iba 
le diamétre apparent de I’astre excéde certainement la valeur Dp, c’est a dire que | 


la fonction f(x) ne peut pas étre identiquement nulle en dehors d’un segment de 
longueur Dy. Nous appellerons X= 5D, le demi diamétre apparent. 


(2B) Sil’on choisit l’origine des x de telle maniére que | xf(x) dx=0 (nous 
A 


dirons que l’origine est le centre de gravité de l’astre) alors: 


(1°) Il n’est pas possible que la source soit entiérement contenue dans le | 


segment — Xp, +X avec 


Cette valeur de Xp est confondue avec la valeur précédente. 


(2°) L’énergie émise dans la bande — X,, +X, excede la fraction 1 — (X9/X,)? | 
de l’énergie totale; ou encore, la fraction r de l’energie totale est émise dans le — 


segment —X,, +X, avec 


= Xo 
aa 


— = 


(2.7) | 


Ces résultats ne font intervenir que la dérivée seconde a l’origine de F(u) ou ~ 


du carré de son module. Si la précision des mesures permet d’apprécier |’écart 
entre la courbe interférométrique et un arc de parabole, on peut donner de 
nouveaux résultats qui précisent les précédents. 
(2C) M(u) étant toujours le carré du module de F(u), et X, étant donné 
par l’égalité 
M(u) — M(0)— 4u?M" (0) 
M(0) 
ou wa une valeur quelconque, le diamétre apparent de |’astre excéde certainement 
2X9. 
(2D) wet X; étant deux nombres déterminés, et A étant donné par | ’égalité: 
one M(u)— M(0)- 4u?M"(0) (2.9) 
2[(7uX3)*— sin? 7uX3]M(0) 
il éxiste un segment de longueur 2X; tel que l’énergie émise 4 son intérieur excéde 
la fraction A de l’énergie totale. On peut dire aussi que si_X3 est le nombre donné 
par 


2[(nuX,)? — sin? (nuX,)] = (2.8) 


M(u) — M(0) — $u?M"(0) 
2(1—h)M(0) 

la fraction f de l’énergie totale est certainement émise dans un segment de 

longueur 2X3. 


(7uX,)? — sin? ruX3 = 


(2.10) 


C’est la précision des mesures qui limite la portée d’un tel résultat. Il y a 


intéret a prendre pour w la valeur qui rend le numérateur des expressions (2.99 
et (2.10) juste discernable. Si l’on prend w plus petit, celui-ci n’en prend pas 


pour autant une valeur plus faible, car elle n’est plus imposée par la nature de _ 


M(u), mais par le bruit de fond. La borne obtenue est donc moins précise. 
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’ar contre si l’on augmente trop la valeur de u on fait intervenir les termes du 
léveloppement limité de M(w) d’ordre supérieur a 4, et la borne obtenu est 
mcore mauvaise. 

Pour indiquer dans quelle mesure les bornes obtenues se rapprochent du 
liameétre apparent véritable de l’astre, nous allons envisager quelques cas 
varticuliers. Nous considérerons des fonctions f(«) nulles en dehors de —X, +X, 
n sorte que le diamétre apparent est 2X. F(w) peut étre developpé en série de 
aylor au voisinage de w=() sous la forme: 


F(u)=1—a,(7uX)? + a,(nuX)4 (2 aitls) 
ui donne pour M(u): 

M(u) =1—2a,(muX)? + (a,? + 2a,)(nuX)!. (QZ) 
Yn peut alors calculer X, et _X, 
X= Xv (4/2); 
Xp = (X/2)¥ (3/2) (a + 2ay). 


in négligeant dans les développements limités les termes d’ordre supérieur A 4, 
‘3 S’exprime en fonction de X, et h 


ox 


~ 0=h) 
Yous avons alors les résultats suivants : 
(a) La source est formée de deux étoiles ponctuelles de méme intensité ; 


f(x) =Oy O25, F(u) = COS (27uX), @,=2, ay = Z. 


X,)=X. La borne Dy est égale au diamétre apparent véritable; Dp, est une 
erne inférieure sufhsamment précise pour pouvoir étre atteinte. I] est impossible 
‘obtenir une borne meilleure. Si l’on prend X,=X91\/2=X 4/2, on constate 
ue la moitié au moins de |’énergie totale est émise dans un diamétre apparent 
4D. Remarquons que dans tous les cas, plus la borne Xp sera précise, moins 
onne sera la borne X,, et inversement. 

X,=0,84X. Ainsi que nous l’avons indiqué, la borne X, est moins bonne 
ue la borne X)._ En prenant h=}, on trouve que la moitié au moins de |’énergie 
st émise dans un diametre apparent D. 

(b) La source est de forme circulaire et de luminance constante. 


F4(2nuX) 
mUX ° 


D,=0,5D. La borne obtenue est la moitié du diamétre apparent veritable. 
n prenant X,=2X,, les trois quarts de l’énergie sont émis dans le diametre 
pparent D. Ici, c’est la borne X, qui est la plus précise, its 
 X,=0,45X. Cette borne n’est que légérement inférieure a la precedente. 
il’on prend h=0,9, on obtient: les 90 pourcent de l’énergie sont émis dans un 
iamétre apparent 1,6D (on pose pour abréger D=2X). Cette borne est 
ynfondue avec celle que |’on obtient a partir de Xp. . 

(c) La source est caractérisée par f(x)=constante. Ceci n’est possible que 

les bords de la source ont une luminance supérieure au reste. Alors: 
sin (27uX) 

QruX: ” 


ail 
ie 


F@y= Z=4, @= 


F(u)= 


(O.A. 
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X)=X/\/3. X,=0,51X. Ici aussi les bornes correspondant aux 90 pourcent 
de l’énergie sont confondues X, = X3=1,8X. 

(d) Considérons le vas d’une source quelconque. Si on la remplace par une 
source fictive, de brillance uniforme, circulaire de diamétre D,=2X,, il vient 
comme dans le cas (b) D,=2D). D, n’est autre que le diamétre apparent 
équivalent. Nous obtenons donc les résultats suivants : 

D, étant le diamétre apparent équivalent de la source, le diamétre apparent 
de la source est certainement supéricur 4 0,5D,, en ce sens qu’il n’est pas possible 
que toute I’énergie soit émise dans un diamétre apparent inférieur a 0,5D.. 
Si la source est formée de deux sources ponctuelles, l’écart angulaire de ces 
sources est 0,5D,. Dans tous les cas, les ? de l’énergie au moins sont émis dans 
le diamétre apparent D,. 

Lorsque |’énergie est émise principalement vers les bords de la source, le 
diamétre apparent D, est en général trop grand. Toute l’énergie est émise dans 
un diamétre apparent supérieur 4 0,5D, mais peut-étre inférieur a D,. Par 
contre, si l’énergie est concentrée au centre de l’astre, la fraction de 1’énergie 
émise dans le diamétre apparent D, peut n’étre que trés peu supérieure, aux 
de l’énergie totale. 

On peut retenir de ces résultats que la borne X, est d’autent plus précise 
que l’énergie est plus concentrée vers les bords de l’astre. Les bornes X, et X3 
n’apportent souvent que peu d’informations nouvelles; X, est moins bonne 
que X, et X; est comparable a X, lorsque l'on cherche dans quel domaine est 
émise la plus grande partie de l’énergie (h40,9). 


3. UTILISATION DE CES RESULTATS 


Nous avons testé ces résultats en les appliquant au cas des mesures inter- 
férométriques effectuées sur le soleil a la longueur d’onde de 3,2 cm [8]. Nous 
donnons dans la figure 2 la courbe représentant F(w) et M(u) en fonction de w?. 
L’intervalle de variation de u est 0-60, ce qui correspond a un pouvoir séparateur 
de lordre du degré. 

La valeur de Dy est lice a la pente de la tangente a l’origine de la courbe de 
F(u); en effet F(u) admet le développement limité F(u) = F(0)— (u?/2)F"(0); 
si l’on porte u? en abscisse, la pente de la tangente a l’origine est — (1/2)F'"(0). 
Dans le cas présent on trouve D)=21'. Le diamétre apparent du soleil est 
donc supérieur a 21’. Les 75 pourcent de l’énegie sont émis dans un diamétre 
apparent de 42’. 

L’écart entre la courbe de M(w) et sa tangente 4 l’origine atteint 1 pourcent 
pour w?=1000. On ne peut prendre une valeur de wu plus petite, car 1’écart 
devient alors inférieur aux erreurs de mesure. Sil’on prend vu? = 1000, et_X, = 20’, 
Pe Cet RUM CIN ete ee 

0,072 

Les 86 pourcent de lénergie sont émis dans un diamétre apparent de 40’. 

On constate sur cet exemple qu’avec un pouvoir séparateur de l’ordre du degré, 


on peut encadrer le diamétre apparent du soleil entre 21’ et 40’. Des mesures 


directes on fourni la valeur 35’ [4]. 

Dans le cas des radio-sources, la technique basée sur l’écart entre la courbe 
et un arc de parabole n’est en général pas utilisable, car la précision des mesures 
est trés faible. I] suffira de donner alors la valeur de Dy. Nous donnons dans 
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e tableau les valeurs de Dy pour quelques sources ayant fait l’objet d’études 
mterférométriques. Les valeurs obtenues sont entachées d’une incertitude liée 
tux erreurs de mesure. II en résulte que l’écarte entre les valeurs obtenues 


pe 
O 1000 +2000 3000 4000 5000 6000 
Figure 2. Courbes de F(u) et M(u) pour le soleil (\=3 cm). En abscisse w?. 


Les valeurs obtenues sont plus faibles que celles proposes par les différents 
iteurs d’une part parce que ce sont des bornes inférieures, dautre part parce 
ie le procédé classique de dépouillement des mesures interférométriques a 
ndance a accroitre le diametre apparent des sources. 

Il est intéressant de comparer les résultats obtenus pour la Nebuleuse du 
rabe par B. Y. Mills avec ceux donnés par E. J. Blum [15] et tirés de l’ observation 
une éclipse. 


G 
O.A. 
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Nous indiquons figure 3 les résultats de |’éclipse auxquels nous avons 
superposé les valeurs tirées du tableau. Les erreurs de mesure rendent les 
chiffres du tableau I incertains (la valeur 3,4’ dans la direction Est-Ouest peut 
étre abaissée 4 2,6’); il semble toutefoisque les dimensions de la nébuleuse 
soient légérement plus grandes a la fréquence de 101 Mhz qu’a celle de 169. 


Désignation Auteur des Fréquence | Azimuth Valeur donée | 


de la source mesures en Mhz de l’axe Do par l’auteur 
Taureau A | B. Y. Mills [10] 101 90° 3,4’ 4,3’ 
164° 3,9’ 5,4’ 
24° 25: SiS. 
Vierge A ' bi = 90° 35’ 4,6’ 
164° 2234 = 
24° BeO5 
Centaure A $5 * * 90° 50’ iL-Se 
Cygne A “ . Es 90° Orse 
Cone Fe Ge omicne (ta 210 90° 1' 2' 
Cassiopée ~ me 4 90° 2.6. cy 
Auriga R. H. Brown [12] 160 90° 55n 1,4° 


Figure 3. Nébuleuse du Crabe et héxagone déduit des mesures interféromégriques. 
Positions du limbe de la lune lors des quatre contacts radioélectriques sur 169 Mhz. 
Les zones d’émission les plus intenses sont hachurées. On a indiqué le contour de 
la masse diffuse. La source observée sur 101 Mhz doit déborder de ’héxagone. 


La valeur donnée pour le Centaure correspond 4 la partie diffuse de la source. 
Il y a une partie plus brillante et plus étroite superposée a la partie diffuse. 


4. CAS DES ANTENNES CONTINUES 


Il n’y a pas de différence fondamentale entre l’observation par une antenne_ 


) ‘ ‘ , , ‘ . , a : \ ‘ 
et observation interférométrique. L’interférométrie 4 2 antennes fournit une 


par une les différentes composantes de Fourier de la source étudiée, tandis que : 


> Mt ad , 
observation par antenne continue (ou par réseaux d’antennes) fournit une 
combinaison linéaire de ces composantes. 
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Désignons par g(x,y) le gain de l’antenne, image d’une source ponctuelle, 
et par G(u, v) sa transformée de Fourier 


LCE = {hie G(u, v) exp [27i(ux + vy)] du dv. 


oit F(u,v) la transformée de Fourier de la répartition de luminance T(x, y). 
cs : ; 
L’image obtenue est le produit de convolution de T et g 


P(x, y) = Tg = {| T(x’, y')g(x—x', y—y") dx’ dy’ 


= | i _ Flu 2)G(u,2) exp ri(us +ey)] du de. 


(x,y) est la puissance regue quand I’axe de l’antenne est pointé dans la direction 
x,y. Si lon connait la valeur de P(x,y) pour tout couple de valeur x,y, une 
analyse harmonique de P fournit F(u,v)G(u,v); connaissant en outre G(u,v), 
on peut en déduire F et lui appliquer les résultats précédents, étendus au cas 
e deux variables. II nous parait préférable de rechercher une méthode directe 
ie faisant intervenier les valeurs de P que sur un petit domaine du plan des x, y, 
car le bruit de fond rend difficile la connaissance précise de P sur un domaine 
ttendu. Les renseignements obtenus seront nécéssairement plus restreints. 
Nous sacrifions la portée des résultats 4 leur commodité d’obtention. 

Nous supposerons que la fonction g(x,y) admet deux axes de symétrie 
ectangulaires que nous prendrons pour axes des x et y. La transformée de 
“ourier G(u,v) de g(x,y) est alors une fonction réelle, admettant les axes des u 
t v pour axes de symétrie. Nous supposerons en outre que cette transformée 
set positive dans le domaine D’ ot elle est différente de 0. (Rappelons que par 
uite des dimensions finies de l’antenne, G est nulle en dehors d’un domaine 
ini D’, et que c’est cela qui limite le pouvoir sépatateur de l’antenne [4].) 
_hypothése que nous faisons est réalisée si tous les courants élémentaires de 
“antenne sont en phase; une telle condition est du reste suffsante mais non 
eécessaire. Elle est pratiquement toujours réalisée, car elle correspond a 
?ebtention d’un gain dans |’axe de valeur suffisante. 

Enfin, nous supposerons que l’on observe une portion suffisamment limitée 
ie la sphére céleste pour que l’on puisse l’assimiler a son plan tangent. x, y sont 
‘es coordonnées dans ce plan. 

On réalise un ‘balayage’ de la source [13], c’est a dire que l’on fait varier 
ne des coordonnées, par exemple x, en maitenant l’autre constante. On peut 
ujours supposer que cette constante est y=0. La puissance regue est ainsi 
onetion de la seule variable x, abscisse de l’axe de l’antenne sur la droite y=0. 


P(x)= | | _T(s',y eles, 91) de dy (4.1) 


) est le domaine d’existence de T. Si la source T est ponctuelle, la fonction P 
t la section de la surface z=9(x, y) par le plan y=0. Si le diamétre apparent 
e la source augmente, la courbe précédente ne subit d’abord que peu de 
ariation; tout au plus s’élargit-elle un peu. La courbure en son maximum 
iminue. En passant 4 un cas extréme, celui d’une source de trés grand 
iamétre apparent, la courbe P(x) reproduit alors l’aspect de la source, et par 

emple, pourra présenter une partie centrale pratiquement rectiligne. Autrement 
it, ily a une relation entre la dérivée seconde de P(x) au voisinage de son maximum 

G2 
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et le diamétre apparent de la source. En partant de cette constatation, et en — 
remarquant en outre que le calcul de la dérivée seconde est en fait remplace | 
par celui d’une différence seconde, on établit le résultat suivant: 

Choisissons arbitrairement une origine des x et un nombre x); R étant 
donné par la relation 


P(%o) + P(—%) _ (Xo, 9) 
2 ANGLO oy) 0 4.2 
eid Neer! “a 
il n’est pas possible que la source soit enti¢rement contenue dans 1’ellipse 
d’équation 
ee Ge 
mt RB = R? (4.33 


ou a et b sont des constantes qui ne dépendent que de g(x,y). Cette ellipse est — 
centrée au point choisi pour origine des x sur la droite de balayage. On obtient — 
ainsi une relation entre le diamétre apparent de la source et sa position. L’ellipse 
obtenue sera d’autant plus grande que son centre sera plus éloigné du centre 
de la source. Au contraire, nous aurons une valeur minimum de |’axe de | ellipse 
quand celle-ci sera tangente au domaine D 4 la fois a droite et a la gauche de 
centre. On obtiendra un minimum de R en prenant pour origine des x le — 
maximum de P(x). . 

Les valeurs de a et b peuvent étre calculées a partir de g(x,y) ou G(u, v). | 


= | | Gihoyanden ee [ | Helean wa (oon as: a | 
’ a 


al fo v)dudv= S| | v®G(u, v) sin? (tux) du dv. 


1 og og 
738 0 0)= axe (x, 0) — Ox? (0, 0), 
(4.39 


1 a2 a2 
528(0,0) = 5 (xo, 0) — om (0, 0). 


) 
Il sera souvent commode de prendre pour xy la demi largeur 4 demi puissance 
de g(x,y). . 
&(%, 9) = 38(0, 0). En général, c’est une région ot g varie trés rapidement, 
et l’on a ainsi une bonne sensibilité. On pourra rapporter les valeurs de x et y 
aux valeurs xq et yp prises pour unités, en définissant de méme yp par: 


&(0, 40) = 3g(0, 0). 


On aura alors 


COM OK insect 


Les nombres (x /a)? et (o/b)? ne dépendent plus des dimensions de l’antenne, 
mais seulement de sa forme. Nous allons étudier quelques cas particuliers, et 


nous verrons que pour les antennes usuelles, ces nombres sont pratiquement _ 
toujours les mémes. 


5. ETUDE DE QUELQUES CAS 


Supposons d’abord g(x, y) fonction de la seule variable r 


7 = (x/a’)? + (y/b’)?? (5.1) 
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mm. sorte eUls les lignes d’égal gain de l’antenne sont des ellipses d’axes propor- 
ionnels 4 a’ et b’.. Posons 


g(x,y) =h(r) (5.2) 


Jn trouve, en dérivant deux fois par rapport a x ou y 


yan 7 ee 
— wal fe = taal | | 


5.3 
Ce ie | Rr) | h" oe 
ab? PL a® + + 52 | 
31 7 est la valeur pour laquelle h(7)) = 44(0), x) =a'ro, Va fo 
2) _ 7,22" (ro) =k") | 
g ) (5.4) 


ioe | 


On peut du reste montrer que dans ce cas la fonction G(u, v) n’est elle aussi 
nection que de la seule variable R?=a’2u?+bv? soit G(u,v)=H(R). H(R) 
déduit de h(r) par une transformation de Hankel 


H(R)=a'b’ On | HG Jae ar, 
0 


ae ie 2m |” H(R).R.J(2nrR) aR. 
0 


Pyonnons a h(r) quelques valeurs particulieres 

(1) A(r) =exp (—7?). 
(x/a)? = (1+ 2 log 2) = 1,64, 
(¥79/6)? =log 2 =0,69. 


ce cas peut étre considéré comme une approximation acceptable de la plupart 
es cas usuels [13]. 


1) Jahan), 
AIAG Beier pe 


iforme. La demi puissance est atteinte pour 27r)= 1,616 
(x%o/a)?=1,45,  (y/b)? =0,57. 


IDans.ice Gas = 1,39. 


C’est le cas d’une antenne a reflecteur d’illumination 


27 


(3) a(r)= 
(x,/a)? = 1,39. 
(VeiD) = 0,55; 


Envisageons maintenant le cas ot la fonction g(x,y) est le produit d’une 
»nction de x seul par une fonction de y seul. 


8(%, y)=A(x)R(y)- 
(ous supposerons pour simplifier que l’on a normalisé h et k de telle sorte que 


—-h(0)=k(0)=1. 


apres la définition méme de xp et Yo, h(xo) = (Rv0) = 3+ 
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Les calculs sont trés simples et il vient: 
(xq/a)? = x97h" (x9) —h"(0), 


(v9/b)2= — (1/2)y92h"(0). 
Si l’on prend par exemple 
sin? a sin? py 
he) == — = kG) = 
ae = “Go? 


on obtient 


(xg/a)7 = 1,39, 
(o/b)? =0,65. 
Il semble, 4 l’examen de ces résultats, que dans tous les cas usuels, les nombres 
(x)/a)2 et (yo/b)? soient voisins respectivement de 1,5 et 0,6. Finalement, 
ellipse obtenue a une équation qui est sensiblement : 
1,5(s/a4)? +0,6(y)y9)°=2] “Eee oA — 5 | ) 
Elle a son grand axe suivant Oy, c’est a dire qu’elle est allongée dans la_ 
direction perpendiculaire 4 celle de balayage. Cela revient a dire que le résultat 
est moins sensible au diamétre apparent de la source dans la direction — 
perpendiculaire 4 celle du balayage que dans la direction méme du balayage. 
Ceci n’a rien de surprenant. 


6. CAS DES RESEAUX | 
Les réseaux d’antennes ne sont directifs que dans un seul plan, car une seule - 
de leurs dimensions est tres grande. La présence de plusieurs lobes de méme 
importance ne change rien a ce qui précéde. Un réseau est aussi un filtre de 
fréquences d’espace, mais la fonction de transmission G(u, v) est ici fonction de 
la seule variable u et ne prend qu’un certain nombre de valeurs discrétes 
réguliérement réparties [5]. Le réseau ne transmet pas toutes les fréquences 
inférieures a une ceratine fréquence de coupure, mais seulement les harmoniques 
d’un ceratin fondamental de rang inférieur 4 une ceratine limite. Les 
raisonnements faits pour les antennes peuvent étre répétés pour les réseaux. 
2x9 étant la largeur a demi puissance du gain g(x) du réseau, on choisit une 
origine sur l'image P(x), la plus indiquée étant l’abscisse du maximum de P. 
La source ne peut étre contenue dans la bande de largeur 2X, centrée 4 l’origine 
choisie pour les x, 2X étant donné par |’équation: 


Ge) =e) lee cerormetae (6.1)) 


X/a a la méme valeur que précédemment 


x \? __ 58"(%) —2"(0) 
@ one (6.49 


Dans le cas du réseau uniforme, on trouve ainsi: 
P(%)+P(—x)) 17 | 
A [My PSL Ag ee 
(X/x) [ am 5 | (6.3) 
Dans le cas d’un réseau incomplet tel que le réseau formé de 4 antennes placées — 
aux abscisses 0,1, 4,6 [4] et dont le gain est de la forme 


sin 13x . 
sin x 


g(x)=3+4+ 
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e coefficient 1,44 est remplacé par 0,72 qui est deux fois plus petit. Un méme 
slargissement du lobe provient d’une source V2 fois plus étroite. Un tel réseau 
permet donc une détermination plus précise des faibles diamétres apparents, 
Nous avons indiqué ailleurs [4], [6] les autres avantages et inconvénients d’un 
el réseau. 

I] peut étre interessant ici aussi de chercher quel est, en fonction du diamétre 
ipparent véritable D’, le diamétre D que l’on trouve pour une source 
caractérisée par f(x) =constante. 

Nous avons défini au paragraphe 2 f(x) par 


fle)= [Ps)ay, 
P(x)= | [ T(o'.y"\e(e" 3) de" dy’ = [10 r¢ =) ae 


i f(x) est constant sur l’intervalle —X’, +X’, ona en notant D-1g une primitive 


le g 
“x +X’ 

P(@)= i (or! = 0) dee = | 
ken 


P(x) = | De | Pas ee aye 


Et Kia 
1 X’ est suffisamment petit, on peut développer cette expression en puissances 
ie X’ en limitant le développement au terme du troisiéme ordre 


~~ g(t) dt, 


P(x) =2X'g(x) +25 g"(x) 


tn tenant compte de la parité de g(x). 
Il vient alors: 
P(%o) + P(~ x0) _ 8 (%o) + (X/6)g"(x0) 
2P(0) (0) + (X/6)g"(0) 
gui donne finalement 
P(%o)+P(—%) _ 1 _ X? 2g"(xo)-g"(0) 


2P(0) RET (0) 
Jans la mesure ot g”(x)) est suffsamment petit devant g”(0) pour que l’on 
suisse assimiler le numérateur du second membre avec g”(«)) —g”(0), l’expression 
ti dessus portée dans |’égalité (6.1) donne X’?=6X?, c’est a dire que le diamétre 
upparent obtenu est 1/,/6=0,41. En fait les approximations faites rend ent ce 
thiffre incertain; le résultat que nous avons obtenu montre toutefois que dans 
in cas assez fréquent, le diamétre apparent véritable est de l’ordre de 2 fois la 


valeur obtenue. 


Appendice 

Nous pourrions obtenir les résultats énoncés dans les paragraphes précédents 
yar les procédés classiques de l’analyse. L’emploi des distributions nous 
permettra de dégager une méthode générale de recherche, en méme temps 
yu’elle allége considérablement les calculs. Nous profiterons de l’occasion pour 
»résenter au lecteur qui ne la connait pas cette théorie des distributions. Nous 
xe pourrons que la résumer dans ses grandes lignes, renvoyant pour plus de 
iétails au livre de L. Schwartz. [14]. 
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7. ELEMENTS DE LA THEORIE DES DISTRIBUTIONS 


Considérons une fonction 4(x) a valeurs complexes de la variable réelle x, 
telle qu’elle soit indéfiniment dérivable en tout point, et identiquement nulle en 
dehors d’un segment de longueur finie. On appellera ‘ support ’ de la fonction 
¢ le plus petit segment en dehors duquel ¢ est identiquement nulle. On appellera 
D Vespace vectoriel, réunion de toutes les fonctions ¢. L’éxistence des fonctions |, 
indéfiniment dérivables 4 support borné n’étant pas évidente, donnons en un jj 
exemple : la fonction 


#(s)=exp (73) Pour bI<t, 


plxj=O0 1 pour |x|> 1, 
est une fonction de l’espace D. 
On appelle ‘distribution’ une fonctionnelle linéaire continue pour les /! 
fonctions de l’espace D. Autrement dit: | 
Soit T une distribution; elle associe 4 toute fonction d un nombre complexe § 
que nous noterons <7, ¢) (c’est une fonctionnelle) avec les propriétés suivantes : 
a, et a, étant deux nombres complexes, 


(T, a1 + Aohy) = 4 (T, 1) + 42¢T, $2) 


(la fonctionnelle est linéaire). Sid; est une suite de fonctions de l’espace D, ayant © 
leurs supports dans un méme segment et convergeant vers une fonction ¢ de D, 
leurs dérivées de chaque ordre convergeant vers la dérivée du méme ordre de 4, 
alors (T,4;)><¢T, ¢) (la fonctionnelle est continue). 

Par exemple, une fonction localement sommable, c’est a dire sommable sur 
tout segment de longueur finie, définit une distribution par la relation 


(hd>= |" fo) ae, (7.2) | 


Nous identifierons la fonction f et la distribution qu’elle définit. La notion de | 
distribution apparait ainsi comme une extension de celle de fonction localement — 
sommable. La distribution de Dirac sera définie par 


(8, $)= (0) ee | 
(S(a) $) = $(Q). (7.4) 


On 2 ainsi une expression mathématique rigoureuse, alors que la notation souvent 
employée 


(7.19 


et plus généralement 


[= dea) f(a) de=4(@) . 


est dangereuse car 5 ne peut éxister en tant que fonction; d’ou la géne 
qu’éprouvent certains auteurs 4 l’utiliser [9]. 

D est l’espace commun de définition des distributions, mais il y a des classes 
plus restreintes de distributions portant sur des espaces vectoriels plus larges que 
D. SiS est lespace des fonctions indéfiniment dérivables qui décroissent plus 
vite a l’infini que toute puissance de «, les distributions portant sur S seront 
appellées distributions tempérées. 

Si une distribution est a support borné, c’est 4 dire que la fonctionnelle 
qu'elle définit est indépendante des valeurs de ¢ en dehors d’un segment de 
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llongueur finie, elle porte sur toutes les fonctions indéfiniment dérivables, sans 
irestriction de comportement 4 |’infini. 


Par définition, toute distribution est indéfiniment dérivable, et l’on a: 


(1’,6)=—(T, ¢$"). (7.5) 
Une fonction localement sommable f, continue partout sauf en un point 
‘x=a ou elle a une discontinuité de premiére espéce avec un saut f,, a, en tant 


que fonction une dérivée définie partout sauf en x=a et que nous noterons fade 
et en tant que distribution une dérivée f’; on démontre que 


FHP) +f 8a (7.6) 
La dérivée de la fonction Echelon Unité de Heaviside Y(x) (Y=0 pour x <0, 
Y=1 pour x>0) est nulle, mais non définie pour «=0, si l’on regarde Y comme 
vune fonction, tandis qu’elle s’identifie a la distribution de Dirac sil’on considére Y 
(comme une distribution. 
On ne peut définir en général le produit de 2 distributions. Par contre, si 
h(x) est une fonction indéfiniment dérivable, on peut définir le produit de T 
‘eth 


hl p) = CT he). (sm) 
Plagons nous maintenant dans un espace a deux dimensions; soient S,, 
‘et T,, deux distributions lune sur la seule variable x, l’autre sur y; soit 4(«,y) 
lune fonction indéfiniment dérivable a support borné pour chaque variable (nous 
(dirons encore qu’elle appartient a D). On définit le produit S,7,, par la relation 


(S27 yp $(%I)I= (Sa (Ty b(% I) = (Ty (Sar $(%9)))- (7-8) 
On peut alors définir le produit de convolution de deux distributions par 
(SxT, $(x)) = (Sy Ts b(y +2)). (7.9) 


i] n’existe que moyennant la réalisation de certaines hypotheses sur les supports 
ide S et T. II existe toujours si une des distributions est 4 support borné. Le 
jproduit, s’il existe, est commutatif. I] est aussi associatif, 4 condition que les 
(différents produits a effectuer existent: 


(SF RU SCL RO): (7.10) 


‘Si x,S et T sont deux fonctions localement sommables f et g 


fas=[~_flOee—dde= [" fee—Delae (7.11) 


Si h(x) est une fonction indéfiniment dérivable, 7'xh est une fonction indéfini- 
:ment dérivable définie par 
Txh=<T,, h(«—y)) (712) 
A condition bien entendu que 7 soit a support borné. 
La distribution de Dirac est l’unité de convolution. En effet: 


(8xT, $) = (Td $(X+I)) = (To Oy HX +9))) = (Ta (4) = T; $)- 


(On établit de méme 
5 T= TM GB) 


'Enfin, la convolution par ,,) est une translation de a. 
(Sa Tsb) = Syl a $9 +2) = (Ta Caw HY +2))? 
= £5 $(z + a) ) =(T yw (x) ). 
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On ne peut définir la transformée de Fourier d’une distribution quelconque, 
mais seulement celle d’une distribution tempérée. On démontre d’ailleurs 
qu’une fonction localement sommable qui ne croit pas plus vite 4 l’infini qu’une 


puissance de x est une distribution tempérée. Si T est tempérée, on définit sa | 


transformée de Fourier F(T) par la relation: 


(F(T), 6) = <T, F($)) (7.14) |, 


pour toute fonction ¢ de l’espace S. 


Si T est 4 support borné, sa transformée de Fourier est une fonction | 


indéfiniment dérivable de la variable u donnée par 


F(u)= (T,, exp (—2ziux)). (7.15) 


La transformation de Fourier transforme convolution en produit ordinaire: 
(SxT, exp (—27iux)) = (S,T,, exp [—21u(y +2)]) 
=(S,,¢T,, exp [—2miu(y +2)])) 
= (S,, exp(—2iuy))<T,, exp (—2miuz)) = F(S). F(T). 


8. DEMONSTRATION DES RESULTATS PRECEDENTS 
Envisageons d’abord le cas de l’interférométrie. La fonction étudiée f(«) (2.1) 
est une fonction bornée a support borné pouvant présenter des discontinuités de 
premiere espéce (bords nets d’un astre). Elle définit une distribution dont la 
transformée de Fourier est une fonction indéfiniment dérivable. 


F(u)= (f(x), exp (—2tux)). 


Soit G,, une distribution sur l’axe des u, 4 support borné. Sa transformée g(x) — 


est une fonction indéfiniment dérivable de la variable x, et puisque f est 4 support 
borné (f(x), g(x)) a un sens. Il en est de méme pour (G,, F(u)). D’aprés la 
définition méme de la transformée de Fourier d’une distribution (7.14) 
(f(x), 8(*)) = (Gy F(u)). (8.1) 

On peut du reste rétablir aisément ce résultat: 

(Guy F(u) ) = (Gy, <f(*); exp ( of 2riux) »> ae (Gale exp Ge 2miux) > 

; = (fers (Ga exp (—2miux)))= (fig). 
Mais ¢f,g) s’écrit 

+0 
(fher= |" fleg(s) as 


puisque f(x) est une fonction. Si le support de G,, est intérieur 4 —L, +L, 
Végalité (8.1) ne fait intervenir que des valeurs connues de F; on peut donc 
évaluer la valeur commune des deux membres de cette égalité. 

Une difficulté vient de ce que l’on ne connait F qu’en module. D’un autre 
coté, l’origine des « pour f n’est pas précisée. Supposons que l’on effectue une 
translation de a sur f, c’est 4 dire une convolution par §,). La transformée de 
Fourier de la fonction translatée est alors: 


PO akf) = Fw) -F( f) = car exp (— 2riux) )F( f) = F(u) exp (—2ziua). 


Done une translation sur f n’altére pas le module de F(u). Choisissons l’origine 


de telle sorte que (f,4)=0 ou | xf(x)dx=0 (origine au centre de gravité de 
la source). ‘ 
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La partie imaginaire de F, qui est (f, sin27ux) est équivalente pour les 
petites valeurs de wu, a 


Qa 3 TT 3 
(f, 2nux — a \ = 2nud fx) — is (f, x3). 


(Comme le premier terme est nul, elle est du troisitme ordre en u. Pour les 
petites valeurs de uw, on peut considérer F comme réelle au troisitme ordre prés. 
_ Dans ces conditions 1a, prenons pour g(x) une fonction Paire, positive, 
croissante pour x positif. On peut alors donner deux bornes de (f,g). Le 
‘support A de l’astre étant contenu dans le segment — X, +X lorsque l’origine 
est au centre de gravité, 


; 4 Hoe 
(Gn FW))= | Alsdels)av<e(X)[ fle) dx= (XP). 


}Donce si A est contenu dans le segment —X, +X, ¢(X)> ee 


enfin g(x) est croissante pour x positif, on peut exprimer ce résultat de la maniére 
‘suivante : 


Comme 


hOae oem Nene (8.2) 


_La source ne peut étre contenue dans le segment — Xo, +X. 
Appelons L, le segment —X,, +X, et L, son complémentaire — oo, —X,; 
+X,, +0. Puisque f et g sont positives, 


| feae=[“feava [ feae> ean fae 


‘Donc 


(Gy F(u)) > 8(X1) i _ fie. 


D/’autre part 


| fast | _fas=FO) 


G,, F(u) 
dx > F(0)— — ; 
|p 40 serren 
1 G,,, F(u) 
ae ee eee Se 
FO) 4? FOE) 
‘Ce qui s’exprime ainsi: la fraction de l’énergie totale émise dans la bande de 
largeur 2X, centrée au centre de gravité de la source excede certainement la 
-yaleur du second membre de (8.3). 
Prenons G,, = — 8", g(x) = ( —8", exp (2miux)) = 47?x? 
(Gy F(u)) = (-8", F(u)) = — F'(0). 


(8.3) 


Alors (8.2) donne ei 
F’(0) i a 
See ee FS isk 
Ce Sela a( Ny ee ee “f F(0) 
Le diamétre apparent de l’astre excéde 2X). C’est le résultat (2B) 1°. 
La relation (8.3) donne de méme 
Tei farts F’(0) 
== (ere re 

FO) 518?! Gao 
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Compte tenu de la valeur de Xy, ceci devient: 


Fo) + Oia) dye Sy eae 


ce qui est le résultat (2 B) 2°. 

Dans les raisonnements précédents, on peut remplacer f(«), fonction positive 
bornée, 4 support borné, par m(x)=f(x«)xf(—«) qui est aussi positive, bornée, 
a support borné. 

La transformée de Fourier de f étant F(u)= f(x), exp (—2atux)) celle de 
f(—x) est ( f (—x), exp (—27iux)) = (f(x), exp (2miux) ) = F* (uw) (en notant ainsi 
Vimaginaire conjugée de F). On en déduit la transformée M(u) de m(x) 

M(u)=F(u). F* (u)=|F(u)p. (8.4) 

Le résultat (8.3) me ainsi} 

aml,” _ (G,M(u)> 
M(0)J x, ~ M(O)g(%)’ 

Nous allons transformer le premier membre de cette inégalité pour |’évaluer 

en fonction de f(x). 


[,morar=[) fo -fore—natde= [10] fle deat 


Soit B le maximum de l’intégrale de f sur tout segment de longueur 2X, quel 
qu’en soit le centre. 


m(x)dx>1 (8.5) 


| f(x—t)dx<B. 
Par conséquent Z 
| _ ms) dvs | °° {(t)B dt = BF(0). 
L’inégalité (8.5) devient ainsi: 
B.FO)__B ., (GMWw)) 
M(0) FO)" M()g(X)’ 
Prenons alors G= }$(6,) + 6_,)) —5— 4v6” ot v est un paramétre, la variable 
etant u. 
g(x) = <G, exp (27iux) ) = $(exp (2m1vx) + exp (— 2mivx) —1+2(rvx)? 
2(x) =2[(avx)? — sin? rox]. 


(8.6) 


Cette fonction est bien paire positive, croissante pour x positif. 
(G, M(u)) =0,5M(u) +0,5M(—u)— M(0)—0,5v2M"(0). 
Comme M(u) est une fonction paire, 
(G, M(u)) =M(e) — M(0) = }e2M"(0). 
se formule (8.2) ou lon remplace f par m, F(w) par M(u) et X) par 2X, donne 
alors 
M(v)—M(0)—0-502.Mi" (0) 


2[(2avX)?— sin? (2nvX,)] = M(0) 


X, étant donné par cette égalité ot l’on a pris pour v une valeur particuliére, il 


n’est pas possible que m(x) ait son support contenu dans le segment Bee 
+2X; comme elle est paire, son support a une longueur supérieure A 4X, 
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comme enfin la longueur du support de m(x) est double de celle du support de 
f(x), le support de f(x) excéde 2X,. C’est le résultat CAE 
Dans les mémes conditions la formule (8.6) donne 

eB Me) M0)=0,5e7M"(0) 
| F(0) ~~ -2[(avX3)? — sin? (nvX5)|M(0) 
B est la valeur de l’intégrale de f(«) sur un segment de longueur 2X3. On peut 
donc dire qu’il éxiste un segment de longueur 2X, tel que l’énergie émise A 
‘son intérieur excéde la fraction h de |’énergie totale, ou h est la valeur du second 
imembre de l’inégalité précédente. C’est le résultat (2D). 

I] nous reste a établir le résultat (2A). Nous avons vu que m(x) avait son 
‘support contenu dans le segment — 2X), +2X, si f(x) a un support de longueur 
2X. Il en résulte que le support de la transtormée de Fourier de M(u) est 
|borné. Le théoréme de Bernstein [5] fournit alors une borne des dérivées de 
M(u). La transformée de M étant nulle en dehors de —2X,; +2X, et le 
Imaximum du module de M étant B(M) 


|[M"(u)| < (27.2X,)?B(M). 

(Comme M est positive, et maximum pour u=0 (car m est positive) 
[M(u)—3M(0)|< 3M(0). 

|Par conséquent: [4 (0)| < 872.X)2M(0). 


D’ow le résultat (2A). On peut vérifier aisément que lorsque l’on prend 
Vorigine des x au centre de gravité de la source, cette valeur de X, est confondue 
avec la valeur (2B). En effet dans ce cas la, F(w) est réel au voisinage de ]’origine ; 
iM (u) = F?(u)M"(0)=2F(0)F"(0) car F’(0) est nul. 

Pour établir le résultat relatif aux antennes continues, nous partirons d’une 
distribution S a support borné. 

P=Txg est une fonction indéfiniment dérivable puisque g est indéfiniment 
«lérivable (sa transformée de Fourier G est a support borné) et que T est a 
support borné. On peut donc former (S, P)=<¢S, Txg). 

Or Txg=(T.,g(t—z)) en désignant par le sympole z l’ensemble des deux 
variables x, y et par ¢ l’ensemble x’, y’ en sorte que t—z est l’ensemble x—x’, 


a7 — , 


(S, P) = (Sp (Tp 8(t-2))) = (Tn (Sp 8(t-2))) = (Tn Sek8(—2)). 
Nous poserons k(z)=S,xg(—2)=S,«g(z) en faisant ’hypothése que g est 
aire. Prenons la transformée de Fourier des deux membres. 
T(k)=T(S).T(g)=T(S).G(s) (s désigne l’ensemble u, v) 
\S étant 4 support borné, T(S) est indéfiniment dérivable. T(S)G est a support 
borné. Supposons cette fonction réelle et paire par rapport 4 chaque variable 
et v. 

k= (T(S)G, exp [27i(ux + vy)]) = (T(S)G, cos2x(ux+vy)) carkest réel. 

k= (T(S)G, cos 27ux cos 2nvy ) — (T(S)G, sin 27ux sin 27vy ). 
e deuxiéme terme est nul d’aprés la parité de T(S)G. Supposons enfin T(S)G 
ositif; en partant de la relation sin?x<.x? on peut établir aisément les deux 
elations: 


2 
x 
cosxz1——, cosx.cosy21— 


x24 y? 
D De = 
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Dans l’expression de k 5 


= {] T(S)G cos 2rrux cos 2rvy du dv | 


on diminue & si l’on diminue le terme cos27uxcos27vy. En utilisant la borne 
ci-dessus 


Any) | | P(S)CL —2attat + 044) du dv. 


Prenons S=25—8,)—S-2), C’est une distribution dont le support 
— Xo, +X est borné et dont la transformée de Fourier est: 

T(S) = S, exp [—27i(ux + vy)]) =2— exp (— 2miux,) — exp (271uxp) 
=4sin* ruxy 
T(S) est bien paire et positive. Il faut que G soit aussi paire et positive. Ce 
sont précisément les hypothéses que nous avons faites. Nous aurons donc: 


Ray) 2 +{ [oq v) sin? ruxo[1 — 27? (u2x? + v?y?)] du dv. 
Le signe égal est valable si x=y=0 


R(0,0)=4 | | Ee oe 


Si l’on pose 


zs | foe v) dudv = Bot | | we, Vv) Sin? 7uX_ du dv 
= [ [eee dudv = Bn | [8G v) sin? TUX) Pip be 


(valeurs que nous avons repérées par (4.5)) l’expression de k(x,y) devient : 
(ss 9) >&(0, 0) (J + F304 0). 
Comme la r€partition étudi¢e T(x, y) est une fonction | 
(S, P)=(1, k)= | | T(x, »)h(w ») dedy. | 
T (x,y) étant positive, on diminue <S,P) si l’on diminue k. Donec: 
(S, Py | {T¢: y | (0,0) — é + ye 0) Javay, 
Pour alléger |’écriture nous reprendrons la notation des distributions 
2 2 
(8, P) > A(0,0)<7,1)—g(0, 0) (7, (=) + (§) , (8.7) 


L’expression précédente n’est pas invariante lorsque l’on multiplie P par un — 
facteur constant. Aussi la rapporterons nous 4 P((0) 


2P(0)=2 | | T(x, g(x,y) dx dy < 2g(0, 0) | T(x, y) dx dy =2g(0,0)<T,1). (8.8) 


Les inégalités (8.7) et (8.8) étant entre nombres positifs, nous pouvons en faire 
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le quotient. 
(S, P) 5 R(0, 0) _ <7, («/a)? + (y/b)?) 
2P(0) ~ 2g(0, 0) PR hea: 
‘Supposons que le support de 7 soit enti¢rement intérieur A l’ellipse 
(x/a)?-+ (y/b)>= R® 
<T, (x/a)? + (y/b)?) < ¢T, R?) = R(T, 1). 
Prautrees part: —< SP y= (25 O(c, — 8.)  P)=2P(0)—P(x)—P(—%). 
Compte tenu de ces relations, l’inégalité (8,9) devient : 
2P(0)—P(%9)—P(—% ) — R(0,0) R? 
pS eS iN 
2P(0) 22(0;0)° —-2 
Nous avons défini k par k= Sxg=(S,,2(z—t)). Donc 
R(0, 0) = CS, g) = (28 — 82,) — 82,8) = 2g (0, 0) — 2g(x9, 0) 
(8.10) se raméne ainsi a: 
papal Pee Paa) 1, 0.007 of Pen) P=) _ alm 0) 
2P(0) 2g(0, 0) 2P(0) 8(0, 0) 
Ce qui est bien le résultat annoncé. II ne nous reste qu’ obtenir les valeurs de a 
vet b en fonction de g(x,y). Dans ce but, nous remarquerons qu’elles s’écrivent : 


(8.9) 


(8.10) 


1 
= &(0, 0) = (G, 8a? sin® uy) = (G, 2n*u®T(S)). 


2 
Or 27u est la transformée de Fourier de — : 2s Done 27?u?T(S) est la 
a 
2 2 
transformée de — i aS qui n’est autre que a (voir (7.13)). 


2 dx® 2 dx 


la relation (8.1) est ici valable 


yn obtient de la méme maniere |’expression de b. 


9. CONCLUSION 


Le but du présent travail était double. D’abord montrer que la trés faible 
nquantité d’informations contenue dans less images obtenues avec de trés faibles 
pouvoirs séparateurs était utilisable pour obtenir des renseignements sur le 
sdiamétre apparent des radio sources. Nous ne pensons pas avoir donné toutes 
\les relations possibles, mais les résultats obtenus nous ont paru intéressants 
parce qu’ils sont commodément utilisables. Nous voulions ensuite montrer 
fquels peuvent étre les services que rend, dans un cas concret, la théorie des 
|Distributions. Pour étre parfaitement concluant, nous aurions du donner in 
textenso les calculs nécessaires pour obtenir, par les méthodes classiques de 


|l’analyse, les mémes résultats. Nous laissons au lecteur qu’une telle comparaison 


lintéresserait le soin de les faire. Nous pensons qu’il sera rapidement convaincu, 


| 
}tout comme nous |’avons du reste été. 


| 
\ 
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On account of their low resolving power, radio telescopes give images in which there 
is sometimes only one available datum. (Curvature of the interferometric curve in 
the region of the origin, or spread of the central maximum in the diffraction pattern.) 
From this datum are deduced the limits to the apparent diameter of a star, no assump- 
tions being made about the shape of the star. For this purpose use is made of a theory of 
distribution which is described in general terms. 


Die Radioteleskope liefern wegen ihres geringen Auflésungsvermégens Bilder, die 
zuweilen nur eine einzige verfiigbare Grésse enthalten (Kriimmung einer Interferometer- 
kurve in der Nahe des Ursprungs oder die Verbreiterung des zentralen Maximums der 
Beugungsfigur). Aus dieser Grésse ergeben sich Grenzen fiir den wahrscheinlichen 
Sterndurchmesser mangels jeder Vorstellung tiber die Form dieses Sternes. Dazu wird 
die Theorie der Verteilungswahrscheinlichkeit herangezogen, die hier in grossen Ziigen 
zusammengefasst wird. 


! 
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RESEARCH NOTES 
Ageing of neutral glass filters 


by W. R. BLEVIN 


C.S.I.R.O., Division of Physics, National Standards Laboratory, Sydney, 
Australia 


(Received 13 November 1958) 


Glass filters are widely used in photometry as working standards of spectral 
and luminous transmittance. Glasses which are approximately spectrally 
eutral are of special value because (i) their spectral transmittances can be 
easured with high accuracy without accurate determination of the wavelength 
f the incident light and (ii) stray light errors in transmittance measurements are 
inimized. ‘The stability of such filters with time is of considerable interest 
and this note describes changes in a group of neutral filters during a period of 
about five years. 
During December 1950 a set of seven standard neutral filters covering a 
range of transmittances from about 0-14 to 0-70 were made from Chance glasses 
N31 and ON32. ‘The filters have been used under clean laboratory conditions 
and have been kept in a wooden box when not in use. ‘Their transmittances 
nave been measured accurately on three occasions (March 1953, May 1955 and 
fuly 1958) using normally incident light of wavelength 545 my at which the 
spectral transmittance curve passes through a broad maximum (table 1). 


table 1. ‘Transmittances of seven neutral glass filters on three occasions over a period of 
five years 


‘Transmittance at wavelength 545 mut 


8 2 Chance 
Filter No. | ; ee 
ee ae March 1953 May 1955 July 1958 
"| ON32 0-698 0-700 0-707 
2 ON32 0-599 0-600 0-606 
3 ON32 0-499 0-500 0-507 
4 ON32 0-402 0-403 0-408 
5 ON31 0-305 0-306 0-309 
6 ON31 0-205 0-206 0-208 
7 ON31 0-135 0-136 0-138 


+ Estimated accuracy +0-001, 


The transmittance of each filter has increased with time, the rate of increase 
neing greater during 1955-58 than during 1953-55. The fractional increases 
rom 1953 to 1958 are all of the same order of magnitude, averaging about 1:5 per 
ent. 

A possible cause of the increases in transmittance 1s natural blooming of the 
ilter surfaces, with a resultant decrease in surface reflectance. The trans- 
nittance 7 of a filter for normally incident monochromatic light is approximately 


T=(1—R) exp (— ax) (1) 


100 Research Notes 


where x is the filter thickness, « is the absorption coefficient of the glass, and R is 
the reflectance of each air-glass surface. A change AR in the reflectance of 
each surface causes a fractional change in filter transmittance 


A —2AR 

pel ta Se iy (2) 
PB 1—R 

Thus the fractional change in transmittance caused by a change in surface 

reflectance is independent of the original filter transmittance. ‘This supports 

the view that the measured increases in transmittance may be largely due to 


blooming. 


The reflected image of a uniformly bright surface in the upper face of a 7-year-old neutral 
glass filter (No. 7). The filter reflectance is highest at the edges where the glass has 
been protected from atmospheric attack. 


Close visual inspection of the filters has in fact revealed considerable blooming 
of the filter surfaces. At the time of manufacture a narrow band of black adhesive 
tape was attached around the perimeter of each filter face and marked with the 
filter number and other details. On removal of the tape after the 1958 measure- 
ments it has been observed that the filter edges have a considerably higher 
reflectance than the rest of the filter surface, as shown by the figure. It is 
inferred that the exposed filter surfaces have had their reflectances reduced by 
natural blooming, while the tape has protected the edges from atmospheric 
attack. 

In order to test the effects of blooming further, the bloom has been removed 
from the surfaces of filters 2 and 4 by hand polishing with cerium oxide polishing 
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powder on a cotton wool pad. ‘The spectral transmittance and reflectance of 
»ach filter have been measured over the visible spectral region both before and 
after removal of the bloom. The transmittances have been measured using 
normally incident light and the reflectances using light incident at 6° to the 
rormal, the reflectance of magnesium oxide being taken as unity. Table 2 
shows the results for light of wavelength 545 mu; removal of the bloom has 
caused the filter transmittances to revert approximately to their 1953 values, 
he observed changes in transmittance and reflectance obeying equation (2). 
{t is concluded that changes in the filter transmittances since 1953 have been 
Imost entirely due to blooming and that negligible blooming had taken place 
orior to 1953, i.e. during the first two years after manufacture. Repolishing of 
he filters had greatest effect at the violet end of the spectrum where the fractional 
lecrease in transmittance was about 1-5 per cent and least at the red end where 
he fractional decrease was about 0-5 per cent. This is consistent with the 
emoval of a very thin bloomed layer. 


“able 2. Transmittances and reflectances of two neutral glass filters before and after 
removal of surface bloom 


Filter No. 2 Filter No. 4 
T : Bloom present 0-606 0-408 
SOs a Bloom removed 0-599 0-403 
Reflectance of each Bloom present 0-039 0-039 
surface (MgO = 1-000) Bloom removed 0-045 0-045 
Fractional change in transmittance (A7/T) —0-012 —0-012 
Change in surface reflectance (AR) 0-006 0-006 


Filters of Chance neutral glasses ON28, ON29, ON30 and ON33, also manu- 
actured during 1950, have been examined visually after removal of their black 
iging tapes, and found to have suffered a similar degree of blooming to the 
Iters of glasses ON31 and ON32. Older filters of Chance neutral glasses ON10 
1d ON11 also show evidence of natural blooming but to a much lesser degree. 

Natural blooming has also been observed to lower the specular reflectance 
f opaque pigmented glasses such as those commonly used as working standards 
F spectral reflectance. The total reflectance of a white opaque glass is not 
}reatly affected by surface blooming however, as the decrease in specular 
sflectance is largely compensated for by the resultant increase in diffuse 


tflectance. 
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REVIEWS 


Jenaer Jahrbuch 1957. Wissenschaftliche Veréffentlichungen. Herausgeber: Prof. Dr. 
Paul Gorlich, Jena. Mit 115 Bildern und 7 Tabellen im Text. 239 S.gr.8° 1958. 
Lederin 20.-DM. 

Der vorliegende Band beginnt mit einigen Beitragen zur geometrischen Optik, namlich 

einer Diskussion der Airyschen Tangentenbedingung bei Feldstechern, einer neuen 

zusammenfassenden Darstellung der Verhaltnisse bei Brillenglas, Haftlas und Fernrohr- 
brille, einer geometrisch-anschaulichen Herleitung der Beziehung zwischen Ebenen bei 
projektiver Umbildung, sowie der Dyurchrechnung von Spiegelungen mittels homogener 

Ebenenkoordinaten. 

Der physiologischen Optik gehéren Arbeiten an iiber die Genauigkeit der Schatten- 
bildmessungen, tiber den EinfluB der spektralen Empfindlichkeit des Empfangers bei der 
Messung von Stoffkennzahlen, sowie iiber trichromatische Interferenzfilter beim 
Fernsehen. 

Der Band schliefit mit Arbeiten tiber die lichtelektrische Richardsongleichung 
(Spektrale Quantenausbeutung bei Photokathoden), die zeitliche Auflosung bei Sekun- 
darelektronenvervielfachern, tiber elektromagnetische Wellen in Medien mit stetig 
veranderlicher Brechzahl, ferner tiber den Polierprozess bei Glas und schlieBlich iiber 
Mikroskopierverfahren zur qualitativen Mikroanalyse in der Chemie. 

WEN: 


Das Sehen, HERBERT ScHoseER, Bd. II, 2. Aufl. Fachbuchverl. Leipzig 1958, 550S., 143 
Abb. Preis DM. 38.00. Zu beziehen durch die Kommissionsbuchhandlung Kawe 
Berlin-Charlottenburg, 2, Bahnhof Zoo. 


WAHREND im 1. Bande des Werkes die physikalischen 'Tatsachen der Bildentstehung, die 
Anatomie des Auges und seine Grundfunktionen behandelt worden sind, beschiftigt sich 
der 2. Band fast ausschlieBlich mit den Gesichtsempfindungen und den von ihnen ge- 
steuerten Funktionen des Auges, also Akkommodation und Adaptation. Auf dem Gebiet 
der physiologischen Vorgange haben die Arbeiten Granits unsere Vorstellungen tiber das 
Sehen erheblich vertieft und finden deshalb auch eine entsprechende Wiirdigung. Die 
Behandlung der Psychologie der optischen Wahrnehmung umfasst auBer den Haupt- 
fragen des Farbensehens und der Wahrnehmung von Unterschieden in der Leuchtdichte 
auch die Kontrasterscheinungen, das raumliche Sehen und die optischen Tauschungen. 
Dass die Darstellung in allen Fallen die praktische Bedeutung der Erscheinungen aus- 
fiihrlich beriicksichtigt, ist eine Annehmlichkeit, die das Lesen des Buches erleichtert 
und fiir die man dem Autor besonderen Dank schuldet. 
G. FRANKE. 


Correction approchée de |’effet de lobe en Radioastronomie 


par J. ARSAC 
Observatoire de Meudon 


(Received 18 August 1958) 


On décrit une methode de calcul numérique simple permettant de corriger 
la forme de la courbe de filtrage des fréquences d’espace dans un instrument 
d’optique. On compare cette technique a d’autres déja existantes. 

On donne une application de cette technique aux problémes de la radio- 
astronomie pour différents types d’instruments. 


1. INTRODUCTION 

Il arrive souvent en physique que les instruments d’observation dont nous 
disposons ne nous fournissent qu’une vision imparfaite des choses. C’est ainsi 
que le pouvoir séparateur limité des instruments d’ optique ou des radiotélescopes 
déforme les images. De méme le pouvoir de résolution limité des spectrographes 
peut faire croire a l’existence d’une raie unique lorsque l’on a en fait un certain 
nombre de raies fines trés rapprochées. Ou encore, la constante de temps d’un 
appareil de mesure peut déformer notablement un signal. 

Dans ce qui suit, nous appellerons ‘ objet’ le phénomene observé, et ‘image’ 
le résultat de l’observation; nous désignerons par P(x) l’image de l’objet f(x) et 
limiterons notre étude aux appareils répondant aux conditions suivantes : 

1. L’image de-f(x—x)) est P(x—2%). 

2. L’appareil est linéaire, c’est-a-dire que si a et b sont deux constantes, 

Vimage de af,(x)+4f,(x) est aP,(x)+bP,(x). 

La premiére condition ¢limine par exemple les instruments d’optique 
présentant de fortes aberrations hors de l’axe. La seconde élimine entre autres le 
procédé d’enregistrement par plaques photographiques, sauf précautions spéciales, 
ou les récepteurs de radio a détection non linéaire ou quadratique. 

Si les conditions ci-dessus sont réalisées, alors, désignant par g(x) la réponse 
a une impulsion de Dirac, l’image de f(x) est 


P(s)= | fee) ae (E) 


Nous axerons cette étude principalement sur le cas de la radioastronomie 
ot l’observation par les réseaux d’antennes se fait suivant ce mécanisme. Nous 
n’aborderons pas le cas du probleme a 2 dimensions. 


2. POSSIBILITE DE RESOLUTION 
En général, P différe de f. De nombreux auteurs ont envisage la possibilité de 
résolution de cette équation intégrale: P et g étant connus, trouver la fonction f. 
(Voir entre autres les références [1]et[2].) Onsait que l’équation (E)s’interpréte 
en faisant intervenir les transformées de Fourier de P, f, et g [3]. 
Nous noterons 


ie MN)=|-"f@) ex C- 2aiun) de 
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la transformée de Fourier de f. Alors: T(P)=T7(f). 7(g). La résolution de 
l’équation (E) revient 4 lopération T(f) = T(P)/T(g) si elle est possible. 

Le plus souvent, la fonction G(u)=T(g) est nulle en dehors d’un certain 
domaine de fréquence (en donnant a la variable u le nom de fréquence, T(g) 
jouant le réle d’une bande passante). Méme si G n’est pas rigoureusement 
nulle, l’intervention de bruit de fond qui rend incertaine les fonctions T(P) et 
T(g) rend impossible l’utilisation des données en dehors d’un certain domaine de 
fréquence [4]. Dans ces conditions l1’équation (E) n’admet pas une solution 
unique et bien déterminée. On peut chercher néanmoins a en déduire une 
fonction O approchant le plus possible la fonction f. Le probleme se rattache 
alors 4 celui de l’approximation d’une fonction par un polynéme trigonométrique. 

Nous avons montré comment, dans le cas ot g est périodique et ot f est nulle en 
dehors d’un segment contenu dans une période de g, la fonction P se réduit a 
polynéme trigonométrique [5]. Si l’on désigne par 2X la période de g, et si 


l'on pose 
1 (t# ed 
Cy = x] fe) exp ( ~ipn =) x, 
+n 
g(x)= > a, exp (ip7x/X), 
alors: 


+n 


PO) =" > 426, xp (Pano). 


=U 
La somme est limitée a m car T(g) ne couvre qu’un domaine limité de fréquences. 
P(x) est un polynéme trigonometrique, les a, jouant le rdle d’une fonction 
sommatoire [4]. Sig n’est pas périodique, il vient 


Ps)=[ F(u)G(u) exp (27tux) du. 


Ce cas est une extension du précédent par passage de la somme ) 4 l’intégrale. 
Nous avons étudié ailleurs [7] comment pouvait s’effectuer ce passage. 

On peut choisir la fonction G pour que P réalise une approximation def. I 
y aalors deux qualités importantes du procédé de sommation G: [4], [7], [8], [9], 
[10]. 

(a) Saturation de lVapproximation, ou impossibilité pour Vécart P—f de 
descendre au dessous d’une valeur qui dépend de la forme de G. On réduit la 
saturation en augmentant l’ordre du zéro de 1— G(w) pouru=0. Ilya intéret a 
ce que ce zéro soit d’ordre aussi élevé que l’ordre le plus élevé des dérivées 
bornées def. En pratique lordre 2 suffira le plus souvent, car on ne peut guére 
s’attendre 4 avoir une dérivée seconde continue. 


(6) Puissance du procédé, ou capacité de la fonction G a donner de bonnes 
images de fonctions f plus ou moins réguliéres. II y a intéret a rendre le zéro de 
G(u) en u=L d’ordre aussi élevé que possible, bien que ceci soit en partie 
contradictoire avec la condition précédente. 

Dans le cas ou g est périodique, le plus souvent les a,, sont les valeurs d’une 
fonction m(v) pour v=p/n+1; a,=m(p/n+1) avec m(v)=0 si |v] >1. On 
peut poser m(u)=G(u/L) et les résultats cités pour G sont valables pour m. 

Le probléme est alors le suivant: si l’on ne peut construire un appareil 
réalisant le procédé G(u), peut-on ramener le résultat donné par Pappareil a 
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celui que donnerait le procédé meilleur G(w) ? Bien. entendu cette opération ne 
Saurait augmenter la largeur de bande L des fréquences transmises par l’appareil. 
I] s’agit seulement d’une modification de la forme de la bande passante de 


Vappareil. C’est seulement en ce sens que l’on peut parler de résolution de 
Péquation (E) [1]. 


3. RESOLUTION APPROCHEE 


Nous avons indiqué [5] comment |’équation (E) pouvait étre résolue soit par 
un calcul (surtout dans le cas ow g est périodique) soit par un calculateur analogique 
basé sur les propriétés de la diffraction 4 l’infini. Nous avons aussi étudié les 
possibilités d’une résolution approchée suivant la méthode de Van Cittert reprise 
par Bracewell [2, 7]. Nous nous proposons d’indiquer un autre mode de 
résolution approchée surtout favorable pour le calcul numérique. Nous 
noterons P=fxg Vopération (E). Nous appellerons K(w) la fonction som- 
matoire désirée, définie sur le méme intervalle de fréquences que G. Soit 


O(x) le résultat désiré O=fxk 
FPSr. 6. TOPE TIO)\=TIPy: = 


ce quiamene a faire le produit de composition de P par la fonction A de transformée 
de Fourier H=K/G, O=Pxh. Or le seul produit de composition simple a 
effectuer est celui par une distribution de Dirac 


P(x)*6(x — x9) = P(x — x). 


If faut donc essayer d’obtenir une représentation de l’operateur h(x) en série 
de distributions de Dirac 


hy(e)= > 0,p(4+2;): 


Nous désignons cette somme par /, car il n’est pas sur que cet opérateur puisse 
étre identique a. Le transformée d’un tel opérateur est 


H,(u)= > b, exp (271ux,). 
q 


Le probléme est donc de représenter H par la série H,. La fonction H est définie 
sur l’intervalle |w|<Z. On peut donc l’approcher dans cet intervalle par un 
polynéme trigonométrique 


+r 
> b, exp (271ugxg). 


Il suffit que la période de la fonction ainsi définie soit supérieure ou au moins égale 


a Vintervalle 2L 


1 1 
A be Xo < be 


Les coefficients b, seront déduits des coefficients de Fourier de H par un procedé de 
sommation convenable. Ceci sera possible si H est intégrable. G ne s’annulant 
que pour u=L on prendra pour K une fonction ayant en v= Lun zéro d’ordre au 
moins aussi élevé que celui de G. Moyennant quo 
L 
(eee i i = Seen? 
2SHF hes 


12 
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existe. Nous aurons alors 
+r 


Hf i) 78 (-4) h,/ exp (271uqxp). 
ee NT el 
Les théories de l’approximation [8, 9, 10] fourniront une estimation de l’erreur 
H—H,. Onchoisira m et r pour avoir un résultat convenable. En fait la fonc- 
tion H, ainsi définie approche H sur |u| <L et 0 sur L<|u|<1/2x, 1 n’étant pas 
forcément nulle en u=L il y aura intéret 4 prendre 2x)=1/L sinon la fonction a 
approcher ayant une discontinuité de premiére espéce, l|’approximation peut ne pas 
étre trés bonne. On peut aussi prolonger H sur |’intervalle L, 1/2x) pour rendre 
la fonction résultante réguliére. Souvent du reste H est une fonction définie pour 
toute valeur de u. Le prolongement de cette fonction ne fait alors aucune 
difficulté. 

Sil’on prend une fonction K ayant,en u=L un zéro d’ordre supérieur a celui 
du zéro de H en u= L, l’approximation peut étre excellente. Sil’on joint ceci a la 
remarque faite ci dessus, on voit que le procédé ne s’applique que pour obtenir des 
procédés de sommation au moins aussi puissants que celui de départ. La méthode 
de Bracewell [2] n’échappe pas a cette restriction [7]. 

Hi, approchant H| H—H,|<e(r); on obtient non la fonction O elle méme 
mais une fonction QO, telle que 


T(Q,)=H,T(P). 
Or 
POQ)=HI(P)  TO;-O)= (a ie) 
| 7(Q,—Q)|<e(r)T(P) 


+1 
O,-O=|° T(Q,—O)exp (2riux) du 
Joep 
en utilisant la notation B(f) pour désigner la borne supérieure du module d’une 
fonction f 
|Q:-Q|<2LB(T(Q,-Q)) |Q,-Q|<2Le(r)B(T(P)). 


‘On peut évaluer une autre borne de l’erreur, souvent meilleure, dans le cas ot H 
est représentable par sa série de Fourier 


+ 0 
H= > hj exp (27iuqxy). 


Alors O= ¥ h,'P(x+9x), 


“inf 


Qi= 2 hy P(x+9xo) 


(en prenant le procédé de Fourier comme exemple) 


O-Q,= >» hy P(e GX), 


Igl>r 


1O-Ol<(_¥ 1'1) Be). 


Igl>r 


La fonction Q n’étant elle méme qu’une approximation de f, il semble inutile de 
‘chercher a l’obtenir avec une précision extreme. D’autant que la fonction P est 
elle méme entachée d’erreur par 1’inévitable imprécision des mesures. La fonc- 
tion G peut elle aussi étre incertaine, soit par imprécision de fabrication, soit par 
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erreur de mesure si on l’obtient expérimentalement. Si P et h’ sont entachés 
d’erreur DP et Dh’, Q, est entaché d’une erreur DO, 


si 
Q,+DQ,= 2 (liq + Dhty')(P(x + gq) + DP(x + Gx0)), 


|DQ:|< Sh | B(DP) + SDM, | B(P). 
Trés souvent les /,’ seront de signe constant et 
Stet 
Shy 
sera de l’ordre de 1. L’erreur de mesure se retrouve sur Q avec le méme ordre 


de grandeur. Lerreur sur h’ peut étre plus importante. Mais si l’on remarque 
que QO, ne fait qu’apporter une correction a P 


O,=P+(Q,—P)=P+(1—hy’)P+ (3 me S +) al P+ 4%) 


q=1 
les erreurs sur /,' sont des erreurs sur des termes cores et par conséquent 
assez peu importantes. 


4. Cas ot g EST PERIODIQUE 


Le probleme est modifié car la fonction G n’existe plus. 


c= aq | _ Sle vexp (—ipms]X) ds avec: f(xz)=-0 sil |wieX, 


+n 
2(x) = 2 a, exp (ip7x/X) a,=m (45) ; 


+n 


Pie\= 2 CyQy EXP (iprrx/X). 


(Nous ne Meera aucune hypothése sur la convergence de la série de Fourier de f[.) 
Ici encore P=fxg est lasomme due au procédé m(v). Si l’on veut la somme due 
aun procédé meilleur K(v) il faut former 


eas. a(S p na c, exp (ipmx/X). 


—n 
Nous nous laisserons guider par les résultats du paragraphe précédent. Formons 
la somme 


O1(*) = xh P(x + gxy)= SS hg'cyapexp lipm e+ 4x0)/XI, 


q=—-r p=—-n 


Ox(0)= ep ap| & hy’ exp (paral) | exp (ipnx/X), 
soit en posant M(v)= Ss h,/ exp (1qv), 


+n ; 
O1(*) = 2 CpAyM(prxo/X) exp (ip7x/X). 
Il suffit donc de prendre 


M(prx/X) = K(pin+1) 


m( p/n+1) 
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Les valeurs de la fonction M ne sont connues qu’aux points v=p7%/X, 
p=—n,..., +n. Comme|v|<z, nix/X <7, %) <X/n. 

On peut alors former un polynéme trigonométrique de degré  prenant en ces 
points les 2n+1 valeurs prescrites. On a ainsi une solution rigoureuse du 
probleme. Elle est plus générale que celle que nous avions dévelopée dans nos 
travaux précédents [5, 6]. 

Une autre méthode peut étre plus commode du point de vue calcul numérique. 


La fonction 
IK UX 
Ae m (5 de —) 


prend, aux points v=pzx,/X les valeurs désirées. Sous certaines conditions 
généralement réalisées, elle est représentable par sa série de Fourier 


é % © u” e. 
M(v)= > h," exp (iqv). 
La solution exacte du probleme est alors 


+ 0 
O(x)= X hy"P(x+ Gx). 
Choisissons pour x, une fraction exacte de la période de P x» =2X/s s entier. 
+0 
Xy< Xin, s<2n, O(x) = > hy'P(x+2qX]s), 


Les valeurs ¢= q) +ks (Rentier quelconque) donnent les mémes valeurs a P donc; 


s—1 + oc 
O(s)="F (S haem”) Plat 2moX). 
Posons a , 


+ 0 
Linger = ” 
Ag= dX hgres’s 
k=—o@ 


AY 


S= 
O(x)= > hy’P( + aes iL 
q=0 
I] serait aisé de démontrer que 


Sr 

> hq’ exp (iqz) 

q=0 
est un polynéme trigonométrique de degré s—1 prenant aux points v= p7x)/X 
les valeurs (K/m) (p/n+1). Nous avons donc ainsi (lorsque le calcul de h,’ a 
partir de A," est simple) un moyen de former un tel polynéme. Si le calcul 
de h,’' n’est pas simple, il vaudra mieux avoir recours a la définition de M(v). 
Mais, toujours dans un but de simplification, il pourra étre préférable de chercher 
un polynéme de degré s et nonn+1. On aura alors: 

+n 
h, = > M(2pza/s) exp (—2tpqz/s). 


p=—n 


On limitera ensuite la somme h,’P(«+ qx) 4 ordre convenable. 
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5. FORMULES DE RESOLUTION 
Résumons les résultats obtenus : 


I. g non périodique 
P=fxg est le résultat expérimental, 
O=fxk est le résultat désiré. 


On forme 
T(g)=G(u), T(k)=K(u), H=KIG. 
On calcule 
, +L K(u : 1 
hy' =X Mg a exp (27ipuxy) du avec x)< IL, 


(si c’est possible x»=1/2L est préférable). On peut aussi étendre l’intervalle 
d’intégration jusqu’a 1/2x) en prolongeant H en dehors de —L,+L. 
On forme 


Ox(e) = hiim( 2, ) P(x ax) 


m(q/r +1) étant un procédé de sommation convenable. Si la fonction H est 
sufhsamment réguliere, on pourra prendre m=1. Sinon m=1—v? oum=1-v4 
donneront en général de bons résultats. On limite la somme a un ordre 7 tel 
que l’erreur résultante soit sufisamment faible. 


Il. g périodique 


On calcule les coefficients de Fourier de g 


ay = [oe exp (—ipmx/X) dx. 


Si l’on peut trouver simplement une fonction m(v) telle que a, =m(p/n+1), 
on forme 
; ta(n+lis K 
hy’ = | K (50 /2n(n-+1)) exp (~igu) de 
—n(n+1)/s Mt 
s entier supérieur a 2n. 


+00 
puis h,’ = et ye Parks 
ead 2 ; 
Sinon on forme h = Zs = =(= 6") exp (—2zipqz/s), 


+7 
Ox(x) = ¥ hg’ P(x + 29/5). 
On limite la somme 4 |’ordre r comme dans le cas précédent. 


6. COMPARAISON AVEC LA METHODE DE Kaun [1] 

Kahn, sans s’appuyer sur des considérations de transformée de Fourier, mais 
uniquement sur celles de moments des fonctions P, f, gapu donner une solution 
approchée de l’équation (E). Sa technique s’établit ainsi: 

P résulte de fet g par P=fkxg. 
On définit alors p(x)=05(«—h)+(1—2b)8(«)+65(«+h) (8 est la fonction 
delta de Dirac) q(x) tel que pxq=5. La solution approchée Q(x) est O= Pxq. 
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Kahn s’arrange pour que p et g aient leurs moments confondus jusqu’au 
cinquiéme ordre. Le moment d’ordre k est défini par 


+o +0 
y= | x* p(x) dx= | xkg(x) dx 


(si ces intégrales existent). En terme de transformée de Fourier, G(z) étant la 
transformée de g(x) 


G(u)= I a g(x) exp (2miux) de, 


g étant paire, ceci donne pour les petites valeurs de u 
+0 + © + © 
Gu) | PG) dx — Data? ( | yes) ds) + al | | x4o(x) ds), 
Les transformées de g et p sont donc confondues, pour u=(); jusqu’au sixiéme 
ordre. 
(uh)? 


T(p)=1-—4b sin? nuh = 1 — 40( awh en =) 


= 1—4b(nuh)? + + b(wuh)! Pa 


En identifiant, il vient 2bh2=R, 2bh=R,. L’opération réalisée est donc 
1 1 
T(q)= =. = SS 
(q) T(p) 1—4bsin2xuh 
Elle n’est possible que si 4b <1 et fournit le résultat: 


Oi 


Elle conduit donc a la fonction sommatoire 
G(u) 
1—46 sin? zuh” 
Comme G est supposé avoir ses dérivées d’ordre impair nulles, cette fonction a 
toutes ses dérivées nulles jusqu’au 5°™° ordre en u=0. Elle sature donc trés 
peu. La technique de Kahn est alors identique a la notre. La fonction 7(q) 
peut étre représentée par une série de Fourier 


+ 0 
T(q)= > hj’ exp (27iquh) 
et conduit a la solution se 
ake 
O= Sh,/P(x—4h) 


avec 
jn alll 


re 1—2b—/(1—46)\” 
¢  4/(1— 46) 2b , 

L’écart entre Q et f donné par Kahn est celui que l’on peut déduire des théories de 
approximation par des polynémes trigonométriques. 

Cette méthode souffre toutetois d’une restriction qui semble avoir échappé 
a M. Kahn. La nouvelle fonction sommatoire est 

G(u) 

1— 46 sin? zuh~ 
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Or le dénominateur est périodique de période 1/h. Il est maximum égal a 
1 pour u=k/h, et décroit plus ou moins fortement entre ces points suivant la 
valeur de 6. Si l’on ne veut pas une bande passante trop irréguliére (résultat 
alors trés douteux) il faut que 1/h soit supérieur a la largeur de la bande passante 
1/h>L. Cette condition peut ne pas étre réalisée. D’autre part, ainsi que nous. 
l’avons souligné ailleurs, l’ordre de la saturation de l’approximation sera le plus 
souvent fixé par la fonction f elle méme car elle sera trop irréguliére. (Il faudrait 
qu'elle ait ses 6 premiéres dérivées continues.) On pourra donc le plus sou- 
vent se contenter du 3 dérivées nulles en u=0 pour la fonction sommatoire. II 
suffit alors de satisfaire a la seule relation 2b? = R, ot l’on pourra toujours choisir 
A<1/L. Ilya intéret a prendre / le plus grand possible et b le plus petit possible 
pour que les hf,’ décroissent rapidement, ce qui permet de réduire le nombre de 
termes de la somme. 

La méthode de Kahn échoue si G(u) a en u=0 une dérivée premiére non nulle. 
Comme G(u) est paire, elle ne peut avoir une dérivée premiére non nulle continue. 
G(u) aen u=0 un point anguleux. C’est le cas notamment pour le procédé de 
Fejer G(u)=1—|u/L|. Une théorie élémentaire des instruments d’ optique et 
des radiotélescopes montre que, sauf dans le cas ot |’éclairement s’annule sur le 
bord de la pupille ou du miroir, G(u) posséde un point anguleux a I’origine. 
C’est le cas le plus fréquent en optique. Dans ce cas 1a du reste, g(x) décroit 
a linfini comme 1/x? et R, n’existe pas. La méthode de Kahn ne sera donc 
pas d’un emploi général en optique. 


7. COMPARAISON AVEC LA TECHNIQUE DE N. BRACEWELL [2] 


Cet auteur préconise une technique basée sur |’emploi des differences d’ordre 
successif de la fonction P. Si l’on peut, par une substitution linéaire, ramener 
cette technique a la notre, le calcul des coefficients semble plus compliqué 
dans le cas général. Enfin la possibilité d’utilisation d’un procédé de sommation 
portant sur les valeurs h,’ permet d’obtenir une convergence meilleure pour un 
méme nombre de termes dans la somme. II ne semble pas que cette technique 
puisse étre utilisée commodément avec la méthode de M. Bracewell. Il ne faut 
guére s’étonner d’une telle différence de résultats entre deux méthodes qui ne 
different entre elles que par une différence d’écriture. Le méme phénomeéne 
apparait lorsque l’on cherche a interpoler une fonction donnée pour certaines 
valeurs de l’argument. La encore le résultat peut s’exprimer en fonction des 
valeurs de la fonction, ou bien en fonction d’une seule valeur et des différences 
successives. Les deux procédés s’obtiennent de maniére trés différente et 
sont suivant les cas plus ou moins commodes 4 utiliser [11]. 


8. EXEMPLES NUMERIQUES 


Nous prendons pour exemple |’étude du soleil 4 3,2cm de longueur d’onde. 
Une étude interférométrique a fourni les coefficients de Fourier de la fonction f, 
répartition de luminance sur le disque, pour A=3,2cm. Nous pouvons a partir 
de 14 construire l’image que donnerait un réseau uniforme parfait formées de 
25 antennes espacées de 20A en 20A couvrant une longueur totale de 480A. 


c 100 | 93 is 49 | 28 De |W, 299) 1516) = 4 6 


oo 
uw 
wn 
i=) 

| 
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— 
wn 
| 
) 


Se 


Figure 1. Courbe interférométrique du soleil A=3 cm. 


On forme o(0)=c,/2+ 5 6,(1 —p/25)cospé (figure 2). 
1 


@ est une variable réduite mise a la place de 2xaf/A=407¢ puisque ici a=20A. 
On calcule de méme 


o(8) = co/2 + 3 (1 — (p/25)?)c, cos pé 


qui fournit une meilleure approximation, sans présenter les risques de la somme de 
Fourier (figure 2). 
Nous utiliserons la technique relative aux fonctions périodiques. Nous 


prendrons d’abord s = 120 
m(v)=1—|v|, K(v)=1-—v2, K/m=1+]ol, 


+ 257/120 
hy -| (1 + | 120/507 |) exp (—iqv) dv. 


— 257/120 
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fo) 30 60 90 
Figure 2. Deux images du soleil (A=3 cm) pour les procédés de filtrage des fréquences 
1—|¢| et 1-2. 


Figure 3, Passage approché du procédé 1-| t| a 1-—# pour r=1 (courbe supérieure) 
y=2 et r=3 (courbe inférieure). Méme échelle que figure 2. 
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Nous prolongeons la fonction 1+ |v | définie sur —1, + 1 par 1 +|v| sur tout l’axe 


réel. 
q 


| ee I (1+ 2,4v/7)exp(—igv)dv =0 sig est pair 


= —4,8/n?q? si gq est impair. 
D’ow les valeurs de h," 


ha’ | 2,2) —0,486 |-0,) 0,054.) 0 | 0,020) 0) f 0,085) 0 —0,006 | 0 | —0,004 


Nous avons calculé les valeurs 


Or ¥ h,"P(6 + 47/60) pour r=15 (25°33 47°5 (igure3): 
En limitant la See a 5 termes, l’erreur est bornée par 
DQ, <2 > [hg (| B(P)=2B(P). G87) ir). 
Soit a DO, <0,18 B(P). ’ 
Cette borne est manifestement trop forte car l’écart constaté ne dépasse pas 


0,02B(P)environ. Sil’on prend s=60,encore possible puisque 27 = 50,on obtient 
pour valeurs de h,” —2,4/7q? ce qui réduit l’erreur d’un facteur 2 (figure 4). 


| 


31°91 17 


non\w ba 
Op 


Figure 4. Méme opération qu’en figure 3 avec s=60; méme échelle. 
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Nous formons alors 


Be = u 
»3 Weats S 
Il vient finalement 
tet PSO AES ian a Se hen 
bass 3600 sin? (q7/60) 
Ce qui donne les nouveaux coefficients 
q 0 1 3 5 7 9 
hy 1,6 0,244 0,027 0,010 0,005 0,003 


L’erreur résultante est ici beaucoup plus faible. 

On constate que dans le premier cas (figure 3) la courbe 7 = | est pratiquement 
celle que donnerait la construction approchée graphique de Bracewell. C’est une 
approximation assez pauvre du résultat. Dans le cas s=60, dés r=3, il n’y a 
pratiquement plus d’écart entre O et Q,. On peut donc se contenter d’une 
formule de correction a7 termes, commode pour le calcul numérique et fournissant 
une approximation trés suffsante. Dans le dernier cas, a nombre égal de termes, 
le résultat est légerement meilleur. 


° 


Figure 5. Image corrigée en présence d’une erreur sur la détermination du diagramme de 
rayonnement de l’antenne; méme échelle qu’en figure 3. 
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Nous avons enfin envisagé l’effet d’une erreur sur la connaissance de g(x). 
Pour cela nous avons remplacé la courbe g(x) véritable par une autre, égale a la 
précédente sur le lobe central, et nulle en dehors (nous avons remplacé le diagramme 
de rayonnement par le seul lobe central). Lesh,’ sont calculés par avant derniere 
formule du paragraphe 5. Nous conservons 19 termes dans la somme Q,._ Le 
résultat obtenu (figure 5) est comparable a celui obtenu dans le premier cas pour 
r=1. Ilest sensiblement le méme que celui donné par la construction approchée 
de Bracewell. 


9. CONCLUSION 


Les théories de l’approximation d’une fonction par un polynoéme trigono- 
métrique nous ont permis d’obtenir une méthode approchée de correction des 
images données par des instruments d’ optique ou des radiotélescopes et valables 
dans un certain nombre d’autres domaines. Les résultats obtenus, commodes 
pour le calcul numérique, sont valables indépendamment de l|’existence des 
moments de la fonction, méme si la fonction ne peut étre représentée par sa série de 
Fourier. On peut donc en envisager |’emploi sans aucune restriction, méme 
dans les cas les plus défavorables. Cette méthode n’aggrave pas [erreur de 
mesure, et peut étre utilisée méme si les caractéristiques de l’appareil de mesure ne 
sont pas connues avec une parfaite précision. 


A simple method of numerical calculation is described which can be used to correct the 
form of the curve of the transmission of spatial frequenciesin an optical instrument. ‘The 
method is compared with previous ones. 

Applications are given to problems in radio-astronomy for different types of instrument. 


Es wird ein einfaches numerisches Rechenverfahren beschrieben, welches die Form der 
Durchlasskurven fiir Linienfrequenzen bei optischen Instrumenten zu verbessern erlaubt. 
Diese Methode wird mit anderen Alteren Verfahren verglichen und auf Probleme der 
Radioastronomie fiir verschiedene Instrumententypen angewendet. 
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Colour perception with the peripheral retina 
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Until recently, descriptions of peripheral colour perception have been 
largely qualitative. ‘The present paper reports a quantitative determination 
of the colours of peripherally presented lights, in which a foveal mixture 
field is used for comparison. Observations were made under dark adaptation 
conditions by two observers. ‘The colour changes are analysed in terms of hue 
and saturation. In addition, spectral sensitivity curves are derived from 
the colour-matching data. Some subsidiary experiments are reported which 
indicate effects due to light adaptation, test luminance and exposure time. 
The results indicate a progressive deterioration in colour perception with 
distance from the fovea: tending, under the conditions of the experiment, 
to dichromatism at 25°-30° and to monochromatism at 40°—50°. The roles 
of (a) rod vision, (6) the fusion of nerve pathways, and (c) the depletion of 
the cone population are discussed. 


1. INTRODUCTION 


Perhaps the most striking aspect of peripheral colour perception, to early 
workers in this field, was the change in appearance of a coloured stimulus as it 
was moved out across the field of view. Unfortunately, most of the work on this 
phenomenon suffered from lack of information defining the stimuli and the other 
experimental conditions. 

Colour naming criteria were used in experiments such as those involving the 
determination of ‘colour field’ boundaries, hue and saturation changes or stimuli 
of ‘constant hue’; these criteria are notoriously vague, unless used with care, as 
in Thomson’s determination of the ‘ yellow’ point [1] or Hurvich and Jameson’s 
hue-neutralization method [2], but even here the techniques were used foveally 
where discrimination is optimal. Recognition of the need for physically defined 
stimuli was not accompanied by dramatic changes in technique, but greater 
attention was given to the sensitivity of these subjective peripheral judgments 
to experimental conditions. See, for example, Baird [3] who also reviews some 
early work in this field, Abney [4] and Rinde [5] who reported the dependence 
of the ‘colour field’ on stimulus wavelength. Abney [4] also reported its 
dependence on stimulus intensity and angular subtense. Lythgoe [6] found 
differences in colour naming at various retinal locations according as the eye was 
light or dark-adapted. 

Dreher [7] investigated peripheral colour sensation by a method altogether 
different. Using two monochromatic spectrum patches, projecting one to the 
fovea and the other to the periphery, he varied the wavelength of the latter until 
it matched the foveal patch in hue. Dreher’s apparatus being a diffraction 
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grating single monochromator, would have suffered from stray light. He reported 
hue changes at 14° nasally in the periphery and noted their dependence on the 
state of adaptation. 

It was not until 1946 that colour-matching experiments were reported for the 
periphery by Wright [8], a fact not altogether surprising when it is remembered 
that the colour-matching functions of foveal vision for normal observers were 
not determined under carefully controlled photometric conditions until 1926-29 
by Wright [9] and independently by Guild [10]. Wright [8] determined the 
coefficient curves at 4° in the parafovea using a 2° bipartite field. Gilbert [11] 
made an extensive study of the parafovea and found that colour matching became 
dichromatic at a sufficiently low luminance level. In fact, Gilbert’s parafoveal 
dichromatic coefficient curves resemble closely those found later by Wright [12] 
in his investigation of tritanopia. Gilbert’s wavelength discrimination curves 
for the parafovea in its dichromatic condition differ somewhat from that of the 
tritanope, while wavelength discrimination curves reported by Weale [13], for 
a wide range of retinal locations in light adaptation, differ even more markedly. 

In the above-mentioned colour-matching experiments [8, 11] where the 
test and comparison stimuli are juxtaposed in a bipartite field, no more informa- 
tion can be obtained as to colour quality for the periphery than for the fovea, since 
a match defines only the stimulus relations which are required for equality of 
sensation in the test and comparison fields. However, of particular interest for 
this paper is the attempt, briefly recorded by Gilbert [14], which was made to 
obtain coefficient curves when the test and comparison fields were separated 
by 3°, the latter being fixated foveally. Thus foveal colour mixtures were used 
to match parafoveal stimuli. The test stimuli were defined at first by white light 
and gelatin colour filters but, being recognized as unsuitable for accurate work, 
were replaced later by monochromatic stimuli. The value of this experiment 
as a direct comparison technique was marred, however, by the matches used by 
Gilbert to form the basis of the units. Wright’s [8] stratagem was employed 
(where two monochromatic unit stimuli are used to nullify the effect on the test 
stimulus of non-photosensitive ocular pigments and the units are established 
arbitrarily by equating the amounts of red and green mixing primaries for one 
unit stimulus and similarly equating blue and green for the other) but matches 
were made in the way described above, i.e. foveal mixture versus parafoveal 
stimulus. This places an arbitrary restriction on any peripheral hue changes 
in the unit stimuli and influences, of course, the calculation of the coefficients 
for other stimuli. If, however, the units are specified on the basis of foveal 
matches for the unit wavelengths, then the method of colour matching reported 
by Gilbert can provide direct information on the subjective colour of peripherally 
presented stimuli. ‘This method is the subject of the present paper. 


2. APPARATUS 
‘The apparatus is the Wright trichromatic colorimeter [8]. An attachment, 
which is essentially a mirror assembly providing the desired separation of the 
test and comparison beams, has been described by one of us [15] in an earlier 


paper. However, two features remain outstanding which were introduced in 
the period covered by the present paper. 
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(1) Interruption of the stimuli 

For reasons enumerated previously (reduction of peripheral fading, etc.) 
[15] periodic interruption of the test and comparison beams is desirable. This is 
done by rotating a single-aperture sector close to the collimator slit of the colori- 
meter. ‘The ratio of light-time to dark-time may be varied by changing the 
sector angle. Rotation is provided by an electric gramophone motor whose 
speed could be varied continuously over a limited range, and by incorporating a 
pulley system this range could be extended so that light pulse times from 
0-05 sec to 2sec could be obtained. 


(2) Fixation 

To prevent the wandering of fixation during the dark-time of each cycle four 
small red spots are provided near the corners of the comparison field. For this 
purpose the auxiliary optical system of the colorimeter (used normally in adapta- 
tion experiments, Wright [8]) is employed; see figure 1. A lens X3 is mounted 
close to lens X, to equate the convergence of the beam to that of the section of the 
modified comparison beam [15] between lenses H and L, and two plane mirrors, 
M, and M,, bring the beams into coincidence. As a light-saving device M; is 
provided with a rectangular gap through which the comparison beam passes. 
A plate K;, with four small holes (defining the fixation spots), is imaged by M; 
in the plane of the comparison field K,. Thus the fixation spots are projected 
along with the comparison field before interception by the mirror attachment, 
so that adjustment of the latter cannot disturb their relative position. 
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Figure 1. Observing end of the colorimeter: modified for peripheral observations. 


3. OBSERVERS 


Observations were made by two male subjects using the right eye. Both 
observers had previous experience in foveal colour work and both had 
normal colour matching arid luminosity functions, as well as normal wavelength 
discrimination. Both observers possessed refractive errors. One, A.C., had 
about 4 dioptre of astigmatism, but this was not embarrassing and no correction 
was worn. The other, J.M., had 4 dioptres myopia and } dioptre astigmatism. 
J.M. wore a contact lens during the experiments in place of his normal correction 
in order to avoid prismatic distortion of the visual field. ‘The lens was inserted 
using a 1} per cent solution of sodium bicarbonate and precautions were taken 
to avoid the appearance of Fick’s ‘Veil’; see Dickenson and Clifford Hall [16]. 
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This ‘veil’ manifests itself as a bright diffraction halo around the test and 
comparison fields and is extremely disturbing for the observer. 


4. MetTHOD 


The observer’s head was steadied by a dental plate mounting. ‘The mounting 
was provided with three mutually perpendicular movements and these were used 
to centre the eye first with respect to the test beam. For this purpose, two stimuli 
of widely separated wavelength were presented in the test field and the eye was 
centred using symmetrical colour-fringing of the field as a criterion. ‘The 
comparison field was then separated from the test field by the required angle 
6 with the aid of the perimeter and attachment earlier described [15]. 
The comparison beam was adjusted finally so that it was centred when the eye 
turned in its direction and fixated it foveally. The vertex of the angle 6 
then coincided with the centre of rotation O of the globe, which was assumed 
fixed; figures 2 (a) and 2 (d). 


Figure 2, Positions of the eye: (a) and () for foveal matches on the unit stimuli, (c) for 
periphery versus fovea matches, 
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In this position the unit wavelengths 494-0 my and 582:5 mp were presented 
in the test field for foveal matching. The mixing stimuli of the comparison field 
were of wavelength 650 mp, 530mp and 460 my and are denoted below by R, 
G and B respectively. (The choice of unit stimuli and mixing stimuli for 
Wright’s colorimeter was dictated originally by their convenient hues, but the 
choice was arbitrary to a certain extent [8] and their use is perpetuated now by a 
combination of tradition and convenience.) ‘The observer fixated alternately 
on each field, figure 2(a) and 2(6), and adjusted the proportions of R, G and B 
until a satisfactory match was reached. Three of such short-term memory 
matches were made for each unit stimulus. The correction factors, necessary 
to make B and G equal for the match on 494-0 mu and to make R equal to G for 
the match on 582-5 my, were computed and used subsequently to establish the 
units in which periphery versus fovea matches were expressed. 

The unit matches were made in this way, rather than with closely juxtaposed 
fields, for two reasons. Firstly, the correction factors for B and R took care of 
any non-neutral reflection taking place in the mirror attachment and secondly 
the field size condition for the fovea was the same as that used in the rest of the 
experiment. It was inevitable, of course, that matching errors were larger here 
than with juxtaposed fields but these were still quite small compared with 
peripheral matching errors. 

To ensure entry of both test and comparison beams into the eye at all obliquities 
for the next part of the experiment, the eye was relevelled so that its pupil centre 
coincided with the vertex of the angle 6: the position previously occupied by the 
centre of rotation O of the eye. Since subsequent matching was done with the 
comparison field constantly fixated, the eye had to remain centred with respect 
to it; figure 2(c). ‘The dimensions of the ‘reduced eye’ quoted by Le Grand 
[17] were used to compute the changes in the position of the eye required for 
each value of 6. Scales were placed on the mouth-piece stand to facilitate the 
necessary relevelling of the eye. 

The test and comparison stimuli were then presented in simultaneous pulses 
of 0-5sec duration every 2 sec. (This pulse deviated a little from a true square 
wave form due to the finite size of the collimator slit of the colorimeter and had a 
calculated time of rise of about 0-04sec.) The choice of these times was decided 
upon as a result of some trial runs. Thus, it was found that pulses longer than 
0-5sec produced in some colours (particularly the red) a visually noticeable 
fading, while shorter pulses seemed to result in very uncertain matches. ‘The 
1-5sec dark-time was chosen somewhat more arbitrarily; shorter times led to 
rapid adaptation, but longer intervals were considered undesirable as it was 
necessary to observe some 20 or more pulses before a match could be made : 
and in addition it was not thought good practice to prolong unduly the time 
required for each match. No attempt was made to keep to a definite number of 
pulses for a match, but if after some 20 or 30 (i.e. after a minute) a satisfactory 
match had not been reached, or if the eye was in any way fatigued, the observer 
rested for one minute or so before resuming. Clarke, who has since used the 
authors’ technique to make an extensive study of peripheral fading [18], considers 
that appreciable drifts in chromaticity may arise if the number of flashes per 
match is not kept constant [19] and this may account for a systematic component 
in the matching errors reported below. 

During the time required for the unit matches and for the relevelling of the 
eye (some 10 or 15 min) the periphery had become partially dark adapted and 
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some 15 min further dark adaptation was allowed before proceeding to peripheral 
matching. 

The comparison field was fixated foveally and monochromatic spectrum 
stimuli were presented peripherally for matching. Each stimulus was matched 
twice during each session, the order of presentation being random. ‘T'wo sessions 
were devoted to each retinal location so that four matches were made for each 
stimulus. Each session lasted between 1} and 2 hours. All scale readings and 
test stimulus changes were made by an assistant. Both test and comparison 
fields were rectangular (80min x 40 min) and observations were made for the 
test field seen at 10°, 15°, 25°, 30° in the lower vertical meridian (L) and at 15°, 
25°, 30°, 40°, 50°, in the nasal horizontal meridian (N). 

COMPARISON 
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Figure 3. Fields of view: (a) test in lower field of view, (6) test in nasal field of view. 
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. At 10°, the test was too saturated to be matched by a positive foveal RGB 
mixture. In matching with a desaturation stimulus (D.S.), however, a direct 
measurement of the amount used was not possible since a complete RGB match 
of the D.S. could not be made without desaturating it in its turn. Furthermore, 
even if an approximate RGB match of the D.S. was accepted, colour equations 
could not be written, due to a breakdown of additivity. ‘Therefore, these 
observations were discontinued in favour of the other peripheral locations. 

The two field arrangements are shown in figure 3. The brightness of the 
test field was kept approximately constant throughout by neutral density filters. 
It is convenient, however, to give the retinal illumination for the foveal mixture 
field since it was used as the standard for comparison, and this was of the order of 
30 trolands (see section on V, curves). 

It is not superfluous to emphasize here the difficulty of making colour matches 
under these field conditions. The comparison field, seen foveally, was clearly 
defined and uniform. By contrast the peripherally observed test’ field was 
blurred, with a bright central region, fading towards the edge and surrounded 
by a haze. For long wavelength stimuli the haze appeared more saturated and 
with a redder hue than the central region. In all cases, however, matches refer 
to this inner zone of the test field. 


5. RESULTS 


The results are shown in the form of spectrum loci in terms of the instrument 
primaries R, G and B, the units being based on foveal matches on 494-0 my and 
582:5my. Each match (the mean of four) is indicated by an open circle for 
J.M. and filled circle for A.C. In each instance (40° and 50° excepted) the 
observer’s foveal spectrum locus is provided as a reference framework. ‘The 
foveal white point (Source C) is plotted also; open triangle for J.M. and filled 
triangle for A.C. The results are collected together in tables 1 and 2. 

At all the retinal locations which are reported here, matches are made without 
desaturating the test stimulus, hence all the loci lie withinthe RGB triangle. The 
10°, loci, figure 4, are linear from 420my to 520mp. Admittedly, the red 
coefficient is small over this range, but there is no doubt as to its visual significance 
to the observers. Maximum shrinkage of the spectrum locus occurs over the 
same range. Hue changes occur, the general trend being for violet and green 
to move towards blue-green, while stimuli from 560 my to 620mpu become 
redder. 

At 15°,, figure 5, greater contraction of the locus is obtained, but linearity 
over the violet-green range is still maintained. ‘There is a deterioration in 
discrimination which manifests itself in the matching of some stimuli all as one 
colour, which in the diagram is marked as a disordered cluster of points enclosed 
by an oval. At 15°, this occurs at about 520 mp. 

At larger angles discrimination deteriorates further so that a greater wave- 
length range is included in the confusion cluster. For example, at 25°,, figure 6, 
the range extends from 490 mp to 540 my for J.M., while for A.C. it includes 
wavelengths from 480 mp to 570myu. At 30°,, figure 7, for both observers the 
confused wavelengths range from 420 mp to 590 mp. 

At these angles the linearity of the violet-green range is destroyed; most of 
the range being lost in the confusion cluster. The locus is pulled further into 
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Spectrum loci in the Wright RGB chart: for the fovea and at 10°; in the 
periphery. Wavelengths indicated in mu. 
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Figure 5. Same as figure 4, but peripheral locus at 15°. 
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Figure 6. Same as figure 4, but peripheral locus at Ah es 
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Figure 7. Same as figure 4, but peripheral locus at 30°,. 
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the centre of the RGB triangle, desaturation affecting the long wavelength end of 
the spectrum where the hue shift is now towards the yellow (reversing the previous 
trend towards the red for 10°, and 15°,). As a consequence, the spectrum locus 
is greatly reduced in length and at 30°,, figure 7, the curvature of the whole locus 


is slight. 
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Figure 8. Same as figure 4, but peripheral locus at 15 x 
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Figure 9. Same as figure 4, but peripheral locus at 25°y, 
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Figure 10. Same as figure 4, but peripheral locus at 30°x. 


OLA. 


Colour perception with the peripheral retina 


g e 


0-5 pees AC 


¢ ad = %s 650 
e@e @e 
* o” (420 + 600) 


Ws 


Tai 
Br (420 + 650 
[Flee 


G 
50° 
N 
AC. 
9 600 
Os <a ete 
(420 +°590) Jiri 
Wa 
4o 
o-—5 OS, J.M. 
| 80, 
} (420 + 650) 
5 o5 fr R 


Figure 11, Spectrum loci for the periphery at 40°y and 50°y. 
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In the horizontal meridian similar trends are noted out to 30°, figures 8, 
9 and 10. It is possible to extend the observations to 40°, and 50°, in this 
meridian and at these locations the whole spectrum from 420 my to 650 mp for 
J.M. degenerates into a single confusion cluster, figure 11. For observer A.C., 
however, the long wavelength end of the spectrum is still discriminated from the 
rest, 650 mp being matched as a desaturated yellow. Indeed, for this observer a 
slight improvement in discrimination is indicated at 50°, as compared with 40°y. 
But it seems unlikely that this is a significant improvement when account is taken 
of the scatter of individual peripheral matches, of which the size of the confusion 
clusters give a fair indication. 

While these are the general trends, differences are noted in the hue and 
saturation changes for each observer and for each meridian. Shrinkage of the 
locus is seen to involve more than simple desaturation towards white. While 
A.C.’s results are rather more ‘ orthodox’ in this respect, those for J.M. indicate 
movement of the locus beyond the white point into the purple region. The 
changes resemble Hunt’s [20] measurements of the changes in chromaticity with 
adaptation for centrally fixated fields, but there seems to be little basis for 
comparison as Hunt’s observations would be dominated by foveal vision. 

All the information on the chromaticity changes are given by the coefficients 
plotted as spectrum loci and in tables 1 and 2, but it is difficult to distinguish the 
changes of saturation from those of hue and it is not easy to assess the relative 
significance of the former since the RGB triangle does not yield a uniform 
distribution of colours. Since all the colour mixtures are made foveally the data 
can be manipulated in several ways to assist in the analysis. 


6. SATURATION 

In order to obtain a clearer indication of the saturation changes which occur 
the data are transformed from the Wright RGB triangle to the more uniform 
chart of Breckenridge and Schaub [21]. This is done by fitting the points R, 
G and B, and the white point of each observer in the RGB triangle, to the corres- 
ponding points in the Breckenridge and Schaub R.U.C.S. chart. 

The transformation equations relating the coefficients 7, g and 6 of the W.D.W. 
system to x”, y” and 2”, of the R.U.C.S. are: 


for J.M. 
ee 0-15467 + 0-1869 g — 0-0956 
0-4923 r + 1:0000g + 0-2952’ 
» _ —9°39607 +0-2122 2 +0-0233 - 
04923 r+ 1-0000 g + 0-2952 ” 
for AxC. 


ts 0-1493 r + 0-1743 ¢ — 0-0852 
0-5905 r + 10000 ¢ + 0:2633 ” 
ieee 0-4249 r + 0-2089 g + 0-0208 
‘ 0:5905 r+ 1:0000 g + 0-2633 ’ 
and where x” +7" +2" =r+e+b=1. 

‘This chart has been tested for uniformity by Wright [22] who found it rather 
elongated in the purple-red corner. Nevertheless, for the present purpose it 
is assumed to be uniform. The origin of the chart is at the equal-energy white 
point E, and the distance S of any point from E when measured on this scale is 
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proportional to the number of foveal discrimination steps between them. In the 
present analysis, this distance S is taken as a measure of the saturation of the 
point. 
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Figure 12. Results of figure 8, observer J.M., transformed to the R.U.C.S. of 
Breckenridge and Schaub. _E is the equal energy white point. 


In figure 12 the transformed foveal and 15°, data for J.M. are shown, which 
when compared with figure 8 show an increased significance attributed to changes 
in the blue corner as compared with those occurring in the green; matching errors 
too acquire a more uniform representation. Saturation curves derived from 
the R.U.C.S. chart are drawn in figure 13. The foveal curves are very similar 
to those found by Sinden [23] in his analysis of the Judd uniform chromaticity 
diagram. 

It may be seen that at 10° and 15° the marked desaturation in the blue and 
green is accompanied by supersaturation at long wavelengths. The latter 

We 
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saturation, it must be remembered, is accompanied by a change in hue towards 
longer wavelengths. It is surprising to find the desaturation of the violet as 
marked as that in the blue-green. Beyond 25° there is little further desaturation 
in the blue-green, but the saturation in the orange and red has decreased consider- 
ably. At 25° it will be remembered that most of the short-wave end of the 
spectrum has collapsed into a confusion cluster, while the long-wave end shrinks 
in towards the yellow. ‘The horizontal sections on the 25° and 30° saturation 


400 500 600 400 500 600 


Figure 13. ‘Saturation (S) curves for the fovea and periphery. S is measured as the 
distance from point E in the R.U.C.S. of Breckenridge and Schaub. 


curves are, of course, a result of the clustering of points in the chromaticity chart. 
For this reason, saturation curves for 40°, and 50°, are not shown since they 
are single valued at the same saturation level as the horizontal sections of the 25° 
and 30° data. The 30°,, 25°, and 30°, data for J.M. show a supersaturation 
in the region of 570mp. In figures 7, 9 and 10 it is seen that the loci for these 
angles lie in the purple region of the chart, thus permitting supersaturation 
without the matches lying outside the foveal spectrum locus. | 


7. HUE CHANGES 
The hue changes which take place may be expressed in terms of the dominant 
wavelength \,, of the peripherally perceived stimulus A, where A, — A defines the hue 


Colour perception with the peripheral retina 139 


change. Ay is defined by the intersection on the foveal spectrum locus of the 
straight line passing through the white point and the match point. Such a 
procedure, while simple, is subject to errors which increase with the separation 
of the peripheral and foveal spectrum loci. hese errors arise since the loci of 
constant hue are curved. In the hue changes reported below the curvatures of 
the constant hue loci determined by Newhall et al. [24] are taken into account; 
the hue shift for each stimulus is defined by the wavelength difference Mon 
where 2’ is the intersection on the foveal spectrum locus of the constant hue locus 
passing through the match point. 


JM] A.c [meridian] 
L 


Figure 14. Hue changes. Solid symbols represent \’—A, open symbols represent \’, —A 
(see text). 


The results are shown in figure 14, where \’—A is plotted as a function of A. 
Data for 40°, and 50°, have been omitted since these are locations that, under the 
conditions of our experiment, are characterized by complete or almost complete 
monochromacy. Data for observer J.M. at 25°, and 30°,, where the peripheral 
loci yield for the most part no real values of A’, are represented by a plot of X’¢, 
the wavelength of complementary hue. 

The intersection of the abscissa by the curve indicate stimuli of ‘ constant ’ 
hue. ‘These ‘ constant ’ hue stimuli are seen to be different for the two observers 
at corresponding retinal locations and they are dependant also on the particular 
retinal location under test. The general trend at small angles for violets and greens 
to move towards blue-green and for yellows to become redder is shown as well as 
the reversal of the latter trend at larger angles. The points in the confusion clusters 
(see figures 6-10) give rise here to a linear plot of unit negative slope since A’ is 
constant. Dreher’s [7] results may be compared with our own and in figure 15 
his data which relate to 14°,, but with a field size of 44° (some 15 times larger in 
area than the authors’) are shown, together with the 15°, data for A. C. and J. M. 
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Dreher’s curve shows only one stimulus of ‘constant’ hue in the yellow: the 
actual point of intersection varying between 575 my and 612 mp, depending on the 
observer and on the state of adaptation. In the blue-green, his hue change shows 
a minimum value between 480 mp and 490 mp. Dreher’s curve lies for the most 
part between those for A.C. andJ. M. Butit is only at the long-wave end beyond 
580 mp that any semblance of agreement is reached between the three curves 
shown. 
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Figure 15. Hue changes. A comparison of Dreher’s results for 14°y and a 4:25° field 
with the authors’ at 15°y. 


If comparison is made with the authors’ 10°, curves (figure 14) the differences 
are very much reduced except at the short-wave end where Dreher’s equipment 
would suffer most from stray light. 


8. V, CURVES 


While the experiment was not carried out with the aim of obtaining V, data, 
it was thought that some useful information might be derived from the results of 
colour mixture. It will be remembered that a complete match is attempted 
between the peripheral test and the foveal mixture. Thus, ideally, a luminosity 
match is simultaneously achieved and a direct comparison of the relative sensitivity 
for different retinal locations is possible. 

With the mirror assembly in place the relative luminosities V,, V,, Vp, of 
the three mixing stimuli R, G, and B, are determined for the fovea by flicker 
against a constant white source, the units being based on matches for 494 mp and 
582-5 mp. At each wavelength the amounts of R, G and B in the actual match, 
Or» Yer Op (that is before their sum is reduced to unity), are multiplied by V,, 
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VY,and Vz respectively and summed. _ If the relative energy in the test spectrum 
at wavelength A is £, and 7, is the transmission (én sitw) of the neutral filters used 
for adjusting the intensity, then V’, is given by 


V,=constant x (Q,.V_p+Q,.Vqg+OQ3-Vp)/(E,-T,), 


E, is measured at the exit pupil (figure 1) using a G.E.C. Universal Precision 
Photoelectric Photometer Unit. 7, is determined for each filter in situ using the 
Wright colorimeter as a visual spectrophotometer. 

The sum (Oy. Vp + Og. Vg + Oy. Vg) is proportional to the luminance of the 
foveal field which at the same time matches the peripheral field. This luminance 
should preferably be kept nearly constant for the determination of V’,, but this was 
not possible. | Strong absorption of the blue stimulus B involved using a lower 
luminance in the blue—violet region of the spectrum than elsewhere at locations 10°, 
15° and 25°. If this region (420 my to 480 mp) is included, the luminance as 
measured by the above sum never varies over a range of more than 10:1. Under 
such conditions, it would be unreasonable to expect anything more to be revealed 
than the main features of the V, curve. If the blue—violet region is excluded, the 
range is reduced to 2:1 on average. At locations 30°, 40° and 50°, however 
(where the saturation of the short-wave end of the spectrum was greatly reduced), 
the maximum luminance variation for the whole spectrum was 2:1. Thus, at 
these locations, and for the medium to long-wave end of the spectrum for the 
smaller angles, the conditions were favourable for the determination of V,. In 
figure 16 the data for the directions N and L are separated for convenience by one 
log unit. ‘The observers and directions are represented by different symbols (see 
legend). Plots of the C.I.E. standard foveal and 1951 scotopic V, functions are 
shown for comparison. 

For the vertical meridian L there is some agreement between the results for the 
two observers. An overall rise occurs in sensitivity from 10°, to 30°,. In the 
nasal direction N, greater divergences between the two observers are recorded ; 
A.C. having a consistently greater sensitivity. _Nosystematic trend with increasing 
eccentricity is shown here, indeed the 40°, and 50°, curves for A.C. are indis- 
tinguishable. For J.M., however, the 50°, curve is considerably lower than at 
40”. 

Bont of 25° the V, curves show higher relative sensitivity in the red than the 
standard scotopic function. For larger angles an increasing relative sensitivity to 
blue wavelengths is recorded with the curves peaking distinctly at 480-490 mp. 
Indeed all the V, curves, to the extent that they can be regarded as having a main 
maximum, peak at a shorter wavelength than the standard foveal V, curve. ‘The 
V, curves show humps in varying degrees at, or near, 480 my, 520 mp, 550 mp and 
580 mp, but in the presence of matching errors of about 0-2 log unit the significance 
of some is doubtful. Humps in peripheral V, curves have been reported under 
different conditions by Wright [8], Stiles and Crawford [25], Le Grand and 
Geblewicz [41], Weale [13] and Kinney [26]. 

Shown in the same diagram is a V, curve derived from colour-matching data 
for 40°, in a light-adapted state (see below), adaptation being provided by a 
white surround at 24e.f.c. The whole curve is suppressed; at the red end by 
about 1 log unit and in the green and blue by 2 log units. 
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Figure 16. Spectral sensitivity curves. Note the displacement of 1 log unit between the 


scales for directions L and N. The standard foveal (F) and the 1951 scotopic (S) 
VY’, functions are drawn below the 10° experimental curves for comparison. 
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9. SOME SUBSIDIARY EXPERIMENTS 
9.1. Adaptation 

To make a first study of the effect of light adaptation on peripheral colour 
discrimination a simple light surround was provided by some white paper, illum- 
ined by a pearl tungsten lamp at the appropriate distance to provide adaptation of 
3 e.f.c., viewed through the natural pupil. The surround enveloped both the 
test and comparison fields. ‘The angle 40°, for J.M. was chosen for investigation. 
At this location, in dark adaptation, the whole spectrum is matched as a desaturated 
blue, see figure 11. In light adaptation, figure 17, it is found that wavelengths 
from 480 my to 650 my are all matched as a very desaturated yellow-green. It is 
possible that 460 my is discriminated as a different colour. Shorter wavelengths 

cannot be matched due to the lack of light from the blue matching stimulus. 
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Figure 17. Spectrum loci for the periphery at 40°y, observer J.M., in dark and light 
adaptation, and for the fovea. 
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9.2. Test luminance 
The effect of changing the test field luminance was determined using three 
stimuli: 600 mp, 520mp, 460 mp, at 30°, for observer ACG.. -At this location 
(see figure 7) stimuli 520 mp and 460 mp are matched inside the confusion cluster 
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whilst 600 mp appears outside. ‘The results are shown in figure 18. The spec- 
trum locus for 30°, is shown by the full line curve. The original matches made 
for 460 mp, 520 mu and 600 mp are marked by squares, while the matches made 
during the present experiment at the same test intensity are marked by the number 
1. It will be remembered that at this relative intensity the test field matches the 
foveal field in brightness at 30 photons. All other numbers marked on the chart 
are test intensities relative to 1. 
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Figure 18. Chromaticity changes with test intensity at 30°L, observer A.C., for 600 my, 
520 mw and 460 mu. The full line curve is the spectrum locus of figure 7; 
open squares indicate the original matches on this locus. Solid circles represent 

matches made at various test intensities: the test intensities relative to that for the 


original matches (1:0) are indicated for each match. 


For 600 mp at the lowest intensity (0-06) the match is made inside the con- 
fusion cluster. As the intensity is raised colour changes occur immediately and 
proceed close to the spectrum locus, approaching saturation at the highest level. 
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For 520 my and 460 my, at the lowest levels, matches are made in, or close to, the 
confusion cluster. Colour changes occur at a relative intensity of 1:6. At a 
relative intensity of 6 the colour changes for 460 mp and 520 my are possibly in 
slightly different directions but of the same extent as for 600 my. 


9.3. Exposure time 


In this experiment, the exposure time was varied for A.C. at 30°, keeping the 
test intensity constant. Denoting the exposure time by ¢ and the dark time by d, 
the ratio t: d was kept equal to 1:3 for values of ¢ ranging from 0-2 sec to 1-0 sec. 
Two test stimuli were used, 600 mu and 500 mp. ‘The results are shown in figure 
19. For 500 my there is no orderly change in colour with change in exposure time, 
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Figure 19. Effect of exposure time at 25°n, for 600 my and 520 mp, observer A.C. 
(a) Chromaticity changes. Times indicated in tenths of a second. 
(b) Log . relative luminosity changes. 


but for 600 mp a more definite change occurs. Longer times produce a desatura- 
ting effect, while intermediate times, in which the condition of the main experi- 
ment ft = 1 sec occurs, produce maximal saturation and the reddest hue. The effect 
of shorter times is uncertain owing to the great difficulty of making a match in the 
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presence of troublesome after-images, but it seems probable that the sensation is 
desaturated again. 

The experiment was repeated on 600 mp, keeping t+d constant and equal to 
2sec; and again the condition t=0-5, d=1-5 sec was included. Apart from the 
rather doubtful match obtained for 0-2 sec, it seems that here the shorter times 
yield optimal saturation. The changes in relative luminosity with exposure time 
are shown in figure 19. Att=0-5 sec, d=1-5 sec, all luminosities should be equal, 
since this condition is common. Not unexpectedly the relative luminosities for 
t:d=1:3 increase with t, the change for 600 mp being the greater. ‘The reverse 
occurs for 600 mu when t+ d=2sec. 

These results are not definite, for it is possible that the contribution due to 
variations in ¢ is joined by the cumulative effect of the number of flashes observed 
before a match is made [19]. 


10. DiscussIon 


The organization of the visual mechanism is not uniform across the field of 
view and this is so at each step in the visual chain: for photopigments (Rushton 
et al. [27]), for rods and cones and their associated neurones in the retina (Polyak 
[28], Osterberg [29]), for the lateral geniculate body and for the visual cortex 
itself (Le Gros Clark et al. [30, 31], Polyak [32], Holmes [33]). Several attempts 
have been made to correlate these regional differences with those of certain 
attributes of vision: quantitatively by Polyak [28], Harrison [34] and Doesschate 
[35] for visual acuity, and by Doesschate [36], Rushton [27] and Weale [37] for 
light sensitivity; qualitatively by Gilbert [11] and Weale [13] for wavelength 
discrimination. 

In the present work observations are made in dark adaptation and at a retinal 
illumination such that the intrusion of rod activity (Aguilar and Stiles [38]) is to be 
expected. The results at 10° and 15°, regions of the highest rod population, in- 
dicate some activity through the mixed rod—cone systems described by Polyak [28], 
for it is found that : (a) the region of maximum rod sensitivity around 510 my is 
not one of maximum desaturation, indeed desaturation is marked over the whole 
range from violet to green (figure 13); (b) The hue shifts for J.M. show the move- 
ment of violets and greens towards blue-green (figure 14). 

It would seem that neither (a) nor (6) could result from the activity of rods 
adding a ‘white’ component only. Here it is assumed that, in line with Muller’s 
[39] doctrine of specific responses, there are certain levels of cortical activity which 
are responsible for the unique sensations of red, green, blue, yellow and white, the 
uniqueness of which may be regarded as arising in the course of evolution as 
suggested by Ladd-Franklin [39]. Thus, if peripheral rods feed direct to the 
cortex, amaximum desaturation of colour would be expected in the region of 510 mu 
and no hue changes could be expected. However, by these same rods feeding 
into ‘red’, ‘green’ and ‘blue’ cone pathways, the spectral responses of these 
would be broadened, those of the ‘blue’ and ‘green’ being most affected. Con- 
fusion of blue and green wavelengths with blue-green would result and saturation 
would tend to be constant over this range. At the same locations, observer A.C. 
shows different hue changes for these colours (all wavelengths from 420 mp to 
530 mp move toward green). This might be explained either: (a) by a greater 
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proportion of rods combining with ‘blue’ cones than with ‘ green’; or (b) by the 
convergence of ‘blue’ cones to ‘ green’ pathways. 

The hue changes reported by Dreher [7] for long wavelengths are confirmed 
(see figure 14 and Wright [8]). In addition, an increased saturation is recorded 
(figure 13). It should be noted that the screening effect of any haemoglobin would 
be rendered ineffective through the use of monochromatic light. The authors’ 
use of a particular projection of the chromaticity chart is open to question in so far 
as saturation of reds is somewhat exaggerated, but this would occur more or less 
equally for the foveal locus and the peripheral loci at 10° and 15° so that the relative 
difference between them remains. An explanation of the reddening of orange 
wavelengths may lie in a reduced overlap in the sensitivities of the ‘red’ and ‘green’ 
receptors, although this does not appear plausible in view of the degree of lateral 
convergence of receptors. It may be, however, that time relations are important 
here (see figure 19 and [40, 41, and 42]) and that small changes in fixation during 
matching could affect long wavelengths more than the rest. 

At 25° and 30° the progressive deterioration in discrimination recorded in 
the blue-green by confusion clusters (figures 6, 7, 9 and 10) may be considered in 
terms of: (a) increasing participation in vision by rod—cone groups; (b) the 
reduction in the cone population covered by the test field by analogy with ‘small 
field’ tritanomaly. At these angles, when all wavelengths from 480 mp to 
590 mu are confused and especially at 30°, (figure 7) for A.C. and at 30°, (figure 
10) for J.M., the locus is reduced to a line of only residual curvature. It is 
possible that all matching could be carried out with two variables and it would be 
interesting to see whether this could be done, with both fields together in the 
periphery, so that the requirements of a dichromat would be met. In an earlier 
paper [43] it was stated that some of the colour confusions were typical of 
tritanopia. But examination of the tritanopic and ‘small field’ coefficient 
curves, reported by Wright [12] and by Wilmer and Wright [8, 44], shows that 
both anomalies are characterized by a straight spectrum locus folding back on 
itself at 460 mp, and this is not true for the authors’ data. Other differences 
may be noted: tritanopic and ‘small field’ wavelength discrimination is best 
at 420 mp and 590 my and is anomalous and discontinuous at 460 mp, but the 
authors’ anomaly is centred on 520-530 mp. In addition, Gilbert [11] records 
optima at 450 mp and 590 my and a pessimum at 520 my for the parafovea at 4°, 
while Weale’s 10° and 15° data [13] show yet greater differences. ‘The position 
of the anomaly itself strongly suggests rod activity rather than ‘small field’ 
tritanopia. In the present context, the term ‘small field’ tritanopia is not 
precise; a 1° field, for the purposes of colour discrimination, would be ‘small’ 
in the periphery but adequate, under the same conditions, at the fovea. The 
term ‘threshold’ tritanopia as defined by Farnsworth [45] has certain advantages 
and it could be used if allowance were made for changes in receptor population. 
It has been seen, in comparing Dreher’s [7] hue changes at 14°, and a 4}° field 
with the authors’ at 10° and 15° using a smaller field, that, in a crude way at least, 
field size and retinal location may be interchangeable, i.e. the total number of 
receptors stimulated is important. . 

At 30°,, the saturation for long wavelengths has fallen to half of its foveal 
value (figure 13) due, in part, to a hue shift towards yellow (figures 7 and 14). 
The fusion of the ‘red’ and ‘green’ laminae of the geniculate body [31] could 
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account for this, but such fusion would require a deterioration of wavelength 
discrimination in the yellow. The authors’ data (figure 7) imply that yellow 
discrimination remains good relative to other colours, but Weale [13] using 
different field conditions has recorded an isolated deterioration. Fusion of the 
laminae would require also a hue shift of green towards yellow. Observer A.C. 
conforms but J.M. perceives greens and yellow as a desaturated blue (figure 7). 
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Figure 20. Differences between the log . V, curves for J.M. and A.C. of figure 16. 


If reference is made to figure 20, where the observer differences for log. V, are 
shown, no systematic trends are found to suggest the systematic differences in 
the two observers’ colour matches: differences which are typified by the gravita- 
tion of confusion clusters for A.C. towards the green, and for J.M. towards the 
blue. It may be noted, in addition, as Weale [13, 37] has done, that some of the 
V, curves show marked humping and yet the spectrum loci indicate strong 
dichromatic tendencies at 25° and 30°, in so far as they approximate to a straight 
line, and monochromacy at 40° and 50° in so far as colour discrimination is lost 
throughout the spectrum. All of this lends support to Weale’s suggestion that 
there is deficiency in the receptor neural mechanism rather than in photopigments. 
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; Arden and Weale [46] have postulated a severing of synaptic connections 
in the retina during light adaptation. At 40° the difference in V, between the 
light and dark adapted state (figure 16) shows a change to be expected from the 
bleaching of rhodopsin, whereas an appreciable change in colour occurs accom- 
panied by a possible improvement in discrimination at short wavelengths. These 
changes seem to be in line with the theory proposed by Arden and Weale, but too 
much emphasis should not be placed on this result, or indeed on those of the 
other subsidiary experiments, since it refers to one observer, one retinal location, 
and only one observing session. 


11. CoNcLusions 

The results have been interpreted qualitatively in terms of the organization 
of the retina and visual pathway as far as this is known. The intrusion of rods 
into colour perception, the fusion of pathways and the occurrence of ‘small 
field’ defects have been cited as possible causes of the observed colour changes. 
Such conclusions are perhaps naively mechanistic in view of the complexity of 
vision; in particular the time factor is not included. For example, the beneficial 
effect of involuntary eye movements would tend to be neutralized by the increasing 
coarseness of the retinal mosaic towards the periphery and indeed time effects 
[18] seem to occur similar to those reported by Ditchburn [47] for the foveally 
stabilized retinal image. 

In the present study, with conditions akin to those prevailing in night vision, 
it is shown to what extent the peripheral retina differs from the fovea in colour 
perception. A lack of radial symmetry of the retina is demonstrated, together 
with large observer differences. It would be interesting to see whether light 
adaptation or increasing field size can reduce these differences and, by a simple 
field test, to determine whether the two observers represent two distinct types. 

Work on peripheral colour perception is attended by great subjective difficulties 
which are not experienced in experiments on the fovea and the results are subject 
to larger errors. Such work may be justified, however, by the new information 
to be gained from this relatively untapped source. 
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Jusqu’a récemment, les descriptions de la perception périphérique des couleurs ont été 
surtout qualitatives. Le présent article décrit une détermination quantitative des couleurs 
de lumiéres présentées périphériquement, dans laquelle un champ fovéal est utilisé pour 
la comparaison. Les observations ont été faites par deux observateurs dans des conditions 
d’adaptation a lobscurité. Les changements de couleur sont analysés en fonction de la 
teinte et de la saturation. De plus, des courbes de sensibilité spectrale sont déduites des 
données sur l’équilibrage des couleurs. On décrit quelques expériences subsidiaires qui 
indiquent des effets dis a l’adaptation a la lumiere, test de luminance et temps d’exposition. 
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Les résultats montrent une détérioration progressive dans la perception des couleurs avec la 
distance A partir de la fovéa, tendant, dans les conditions de ’expérience, vers le dichromatisme 
a 25°-30° et vers le monochromatisme a 40°-50°. On discute les réles de (a) vision 
des batonnets, (b) la fusion des chemins nerveux, (c) la diminution de la population des cones. 


Bis in die neuere Zeit war die Darstellung des peripheren Farbsehens grésstenteils 
rein qualitativ. Die vorliegende Arbeit berichtet tiber eine quantitative Bestimmung der 
Farben bei peripher dargebotenen Lichtern, wobei ein foveales Mischbild fiir den Vergleich 
benutzt wird. Die Messungen wurden an zwei Beobachtern unter den Verhiltnissen 
der Dunkeladaption gemacht. Die Farbverschiebungen werden nach Farbton und 
Sattigung untersucht. Ausserdem wird die Kurve der Spektralempfindlichkeit aus den 
Werten der Farbmischung hergeleitet. Einige zusatzliche Versuche geben den Einfluss 
von Helladaptation, Priifhelligkeit und -zeit wieder. Die Ergebnisse zeigen eine mit 
dem Abstand von der Fovea zunehmende Verschlechterung der Farbwahrnehmung: 
unter den Versuchsbedingungen Tendenz zu Dichromatismus bei 25° bis 30° und zu 
Monochromatismus bei 40° bis 50°. Die Rolle des (a) Stabchensehens, (b) der Vereinigung 
der Nervenbahnen und (c) der abnehmenden Zapfenzahl wird dargelegt. 
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A Fourier analyser for optical frequency response determinations 


by J. M. NAISH 
Royal Aircraft Establishment, Hampshire, England 


(Received 10 Fuly 1958 and in revised form 4 Fanuary 1959) 


The frequency response of an optical system may be derived from photo- 
electric image scanning data by a comparatively simple technique. The scan- 
ning movement is used to drive a sine-cosine potentiometer, fed by the 
photoelectric scanning signal, and integration of the product so formed is 
carried out with a low-inertia motor. Sine and cosine terms are available, 
and the successive Fourier coefficients are obtained by an alteration of 
potentiometer gearing. Values obtained with the apparatus are compared 
with those resulting from an equivalent digital electronic computation. 


1. INTRODUCTION 


The spatial frequency response of a lens may be obtained by Fourier analysis 
of the intensity distribution in the point (or line) image formed by the lens [1, 5]. 
The image intensity distribution can be obtained with simple apparatus [2, 3], 
and the practical value of this method depends largely on the ease and accuracy 
with which the required Fourier coefficients can be obtained. A method of 
Fourier analysis based on optical integration and sinusoidal masks has been given 
by Lindberg [4]. ‘The object of the present work has been to investigate the 
possibility of an alternative method based on analogue computing techniques. 
A computer has been built which enables either sine or cosine terms to be evaluated 
in the usual series 
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where p=x,—x,. ‘These terms have been evaluated consecutively using the 
computer, but the method permits them to be calculated simultaneously if 
desired. ‘The entire apparatus is compact, simple and relatively inexpensive. 


2. DESIGN AND CONSTRUCTION 
The Fourier analyser to be described has been designed as part of bench 
equipment for frequency response determinations and may be regarded as an 
elaboration of the driving system [3] used to scan the optical image produced 
by the lens under test. ‘The scanning head consists simply of a multiplier 
photocell situated behind a scanning aperture in a suitable housing and is 
propelled by means of a lead screw working in the block shown at B in figure 1. 
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The aperture size is determined by the highest spatial frequency of interest [5] 
and if this is taken to be 50 lines per millimetre, which is adequate for most 
photographic lenses of medium or long focal length, a 2 u aperture is appropriate. 
An aperture of this size has the advantage of being able to diffract the transmitted 
light, thus tending to eliminate effects of variability of photoelectric sensitivity 
in the multiplier cell without the need for a diffusing screen between aperture 
and cathode [6]. With an aperture of this size, used in conjunction with a 
carefully cut lead screw of 100 turns per inch, an error of 1° in the rotation of 
the lead screw corresponds to an error of one-third of the size of the aperture. 
For this reason a kinematic slide is a necessary part of the mechanism, and this 
permits precise and reproducible distributions of intensity as a function of 
scanning distance, f(x), to be obtained. 
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The essential principle of the Fourier analyser is that since the angular 
position of the lead screw determines the scanning coordinate of the probe, x, 
it may also be used to determine values of trigonometric functions of the same 
variable. Thus, in figure 1, the shaft S, which is connected to the lead screw 
through a universal joint U, carries a set of gear wheels, G, which drive a 
sine—cosine potentiometer, C, through a change-pinion carried on the layshaft, L. 
By selecting the desired gear ratio, the potentiometer is made to furnish 
continuous values of sin N(27/p)x and cos N(27/p)x, where p is the extent of 
the image scan and N is determined by the gear ratio. All that is then required 
to effect the Fourier analysis, is to form the product of the local image intensity, 
f(x), and the sine or cosine terms in x. This is carried out by a simple computing 
unit with the aid of setting-up facilities, which include a pointer, P,, to denote 
the zero position of the potentiometer; and a pointer P, to define the datum 
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position for an image scan against a graduated scale on the wheel, D. A range 
wheel, R, provided with contacts, is used to start and stop the computing by the 
operation of a micro-switch, M, and a reduction worm drive, W, transmits the 
drive from the primary shaft, S,. If the primary drive is from a constant-speed 
motor, e.g. a velodyne system, the required integrations in x can be effected 
as time integrations. 


Figure 2. 


The essential parts of the simple electronic computing unit used in conjunction 
with the mechanical scanning apparatus are shown in figure 2. The input is 
the current from the multiplier photocell, which is amplified by the d.c. 
amplifier A, and applied to the main winding of the shaft-mounted sine—cosine 
potentiometer, SC, the other terminal of the potentiometer being supplied with 
the same signal, but of opposite sign, by means of the sign-changing amplifier Ag. 
The shaft is driven by the velocity-feedback motor-generator system, MG, with 
the associated power amplifier, PA, and the output of the potentiometer, viz. 
f(x)s" N(2z/p)x, is fed, after further amplification, in Aj, to a low-inertia motor 
driving a counter. ‘This arrangement permits evaluation of the coefficients 
defined by equations (3) and (4), according to the potentiometer output used, 
and the value of A, is obtained by disengaging the gear wheels. Duplication 
of the computing equipment is required for the simultaneous evaluation of sine 
and cosine components; and for the simultaneous evaluation of all coefficients 
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several layshafts may be employed, so that the Fourier spectrum is obtained 
during a single image scan. 

At the beginning of a run the amplifiers are balanced and the dark current 
backed off (using a simple potentiometer). The shaft is then set in motion, at 
a constant speed, by the switch SW (which may also be used to effect a reverse 
scan). ‘The first of the range wheel contacts then operates a relay which applies 
the photocurrent to the input of the computer, whilst progress through the 
optical image is monitored by a galvanometer in the input line (the same 
arrangement is used for setting the range symmetrically). At the end of the 
scan the second contact of the range wheel causes the relay system to remove 
the input from the integrating counter and applies a brake. The increase in 
the counter reading is then the desired integral over the range p. 


3. PERFORMANCE 


The efficiency of the apparatus is to be judged according to its ability correctly 
to transform a given distribution of optical intensity. ‘This has been done by 
comparing the Fourier components obtained, from the same intensity distribution, 
by automatic electronic digital computation and by the analogue machine here 
described. The intensity distribution was measured by observing deflections 
of the monitor galvanometer at successive positions across the image scan. For 
this purpose it was convenient to use as test lens a telephoto lens of 48 in. focal 
length at aperture f/8 and mounted in auto-collimation, an arrangement favouring 
relative rigidity of the component parts of the optical system. A conventional 
test bench, adequately insulated from draughts and vibrations, is normally 
required, however, for the determination of frequency response, together with 
the use of a small source and scanning aperture. ‘The most difficult case occurs 
with a ‘point’ scan of a ‘point’ image; then, using a circular source of diameter 
12-5 uw illuminated by an over-run car headlamp giving an estimated 2000 candles 
per sq cm, a 210 in. collimator of aperture f/15 and a circular scanning aperture 
of diameter 2, the estimated flux reaching the multiplier photocell is 
2:7x 10-7 lumens, yielding a photocurrent of 5-4x10-Samps at 130 volts 
between stages. Assuming the dark current, without de-basing the cell, to be 
2x 10-7? amps for an average, selected cell [7, 8], a maximum signal/noise ratio 
of 27 is obtained, in agreement with the experimental value [3]. A circular source 
of approximately 25 diameter was used as test object in the present attempt 
to assess the efficiency of the Fourier analyser, and the optical image of this was 
scanned by a slit of 6 width (a slit scan can be shown to be equivalent to a point 
scan). It was then sufficient to use a source giving an estimated 200 candles 
per sq cm and a flux of the order of 5 x 10 lumens could then easily be realized 
at the photocathode, so that an ample signal/noise ratio was available and the 
dynode voltage could be reduced considerably. The resulting distribution 
was analysed on a Deuce computer using a standard Fourier programme and 
the results, which are all cosine terms for the symmetrical function analysed, 
are shown as the full curve in figure 3. The results of a Fourier analysis of the 
same intensity distribution, carried out by means of the apparatus described, 
are shown as circles in the same figure for the values N=1, 2, 4, 5, 6, 7 and 10. 
These results show that it is a practical proposition to perform Fourier analyses 
by the means described. 
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Figure 3. 


4. ERRORS 


The root mean square error of the analogue value is 4-8 per cent of the maximum 
value and this magnitude of error, though large, is acceptable for the purpose of 
the present investigation. The possible sources of crror are of three types: 
those of a general nature which may be eliminated by standard techniques (such 
as the effects due to variations in the light source and those due to variations 
of motor speed); those peculiar to the technique but which are amenable to 
treatment and those which have been difficult to eradicate. In the second group 
are included the effects of mechanical disturbance, of variation of cell response, 
inaccuracies in the sine—cosine potentiometer winding, zero errors and backlash. 
‘These effects were reduced below the level of significance by suitable mounting, 
choice of components and design. ‘The third group comprises the effects of image 
movements due to thermal instability and the computing errors due to amplifier 
drift. Since the thermal insulation was not perfect and since uncorrected 
amplifiers had to be used in this work these effects have probably been the principal 
causes of the observed errors. With improved insulation of the optical bench 


and drift-corrected amplifiers a considerable improvement in accuracy should 
be possible. 
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La réponse d’un systéme optique aux différentes fréquences peut étre déduite des 
données d’un balayage photoélectrique de l'image, par un procédé relativement simple. 
La mouvement du balayage est utilisé pour entrainer un potentiométre sinus—cosinus, 
alimenté par le signal du balayage photoélectrique, et l’intégrale du produit ainsi formé est 
effectuée a l’aide d’un moteur a faible inertie. On dispose des termes sinus et cosinus, et les 
coefficients de Fourier successifs sont obtenus par une modification de l’engrenage du 
potentiométre. Des valeurs obtenues avec cet appareil sont comparées A celles obtenues 
par un calcul effectué 4 l’aide d’une calculatrice arithmétique électronique. 


Die Kontrastiibertragungsfunktion eines optischen Systems kann aus den Werten einer 
photoelektrischen Bildabtastung nach einem verhaltnismissig einfachen Verfahren ermittelt 
werden. Die Abtastbewegung wird dazu benutzt, ein Sinus-Cosinus-Potentiometer 
anzutreiben, das von dem photoelektrischen Abtaststrom durchflossen wird. Das Integral 
des so erhaltenen Produkts wird durch einen Motor geringer Tragheit gebildet. Man kann 
die Sinus- und Cosinusgliedererhaltenund bekommt der Reike nach die Fourierkoeffizienten 
durch eine Anderung am Potentiometergetriebe. Die mit dieser Anordnung ermittelten 
Werte werden mit denen verglichen, die eine entsprechende elektronische Zahlenrechen- 
maschine liefert. 
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Anapparatus is described with which reflection spectra of the human 
fundus can be measured at the rate of 1-2 per sec. It is used to determine 
bleaching and regeneration characteristics of human foveal light-sensitive 
substances. Evidence is presented that at least two are present; products of 
bleaching can be detected. A cone-monochromat is shown to possess both 
the red- and green-sensitive pigments found in the normal fovea. 


1. INTRODUCTION 

Pitt [1] discovered a man who confused all colours of equal subjective 
brightness. ‘This cone-monochromat was distinguished from the more common 
rod-monochromat by having normal visual acuity and by not suffering from 
photophobia. Morcover, the maximum of his foveal spectral sensitivity curve 
was located at 540 my whereas the rod-monochromatic maximum lies nearer the 
blue-green part of the spectrum, namely at 520 my. On the assumption that the 
cone-monochromat represented a type characterized simultaneously by protanopia 
(‘red ’ deficiency) and tritanopia (‘ blue’ deficiency), Pitt calculated the incidence 
of cone-monochromatism to be about 1 in 108. Some ten years later, Weale [2] 
discovered five cone-monochromats and examined three of them; he estimated 
their incidence to be at least 1 in 10°, and suggested, on the strength of their 
spectral sensitivity curves and some subjective phenomena, that they possessed 
more than one colour-mediating mechanism, and that their colour defect must 
therefore be located at a level higher than the receptoral. Fincham [3], who 
examined the same cone-monochromats for their accommodative reactions to 
chromatic stimuli, reached the same conclusion. 

The discovery that light-sensitive reactions can be detected and measured 
in pure cone structures [4-7] naturally leads to the question whether 
bleaching experiments cannot throw additional light on the problem. 

The examination of the optical and densitometric properties of the living 
eye is too well known to necessitate a detailed description [8-18]. To put it 
succinctly, it is possible to measure the intensity of a feeble beam of light which 
enters the eye, traverses the retina, is reflected at the fundus, re-traverses the 
retina and emerges from the pupil to reach a detector of light. The intensity 
of the emergent test-beam depends on a variety of factors, of which the spectral 
transmissivity of the retina is of immediate interest. Accordingly, as the retina 
is dark-adapted and its receptors contain light-sensitive substances, or light- 
adapted after being photolysed with an independent beam of light, the test-beam 
will be less or more intense. In practice, its intensity is measured for a variety 
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of near monochromatic radiations when the eye is dark-adapted, and again after 
it has been exposed to a bleaching source. This theme can, of course, be varied 
[16]. Experiments on cats and frogs [17] have shown that, in some cases, the 
rapidity with which the data can be obtained is of paramount importance. It was 
with the object of accelerating the collection of results that the method described 
below was developed. The experiments under discussion formed part of a 
major study of human foveal and extra-foveal photosensitive reactions. In order 
to put the results on the cone-monochromat into proper perspective, data for 
normal observers have also to be presented, and, to enable the reader to form 
an opinion of the value of the method, results of experiments on a known substance, 
namely frog visual purple, will be shown. 


2. APPARATUS 
2-1. Optics 
The source of light was provided by a Xenon arc (type XBO 162) started 
by an a.c. supply but run off 24 volt accumulators. The arc current was under 


manual rheostatic control. The light from the brightest part of the arc, S, 
(figure 1 (a)) was passed through a heat aborbing filter C, of Chance glass (CN 20) 
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Figure 1. (a) Plan of apparatus projecting light into the eye. (6) Elevation of apparatus 
collecting light from the eye. (Not to scale.) 
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and condensed onto a slit I with lens L,. The beam was collimated with lens L, 
and passed through the interference filter W. The latter was one of 26 filters, 
manufactured by Geraetebau Anstalt of Liechtenstein, and calibrated by the 
National Physical Laboratory. Their peak transmission was about 20 per cent 
and they covered amongst them a range from 405 to 680mp. ‘Their 50 per cent 
band-width was approximately 7mp. Mounted in spectral order on a wheel 
driven by a +h.p. motor, they could be geared to speeds of between 1-2 and 
50r.p.s. In the present experiments the wheel was run at 1:2r.p.s. Every 
filter was covered with two pieces of polaroid (maximum transmissivity for white 
light ~ 20 per cent) in such a way that the two planes of polarization were 
perpendicular to each other. After passing through lens L, the light beam was 
next split by a bi-prism, B, the refracting edges of the two components being 
juxtaposed. The lens, L;, formed images of the slit I in the plane of the pupils 
P,, and P, respectively. But before the two beams reached these points each 
passed through another prism R, and R,, the refractions of which were equal 
and opposite to those of the two components of the bi-prism B. Consequently, 
the two beams, on being separated by B entered P,, and P,, along paths which 
were parallel to each other. Each of the prisms, R, and R,, was covered with a 
piece of polaroid, the planes of polarization of which were perpendicular to each 
other. This arrangement ensured that light from the arc reached either P,, 
or P,, but never both simultaneously. Just in front of P,, and P,, there were 
two spectacle lenses, L, and L;, which focused an image of one side of the bi-prism 
B on the retina of an approximately emmetropiceye. After reflection at the fundi 
F,, and F,, the light emerging from P,, and P,, respectively was intercepted by the 
roof prisms M, and M, and reflected upwards. ‘The hypotenuses of these prisms 
were silvered and covered with shellac. Each of the beams was brought to a 
focus by achromatic lenses Ly and L, (cf. figure 1 (b)) so that an image of the 
retina was formed in the plane of two metal plates T,, and T,. Each of these 
contained a small aperture which coincided with the image of the retinal image of 
the bi-prism B. This arrangement minimized the effect of light scattered by 
tissues lying in planes not conjugate with that of the retinal image. After 
traversing the apertures, the two beams were deflected by rhomboid prisms, 
D, and D,, in opposite directions so as to be superimposed in space (but 
interwoven in time) on the cathode of the electron-multiplier E. 

M, was a mirror which could be placed into the light path of P,, so that the 
bleaching light from the car lamp (12 v 48w) S, could be directed at the same 
part of the fundus F, as was illuminated by the test-beam. The filament of 
this lamp was focused in the plane of the pupil P,, the light having passed through 
a heat absorbing filter C,. ‘The voltage of the lamp was under manual rheostatic 
control, and the intensity and spectral distribution of the bleaching beam could 
be varied by the insertion of neutral density and Ilford Spectrum filters at X. 

The original intention was to use the apparatus binocularly so that the right 
fundus F, would act as a control for F,, the left eye under test. Hence the 
provision for sliding the rectifying prisms R, and R, along a line parallel to the 
final light paths to allow for variations in the inter-pupillary distance. It is, 
however, arduous enough to align one eye without having to bother about the 
other. Consequently, only right eyes were examined, control being maintained 
by an artificial glass eye, F,, the fundus of which was painted orange to approxi- 
mate to the spectral reflectance of the average human fundus. Fixation was, 
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therefore, monocular. In experiments on the fovea use was made of a small 
black spot painted on the prism R,. This was irregular in outline so that the 
subject could fixate on any convenient excrescence in the outline. During extra- 
foveal experiments, a red fixation beam from the source 5S; was reflected into 
the eye by a mirror M,, the position and inclination of which determine the 
extra-foveal part of the retina under test. 

Great care was taken to eliminate stray light both from the eye and the electron- 
multiplier. Pinholes, present in some of the interference filters, were brushed 
over with Indian ink. 

The angular size of retina illuminated by the test-beam was 1-4° x 0:75°, 
that illuminated by the bleaching beam was circular, 2:9° in diameter. 


2.2. The electron multiplier 


Two types were used in the course of this work, namely E.M.I. 6262B and 
9514B. ‘The former is relatively more sensitive to short wavelength radiations, 
and the latter more sensitive to those of longer wavelength. The latter has a 
somewhat higher signal-to-noise ratio under similar conditions. The h.t. 
supply was provided from a bank of 120 v dry batteries, and was approximately 
80 v per stage. It was found necessary to alter the h.t. supply from observer to 
observer, probably owing to the reflectivity of the fundus. The supply was 
distributed to the electrodes by a bank of wire-wound resistors, short-circuited 
by a chain of condensers. ‘The electron-multiplier was coupled to a Cossor 
oscilloscope. Consequently whenever its photo-cathode received light either 
from the test eye or the control, there was a deflection in the Y-direction. Flaws 
in the interference filters, which produced local prismatic effects and the effectively 
semi-lunar shape of each half of each filter made it impossible to obtain a strictly 
sinusoidal trace for each light pulse. Calibration runs on neutral density filters 
of known transmissivity showed that this defect was negligible. ‘Ihe trace could 
be photographed when stationary, the appropriate camera being remodelled so 
as to accommodate film lengths (Ilford 5G91) of 100 ft. ‘The camera was run 
at 10” per sec. Part of a typical trace is shown in figure 2. 


Figure 2. Example of foveal trace obtained for subject A. 


2.3. Supports 
The whole of the apparatus was suported on Kee-Klamp scaffolding (figure 3), 
some of the optical parts being suspended from inverted optical benches. This 
arrangement made it possible to support the rotating filter wheel independently 
of the rest of the apparatus, so that neither this nor the subject was exposed to 
the unpleasant effects of continuous vibration. The subject’s head was supported 
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with a dental impression, special care being taken to extend the waxed metal 
base to the molars. The mouthpiece was attached to a watchmaker’s lathe which 
made it possible to move the head in three fixed directions. Facilities for 
inclining the head were also provided. ‘The forehead was supported by a moulded 
metal cover which acted simultaneously as a stray light screen for the light beam 
passing from the eyes to the photo-cathode. Carefully positioned arm supports 
were provided so as to enable the observer’s body to take up a relaxed position 
which it would not be difficult to maintain for about one minute. 


Figure 3. Overall picture of the apparatus with a subject in position. 


2.4. Procedure 

The subject’s right pupil having been dilated with 1-3 drops of a 3 per cent 
solution of homatropine, the eye was brought into the correct position with respect 
to the apparatus. ‘This was facilitated by placing temporarily a right-angled 
prism Y over the aperture (T', figure 1 (6)), a hand loupe rendering the retinal 
image produced by the arc clearly visible. It was possible to observe how well 
the subject obeyed an instruction to fixate, for the fixation spot could be seen 
imaged in the foveal pit and eye movements were easy to watch. (It is interesting 
to note in passing that this principle has recently been used in a study of eye 
movements [19].) ‘The optimum height of the eye is given approximately by 
the lower edge of the prism M, lying in the same horizontal plane as the horizontal 
diameter of the pupil P,. ‘This was checked by projecting the pink light from the 
fundus on a ground-glass screen, placed in the path of the light reflected by Y. 
In this manner the semi-lunar outline of the pupil could be clearly seen. 
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One of the objects of the experimental procedure was the reduction to a 
minimum of the subject’s discomfort and fatigue. This was achieved in the 
following manner. The part of the retina to be examined was exposed to light 
from the source S, for 30 sec. The retinal illumination amounted to approxi- 
mately 1:67 10’ trolands, and was intended to extinguish the preceding 
adaptational history of the eye. When this original exposure was over and, as 
shown in subsidiary experiments, the photo-sensitive contents of the retinal 
locality were bleached, the subject was instructed to ‘disbite’, to close the eyes 
and to relax. After a period of dark-adaptation, which depended on the nature 
of the experiment, the subject returned to the test position, keeping his or her 
eyes closed. ‘The operator started counting 5sec before zero time, and the 
subject commenced fixation at 1 sec before zero. ‘The camera was started at zero 
and records were taken of 5-6 revolutions of the filter-wheel W. These could 
be counted by means of an audible signal. As soon as the camera was stopped 
the photo-cathode was covered, the mirror M, brought into position, the bleaching 
source S, switched on, and the bleaching of the eye commenced. It never 
exceeded 30sec. The end of the bleaching period was counted in, and the 
switching off of the source S,, the removal of the mirror M,, the opening of the 
photo-cathode shutter, and the starting of the camera motor achieved with a 
single lever control. A second record was taken. Except when the bleaching 
was done with the full white light, the subject was next exposed to another 
‘clearing’ exposure of 30sec duration. No objection to blinks was made 
during either this or the test bleach, but they were discouraged during the actual 
recording. It follows that the demands on the subjects were none too severe; 
they amounted to ‘ motionless’ position for only some 45 sec, and no blinking for 
two periods not exceeding 3 or 4sec. Naturally, accidental blinking did occur 
on a few occasions during recording: the resulting traces showed it indubitablyv 
and were discarded. 

The speed with which it was possible to cover the whole spectrum made it 
possible to repeat any given experiment many times. ‘There was consequently 
no need to discard ‘faulty’ records. In an experiment such as this, one 1s 
working near the limit of what can be done with the available material and temporal 
resources; noise and involuntary and unconscious flicks of the eye may now and 
then displace a part of the spectrum trace. There are two ways in which this 
effect can be reduced. One can either average out rapid effects by recording for 
a relatively lengthy period [12] in which case systematic effects may be lost sight of, 
or one can repeat the experiment on many occasions at one point in time with 
respect to the bleaching process and thus try and average out the data. It is 
obvious that either method has something to be said in its favour, and either may 
be more applicable in special circumstances. 


2.5. Method of measurement 

When the film was dry the traces were examined for blinks. In general, two 
adjacent spectral records which showed no significant discrepancies on being 
superimposed were selected from each trace. ‘The traces were projected on a 
screen and the height of every deflection measured from a base-line, defined by 
three neighbouring troughs. The accuracy with which this could be done for 
very small deflections near the ends of the spectrum was, of course, small. 
Measurements in two neighbouring spectra not agreeing to within 10 per cent 
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were rejected without prejudice to the question of whether they ‘fitted in’. 
In fact, it was found that if the number of experiments was sufficiently large 
(N10) inclusion of those not conforming to the 10 per cent limit did not 
seriously affect the final average. If a, and 6, correspond to deflections due 
to the test and control before bleaching, and a, and 6, to those after bleaching, 
the density change A, is given by: 


a a 
AD, = [ logio i: — 10816 | : 


2.6. Retinal illuminations of bleaching lights 
These were determined by photometric comparison (brightness matching) 
with an incandescent lamp and measured by means of a calibrated Holophane 
lumeter. The measured values expressed in photopic trolands are tabulated 
below. 


Retinal illumination Used for 


Source nae in photopic trolands | examining subject 


White 1-67 x 10’ AS Bae 


608 5-76 x 10° ARG 
608 and neutral 4°87 x 10° B 
206 and neutral 5-05 x 10° B 


3. EXPERIMENTS 


3.1. Calibration 

The test eye (P—F),, was replaced by another artificial eye, and various neutral 
density filters of known transmissivity inserted into the test beam in turn. 
The resultant density measurements were found to agree with those obtained 
on an SP 600 Hilger spectrophotometer. 

Next, the test eye was replaced by a lin. achromatic lens and an orange piece 
of cardboard which took the place of a reflecting fundus. An optical cell was 
filled with an extract of frog visual purple (kindly prepared by Dr. H. J. A. 
Dartnall) and placed between the lens and ‘fundus’. Recordings were made 
both before and after exposing this model to bleaching light from the source S,. 


3.2. Stability 

A subject was instructed to bite the dental impression very firmly indeed, 
and then to push upward, downward, left and right. ‘Traces were made for each 
of the five positions in order to discover to what extent, if any, head movements 
affect the results. No significant variation in the traces was observed to take 
place. 

In bleaching experiments of this kind it is important to be able to assess any 
photolytic effect attributable to the measuring as distinct from the bleaching light. 
‘To study this point, experiments were done on the fovea (dark-adapted for 12 min) 
which were similar to those described below with one exception: although a 
bleaching period of 30 sec elapsed between recording the first or ‘dark-adapted ’ 
trace and the second or ‘bleached’ trace respectively, the bleaching light was not 
switched on. No measurable difference between the two types of trace could be 
detected in ten experiments. 


Human foveal pigments 165 


3.3. Regeneration studies 

The period of dark-adaptation was varied from 4min to 12min and the 
white bleaching light used. In a small number of experiments it was extended 
to 20 min, but as nothing of interestemerged and the amountof pigment regenerated 
did not differ appreciably from that observed for 12 min regeneration, the matter 
was not pursued any further for the time being. This method has a great advan- 
tage over continuous tracking of the recovery process in that the effect of the 
test light, if present at all, is the same at all stages of measurement. 

Lack of time made it necessary to restrict these experiments in the case of the 
cone-monochromat’s fovea to those in which the period of dark-adaptation was 
twelve minutes. 


3.4. Selective bleaching 

If it is the homogeneity of photo-sensitive material which is under test, 
chromatic light is preferable to a white source [20, 21]. Although blue bleaching 
light was used in the present study it was not applied to the cone-monochromat’s 
fovea and the report on experiments on normals is deferred to another occasion. 
Two types of red filter were employed: Ilford 608 and the somewhat ‘redder’ 
206 (figure 4). One normal subject (A) was examined with filter 608, the effects 
of two exposures (15 and 30sec) being studied. Another normal subject (B) 
was examined with both types of filter: the test exposures for filter 206 were 
10 and 30sec respectively, but for the 608 filter only one exposure time (30sec) 
was employed. As there was no significant difference between the effects 
produced by the two types of filter (the bleaching source having been made 
subjectively equally bright in the two cases), both sets of 30sec results for subject 
(B) were averaged. ‘The cone monochromat was exposed to the 608 filter for 
30sec. The period of dark-adaptation lasted 12 minutes in all cases. 


3.5. Measurements on the anomaloscope 
Both A and B were tested on an anomaloscope and gave readings which did not 
differ significantly from each other. 


4. RESULTS 

The density changes represent the measured differences and are plotted 
without prejudice to the question of whether or not the measuring light traverses 
the pigment once or twice. The points represent the average data for a number 
of experiments N indicated in the legends. ‘The standard errors of the mean 
are shown in some instances and are representative. As usual density losses 
due to bleaching are plotted along the positive ordinate. 

Figure 5 shows average results for two bleaching experiments done on a 
dark-adapted frog retinal extract. The small scatter of the data testifies to the 
fact that the recording method is fairly accurate. ‘The curve represents comparable 
results obtained by Wald [22] in experiments in which the recording of a single 
spectrum lasted about 2 min, i.e. it took thirty times as long as in the present 
method, allowance being made for the fact that the present data involve two 
separate experiments. The small discrepancy between the two sets of data is 
to be expected because Wald’s measurement of the bleached solution took 
place 1-2min after bleaching, whereas only 2 or 3sec elapsed in the present 
experiments. 
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Figure 4. Transmission characteristics of Ilford filters 206 and 608. Although examined 
at wavelengths down to 400 my, the transmissivity could be measured only in the 
indicated range. 
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Figure 5. ‘The average effective density change measured for two samples of the same 
frog visual purple solution (@). A difference spectrum of a similar solution obtained 
under comparable conditions by Wald [22]. 
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Figure 6 shows data for two normal subjects who were dark-adapted for 3 min. 
Two points of interest stand out: first, the positive portion of the data is clearly 
double-humped, with maximal changes at 550 and 600 my approximately, and 
secondly, there is evidence for a product of bleaching because the data are negative 
at short wavelengths. This is generally interpreted as being due to the accumula- 
tion of a light-absorbing substance. As far as it goes, the evidence suggests 
that this substance may be acid ‘indicator yellow’. 


AD 


400 500 600 
Wavelength in mp 


Figure 6. Foveal difference spectra due to white light bleaches obtained after 3 min 
dark-adaptation (V,=10; Np=11). Note the negative portion at short wavelengths, 
suggesting the accumulation of a product of bleaching. 


Figures 7 and 8 show typical examples of regeneration curves. In the 
former the density changes resulting from white light bleaches are plotted against 
the time of dark-adaptation, in the latter the ordinate represents the logarithm of 
the density change. ‘The data in figure 7 refer to wavelengths intermediate to 
the peaks, shown in figure 6. When the regeneration curves for subjects A and B 
were plotted for wavelengths 548 and 552 mp and again for 601 and 611 mp the 
percentage increases were so nearly alike that it seemed legitimate to average the 
data both for the neighbouring wavelengths and for the two subjects. ‘This 
explains why their log values are plotted in figure 8. ‘The percentage recoveries 
of both subjects are minimal at about 585 my. In fact, B’s data suggest that the 
slowing down of the rate of recovery in this region may be due to the rapid 
disappearance of a product of bleaching. 

The small circles in figure 8 represent Rushton’s [11] recovery data. He 
found that the rates of recovery were equal in the green and orange part of the 
spectrum respectively. His data agree very well with the present results for the 
green part of the spectrum, but, as this figure shows, the rate of regeneration in 
the region of the ‘orange’ peak was found to be in the present study much greater 
than that of the ‘green’ peak (cf. dashed curve). ‘This difference may be also 
accounted for tentatively in terms of the gradual disappearance of products of 
bleaching. 


O.A. N 
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Figure 7. Regeneration curves. 
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Figure 8. Regeneration curves for wavelengths near the peaks shown in figure 6. Note 


that the present results Suggest a much greater rate of regeneration at 600 my 
than do Rushton’s [11] (small circles: Oy) 
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Figure 9. Foveal density changes due to red bleaching light. The triangles (V, A) 
reproduce Rushton’s [11] results, the scale for which is shown on the right. The 
present results are not scaled by any factor (N15 se¢= 14, N30 sec = 13). 
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Figure 10. Foveal density difference spectra resulting from white (left) and red (right) 
bleaches after 12min dark-adaptation. (White: N,y=32, Np=19, No=11; 
Red: Ny=13, Np=45, Nc=13.) A and B are subjects with normal colour vision, 
C is a cone-monochromat. 
N 2 
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Figure 9 shows data obtained for subject A with a red bleaching source, and 
contains results for experiments in which the exposure was either 15 or 30sec. 
They agree as well as may be expected with what Rushton [11] believes to be the 
difference spectrum of a red-sensitive pigment. Analogous data for another 
subject B are shown in figure 10, and it is readily seen that there is no question 
of the substance bleached here being the same as in subject A’s fovea. 

This figure also contains the bleaching spectra of a cone-monochromat (C) 
for a period of dark-adaptation lasting 12 min, both for a white and a red (Ilford 
608) bleaching source. The ‘white’ spectrum is bi-partite and similar to that 
of subject B. The ‘red’ spectrum differs from the white and is also similar to 
the analogous data of B. 


5. Discussion 
5.1. 'The method 


The results on the frog visual purple solution show that, provided the 
inaccuracies associated with a single experiment can be eliminated by repetition, 
rapid recording of reflection or absorption spectra provides a useful tool for 
studying light-sensitive reactions in the living eye. ‘The demands made on the 
subject, at any given time, though much smaller than, for example, in Rushton’s 
technique, are still fairly severe. One perceptual difficulty is caused by the 
rotating filter wheel: the rhythmic increase and decrease in the luminance of 
the recording beam recalls the heaving of the sea in more senses than one. Buta 
random distribution of filters would have given rise to sporadic periods of flashes 
and relative darkness, and that would have been much more unpleasant. 


5.2. The nature of the density changes 

A priori, there is, of course, no reason for the belief that the density changes 
recorded in the above experiments represent changes in the concentration of 
light-sensitive substances. It can be shown, however, that they obey predictions 
made on the assumption that they are, in fact, precisely such substances. For 
example, if we know the maximum density change observable at a given wave- 
length, and the density change caused by a short exposure, we can predict the 
change which will occur if the exposure is prolonged by aknownamount. This is 
illustrated in figure 11. The ordinate represents the logarithm of the pigment 
concentration after an eye, dark-adapted for 12 min, has been exposed to red light 
for a duration (in seconds) shown along the abscissa. The straight lines represent 
values predicted on the basis of the total white and short period red bleaches. The 
large circles give the values observed after 30sec exposure to the red bleaching 
light. With the exception of point (A,,,... 600 my) which is subject to a 
larger error than the other three, the differences between observed and calculated 
data are in a sense which would be expected if more than one pigment is being 
bleached. On the basis of some simplifying assumptions it is also possible to 
show that the results obtained for subject A on the one hand are consistent with 
those obtained for subjects B and C on the other. Ifa single exposure to red light 
bleaches 75 per cent at 600 my (cf. B and C, figure 10), another similar exposure 
will bleach 75 per cent of 25 per cent, i.e. 18, and a third exposure will virtually 
complete the bleaching. Under the same conditions, such an exposure bleaches 
only 40 per cent at 550 my (cf. B and C, figure 10), and two more exposures will 
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increase the amount bleached to 78 per cent of the maximum. Examination of 
the data for A show that the red bleaching light has precisely these effects. The 
fact that it does so in one, instead of in three exposures, merely means that subject 
A utilizes the available light three times as well as subjects B and C. It would 
be idle to speculate too much on the cause of this finding. Ametropia, differences 
in pre-retinal absorption, pupil size, and fundus reflectivity can severally contri- 
bute to, but are unlikely wholly to account for, the effect. There may be also a 
variation in the apical angle of the cones. 


2:0 


Log ¢ % 
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Figure 11. The logarithm of the pigment concentration, expressed as a percentage, 
plotted for two subjects (A and B) against the exposure time in seconds for red 
light, measured at A=550 my (O) and 600 my (@) respectively. The straight 
lines describe the course calculated from the first two points in each case. 


These considerations confirm, if confirmation be needed, that at least two 
pigments are being bleached. (As the interaction between perceptual and physical 
processes is not likely to take place at a receptoral level, the terms chlorolabe and 
erythrolabe [23] are here replaced by C.P.540 and C.P.600. ‘These symbols 
represent abbreviations of ‘cone’ and ‘pigment’ and designate the maxima of 
the density changes associated with the pigments.) Now it is readily seen that 
if, instead of producing an initial density of 0-06 at 600 my (B and C, figure 10), 
the density changes were only 0-03, the fraction bleached at 550 mp would be 
about 21 per cent of the maximum, i.e. 0-035. In the case of subject A it would 
be 11 percent ofthe maximum. Rushton [11] has published a difference spectrum 
which he associates with C.P. 600 only, because it was obtained with a bleaching 
light which was without effect on C.P. 540 as detected in severely protanomalous 
subjects. In fact, the spectrum in question was obtained by bleaching the 
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normal fovea with light filtered with a 206 filter. Because such light was without 
effect on the protanomalous fovea, Rushton assumed that any effect which it 
would have on the normal fovea would be due to C.P.600 only. The present 
results show, however, that such red light exposures producing density changes 
not much greater than Rushton’s, affect both pigments: it is clear from the 
results (cf. also below) that C.P. 600 is bleached at a greater rate than C.P. 540. 
Because the present experiments are affected by products of bleaching (cf. 
figure 4)—a factor which limits the value of action spectra—rigorous quantitative 
conclusions have to be eschewed. 


5.3. Regeneration curves 

These call for little comment. ‘The fact that the peak at 550 mp regenerates 
much more slowly than that at 600 mp is consistent with either (or both) of two 
causes. It may be that C.P.540 regenerates more slowly than C.P.600 just 
as it appears to bleach more slowly; or it may regenerate at much the same rate 
as C.P. 600, but the disappearance of the products of bleaching of the latter may 
mask the reappearance of C.P.540. The effect could thus be ascribed to the 
type of densitometric masking first observed under similar conditions in the 
retina of the guinea-pig [21]. That the products of bleaching do tend to disappear 
follows from a comparison of the short wavelength portions of figures 6 and 10; 
the negative portion, if present at all after 12 min dark adaptation is much smaller 
than when dark adaptation has proceeded for only 3 min. ‘The marked reduction 
in the rate of regeneration in the neighbourhood of 590 my may also be due to 
some effect of the product of bleaching of C.P.600, though a change in the 
reflecting properties of the fundus cannot be ruled out. 


5.4. The cone-monochromatic data 

The data obtained for the totally colour defective observer C agree closely 
with those obtained for the normal trichromat B. If we accept the evidence for 
the view that the results for A and B support the belief in the presence in their 
foveae of two independent photo-sensitive substances, maximally absorbing at 
540 and 600 my respectively, then we are bound to say that this cone-mono- 
chromatic fovea also contains such pigments. ‘This finding supports the view 
[2, 3] that the cone-monochromat’s defect cannot be exclusively at a receptoral 
level. In this respect he appears to differ from the protanope [6, 11]. 


5.5. Comparison with other data 

Except for four items—namely the effects of products of bleaching, a wavelength 
variation in the rates of bleaching and regeneration, and the demonstrable 
photolysis of C.P. 540 with deep red light—the present results on normal subjects 
are consistent with Rushton’s work. ‘The second and third items may well 
stem from the first. But the data are inconsistent with the view that either 
iodopsin or the ‘test-tube baby’, cyanopsin, is likely to be present in human 
cones [24,25]. It is noteworthy in this connection that neither of the two pure 
cone structures so far examined, namely those of the grey squirrel [4, 5] and the 
human fovea respectively, reveals the presence of the least trace of either of those 
substances, said to be cone-pigments [26]. On the other hand, C.P.540 may 
perhaps be associated with the squirrel pigment [5] and C.P. 600 with one found 
in the guinea pig retina [21]. 
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Any correlation of the present data with the foveal spectral sensitivity Curves 
of observers B and C, measured some years ago [2, 27] and corrected for the 
effects of their own lens absorption [28], involves a multitude of assumptions. 
If admitted, however, they lead to a result not altogether unsuccessful (cf. curves 
in figure 10). 

Baumgardt [29] has adduced some evidence for the view that C’s fovea may 
contain rods. ‘The evidence is not conclusive, e.g. no data on chromatic or dark 
adaptation are presented. On the other hand, it has been suggested that 
dichromats may possess considerably smaller rod-free areas than are found in 
normal observers [30]. It is noteworthy that the principal argument which 
Baumgardt adduces in favour of the view that C’s fovea contains rods is his 
observation that the cone-monochromatic fovea, when tested for retinal summa- 
tion, obeys Ricco’s Law in circumstances where the normal follows Piper’s Law. 
It can be argued, of course, that, so far from supporting the belief in the presence 
of rods in C’s fovea, this finding is precisely what one might expect if the post- 
receptoral organization of C’s visual system differed from the normal. Whatever 
the truth of the matter, no evidence of significant amounts of visual purple in C’s 
fovea has been detected in the present experiments; the basic similarity between 
his data on the one hand and those obtained for normal subjects on the other 
therefore tends to dispose of Baumgardt’s view to the effect that ‘‘ on ne peut donc 


”? 


prétendre que les cones fovéaux de ce sujet fonctionnent normalement...”’. 
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On décrit un appareil qui rend possible la mesure des spectres de reflexion du fond 
de l’oeil humain 4 une fréquence de 1:2 parsec. Onl’aemployé pour l'étude des caracteres 
du blanchissement et de la regénération des matiéres photo-sensibles, qu’on trouve dans la 
fovée humaine. On trouve qu’il y en a deux; on peut déceler aussi la présence des produits 
du blanchissement. On démontre qu’un céne-monochromate possede les deux pigments 
répondant au rouge et vert, qu’on trouve dans la fovée normale. 


Es wird eine Anordnung beschrieben, mit der die Reflexionsspektren des menschlichen 
Augenhintergrundes mit einer Geschwindigkeit von 1:2 pro Sekunde gemessen werden 
kénnen. Sie dient zur Untersuchung der Ausbleichung und Regenerierung der lichtemp- 
findlichen Substanzen in der menschlichen fovea. Man kennt zwei solcher Pigmente, 
es zeigt sich auch die Anwesenheit von Ausbleichungsprodukten. Bei einem Zapfen- 
monochromaten sind die zwei Pigmente fiir Rot- und Griinempfindung vorhanden, die 
man in der normalen fovea findet. 
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Contrast transfer in the grating spectrograph 
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General formulae have been calculated for the intensity distribution in a 
grating spectrograph with various types of grating errors, with aperture 
diffraction, with proper aberrations and with amplitude filters. The cal- 
culations were based on the theory of contrast transfer for the optical image 
formation. This theory permits the calculation of the spectral distribution 
of the light falling into the entrance slit from the measured intensity distri- 
bution with the aid of the Fourier theorem. In this way, a maximum of 
information can be obtained. The theory can also be applied to less con- 
ventional spectrographs where the limit of resolution does not depend on the 
aperture diffraction in the usual way. 


The art of diffraction grating production is better developed than any other 
technique in precision mechanics. In spite of this, one does not quite reach 
experimentally the theoretical resolution limit for aperture diffraction even with 
the best grating spectrographs. This depends partly on the aberrations in the 
optical system and partly on the errors in the grating itself, i.e. on the small 
errors € in the positions of the grooves [1]. ‘These grating errors deform the wave 
front to an extent given by the wave aberration W, (cf. figure 1). We will 
investigate here, theoretically, what happens in such non-perfect grating spectro- 
graphs. In this way it will be possible to eliminate mathematically the influence 
of the imperfections and so get the optimum accuracy or the maximum of infor- 
mation from the measured intensity distribution. ‘The theory of the imperfect 
spectral apparatus is also of interest because an increase in the error tolerances 
often means an improvement in the ‘signal-to-noise’ ratio [2]. 

The problem in grating spectroscopy is to compute the spectral distribution 
S(A) in the entrance slit from the measured intensity distribution J,,(x’) in the 
image plane. One can divide the computation into two steps by introducing the 
concept of ‘ object intensity’, I(x’). By this term is meant the intensity distri- 
bution that one would measure in an ideal grating spectrograph (even without 
aperture diffraction) with an ideal receiver: 


{Tn (x’) > S(A)} = (Lp (#') > Lo(%’) 5 + Lol’) > SQ); 
The second step J,-> S(A) is easily performed by using the grating formula: 
sin}, —sin Hy =m (A/d). 


In the first step, we use the theory of contrast transfer to predict the properties 
of the optical image. For this, one has to assume: 

1. Isoplanarity of the apparatus profile ¢. 

2. Linear superposition. 
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The first assumption means that the shape of the apparatus profile ¢ (i.e. the 
intensity distribution of an infinitely thin spectral line in the image plane of the 
real grating spectrograph) does not change in the region of interest within the mth 
order of the diffraction. The second assumption means that the intensities of 
neighbouring line profiles are additive. For this, it is necessary that the spectral 
sensitivity of the receiver is essentially constant over the range of a line profile. 
The relation between the intensity of the object and that of the image can then be 
described by means of a convolution. For the spatial frequency spectra 


MtNsseieas ema s y  a 


Ueber matsp d 


W,= m> En WOO 
d G d 


Figure 1. The origin of the grating-wave aberrations Wg(x) from the errors ¢(x) of the 
grating. 


C,(N), Cz(N) the relation is still simpler (V=spatial frequency, 1.e. number of 
periods per unit of length): 


Taleihce | De Xe) aa aes, 
C,(N) = F(N). Cy(N), 
CON) = { I(x’) exp [—2a1Nx'| dx’; . F(N)= | (x’) exp [ — 271Nx’] dx’. 


If the spatial frequency spectrum C,,(\V) of the image intensity and the spatial 
frequency spectrum FV) of the apparatus profile are known, then it is easy to 
compute the spatial frequency spectrum C,(V) of the object intensity. Then, by 
means of a Fourier transformation, we can obtain the object intensity 7) and thus 
the spectral distribution S(A) in the entrance slit. ‘This procedure works satis- 
factorily for all spatial frequencies N for which the so-called contrast transfer 
function F(N) #40. 

Such Fourier methods have been used in spectroscopy for a long time (M.v. 
Laue, Burger and van Cittert). But, due to the modern developments in the 
theory of the contrast transfer of optical image formation, the situation has also 
been changed for spectroscopy. For, with modern experimental methods [3], 
one can measure directly the spatial frequency spectra C,(NV) and F(N). There 
are also many theoretical derivations [4] which can be used in spectroscopy, e.g. 
the central formula of Dufheux. By means of this formula, one can calculate the 
contrast transfer function F(N) from the wave aberration W (on the basis of 
Huygens principle): 


it ip ye : 
F)= pf | exp Lik IVs.) We My) dedy 


0 
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where (x, y) are the coordinates in the pupil (i-e. in the plane of the grating), f the 
distance from the grating to the image plane, P) area of the pupil, Py region of 
integration and also a sub-region of the pupil (cf. figure 2). The wave aberrations 
W are composed of the actual aberrations W,, of the image-producing system and 
the grating aberrations W, (figure 1): 


W (x,y) = W, (x,y) + We (x,y), 
W, (x,y) =m(A/d) € (x, y). 


Figure 2. The region of integration Py from two displaced grating apertures with the 
widths B. The grating grooves are parallel to the y-axis. 


What do the grating aberrations look like in an actual grating [5, 6] ? They are 
generally composed of the four different types shown in figure 3. 


W,=W,+W_tWpt Wz. 
& ae a 


apis ehel psamta 


W. 


Pp 


WE er ai nagiaa ts 


Figure 3. Different types of grating errors. Wy: slowly varying, Wy: single, Wp: 
periodic, Wg: statistically distributed. 


In addition to these phase errors, the grating can also have amplitude errors [6]. 
We will return to such errors at the end of this treatment. . 
The causes of grating errors—such as changes in the grating constant, errors in 
the parallelism of the grooves, uneven base, shrinkage of the photographic film, 
screw errors, etc.—have often been discussed. Of interest here is the effect of 
the deformed wave front on the contrast transfer function. ‘The single errors W, 
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are unimportant for energy reasons as long as they cover an area that is small 
compared with the total pupil [6, 7, 8]. We will not take these errors into account 
here and will leave the treatment of them, from the point of view of the transfer 
theory, to a forthcoming publication [9]. The statistical grating aberrations have 
essentially the same effect as statistically distributed unevenness errors on a lens 
surface [9, 10, 11, 12]. The statistical grating errors generally depend on only 
one coordinate and, in contrast to the unevenness errors, make themselves felt to 
the same extent for all wavelengths. 

Now, in order to calculate the influence of the statistical grating aberrations W, 
on the contrast transfer function, we collect for the present all the other aberrations 
within the symbol W,: 

W g=W,+W,=W,+W,+Wp+W,=W,+ Ws. 
For the Duffieux formula mentioned above, we introduce the following 
abbreviation : 
Fyg(N)= (1/Po) DLV s@ Py}, 
V ga= Wag (%9) — Wag (@-ALN, y) 
(Py=region of integration, see figure 2). The essential prerequisite for the 
treatment which follows is the assumption that the statistical aberrations W, 
change very rapidly compared with W,. One can then subdivide the region of 
integration Py in such a way that W,, within each separate sub-region ¢,, is 
practically constant while W, changes frequently. This can be formulated in the 
following way: 
Py = » Pr» 
I; Vy (x,y) = Vy (Xn»¥n in Pn 
((x,,¥,) some fixed point in ¢,), 
i: (1/2) DAV gs Pnt = 1/P) DALV s, P} 
(ce =F) 


Using assumptions I and II, we can make the following rearrangement : 


1 1 mt oe 
Fg(N)= p, PRY: RS V5, Py}= P. > Df{Vi+ V5, Pn} 
0 0 
1 . . 
= P, > exp [tk V, (ar Vn] : DLV 5, Pnt 
1 1 see 
= ay Df{V g, Po} 2 55 exp [2kV ug (Xn> Yn) Pn 
Po Po 


OE Dia Py DR es 
Py = 


pond 


or, 1.€. 


Fg(N) = F(N) : F,(N), 


Wig=Ws;+W,, 


1 ; 
F(N)= 5 | exp lik{Wa(e.y)— Wale MN, y)}] ded, 
0 0 


FN)= FI | 1 PERC 9) — oN, yp] de dy. 
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On the right-hand side of the second equality sign, the integral was divided into 
sub-integrals over p,. At the third sign of equality, condition I was used while, 
at the fourth, condition II was used and, thereafter, the sum was again changed into 
an integral. 

We can therefore, in other words, separate the influence of the statistical 
grating aberrations W, in the form of a special transfer function, F., just as if the 
aberrations W, and W, affected the ‘signal’ in two separate transfer steps one 
after the other. 

We will now discuss the statistical contrast transfer function Fo Ford =Osit 
naturally assumes the value 1. For very small spatial frequencies N, one can 
develop the exponent and then the exponential function and finally obtain: 


F,(N)x1— 7 (m sf) (3) Cee comely: 


The bar means that an average value is taken over the pupil area Py. For larger 
spatial frequencies N, the development of the exponent has no longer any meaning 
because no correlation remains between W,(x, y) and W, («—AfN, y). 

The range of correlation between the statistical grating errors is denoted by r. 
This means that 


| 
S 


W(x, y) : Ws (x—AfN, y) = 
when 
ee 
7 Sal os 
where B =the width of the pupil and NV, = B/Af, the frequency of the fundamental 


limit of resolution. 
If the statistical aberrations are still reasonably small compared with the wave 


length (only in such a case do they not completely destroy the contrast), then we 
obtain after development of the exponential function: 


F(N)=1— (20m). (3) a Ceo (3): +3($) (3)] nS 


(N not very small, N > Ng). 


MN =? or Ne Ne= N, 


It has to be admitted that the Rayleigh criterion (A/4>Am (e,/d)= W,) is not 
nearly severe enough. The contrast will be practically zero for those spectrographs 
for which |W,| is frequently close to A/4. Summarizing for the whole frequency 
range, we find that the shape of the contrast transfer function for statistical grating 
errors shown in figure 4 is obtained. The contrast is damped over almost the 
whole of the frequency range because of the stray light coming from the statistical 
gratingerrors. For spatial frequencies lying close to the limit of resolution IN 3 og 
is no longer defined because the region of integration Py shown in figure 2 then 
becomes so small that a subdivision Py= >, is no longer possible when the 
assumptions I and II are taken into account. ‘This uncertainty is, however, quite 
unimportant because, firstly, the range in which Fy is undefined is very small 
(about as small as the range of the ‘very small’ N values) and, secondly, Pag is 
then (as far as it is possible to estimate from the size of the region of integration) 
only of the order of a few tenths of a percent. 
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Just as with the statistical grating errors, one can also separate a contrast transfer 
function for the influence of the periodical grating errors: 


W,=W,+W,+ Wp, 


FUN)=F UN) te): 


F,,(N)= Ee { | 1 EXP IRL W (09) — Wa (& MIN, yh] dy 


The subdivision of the region of integration Py => (7p, is effected, in this case, in 
strips with periodic widths D, «,(«)=ep(x+D), and suitable lengths. 


ee 


Figure 4. Contrast transfer function for statistically distributed grating errors. 


According to the assumption I, the following equation should apply for the 
proper and slow aberrations W, + W, (cf. figure 3) within these strips : 


V,+V,,=constant in (x,x+D). (1) 


Judging from practical experience, it can be said that this condition is fulfilled even 
for cheap grating copies. Assumption II now corresponds to the condition that 
the ghost periods extend uniformly over the whole grating. This is usually the 
case but not always. When the periodical grating error has a periodic length D, 
V p is also periodic with the period N, = D/Af and so is also F,(N) itself periodic. 
If the form of the periodic error is known: 


€p(x) = >a, cos (5+) +6, sin (i 5), 

then one can, in principle, derive the coefficients of the Fourier series for F,(V): 

<e : N 

F,(N)= > A,exp |! 2rl x | : 

— © Np 
These coefficients are the ghost intensities at the distance / (A/D) f from the parent 
line. For the calculation of the ghost intensities, one can divide the exponential 
function in the integrandinto as many exponential functions as there are summation 
terms in the exponent. After development of all the exponential functions in 
Fourier series with Bessel functions as coefficients, one can carry out the integration 
by frequently employing the trigonometric orthogonality relations. The pro- 
cedure is useful practically only when the number of Fourier coefficients for the e, 


series is small which, however, will generally be the case. It then appears that, 
for asymmetry in the Rowland ghosts relative to the principal line, the existence of 
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at least one b, is necessary and sufficient (6, is put equal tozero). Toa first approxi- 
mation, one finds the well-known formula of Rowland according to which the 
ghost intensity is proportional to the square of the diffraction order. 

It sometimes happens that the periodic grating errors only cover a part of the 
grating (cf. figure 6f in [6]). We therefore subdivide the region of integration 
correspondingly : 


Py=Py+Py4+Pin (cf. figure 5). 
W.(*) CU eee 


W, (x-AfN) Aon 


fait i 
p 
AfN N 


Figure 5. Illustration to the calculation of the contrast transfer function when only part of 
the grating has periodic grating errors. Subdivision of the region of integration. 


We can now separate once again the contrast transfer functions for the periodic 
grating errors according to the same principle as before: 


1 
F,(N)= p PPV art Veins 
0 
=F 47}. |e ee Crt iy 
1 
Fup (N)= pV ay P3}, 
0 
and analogously for F,,;"and F, ,"", 


1 
F(N)= 5 DV» Pi 


1 
Cy= pees (x—AfN, y), Pry}. 


For such a periodic grating error, the ghosts do not have the same shape as the 
parent line. Furthermore, the ghost intensity is not proportional to the square of 
the diffraction order. 

In their influence on the contrast transfer function F',,, the slow grating aber- 
rations W, cannot be distinguished from the proper aberrations W, because both 
types vary in almost the same way. Moreover F’,, takes into account the aperture 
diffraction. In the case where the aberrations W,+W, are smaller than 4/4 
(i.e. where the corresponding transversal aberrations are smaller than the Airy 
radius), one can subdivide F’,, still further so that the aberration on the one hand 
and the aperture diffraction on the other can be separately taken in account (Steel, 
Hopkins, De, Lohmann, Miyamoto). 
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We can summarize our results in the following form: 


W,+Wg=W,+W,+Wp+ Ws, 


F aq@(N)= Fai (N)- Fp(N)- Ps). 


So far only the phase errors in the gratings have been taken into account. 
Interference images show, however, that considerable variations in reflected 
amplitude can also occur [6]. These possibly arise from interferences within a 
non-absorbing protective layer. Furthermore it has long been known that a 
suitable non-uniform amplitude distribution in the pupil reduces the secondary 
maxima of the aperture diffraction (Apodization: Straubel, Jacquinot, Lansraux, 
Roizen-Dossier, Lohmann and others [13]). 

For these reasons, we will extend our treatment to the case of a complex 
amplitude in the pupil with the following form: 


P(x, y)=7 (x, vy). exp [RW (x, y)]- 
All the derivations are to be performed in exactly the same way as before. Only 
the condition I must now be altered : 


Pat(*¥) Par (x— AFN, y) =Paz(Xnr Vn) Pore ae AEN, Vi.) nee 
Parl®) y)=7 (x,y). exp [RW ; (x, y)]. (1) 
The amplitude function 7 (x, y) does not appear in the formulae for the statistical 
and periodical contrast transfer functions. Only the contrast transfer function 


F ,,, for the proper aberrations and the slow grating aberrations must be put in 
the more general form: 


fe Pat (xyy)-Par* (x—AfN, y) dx dy 
F,(N)= 22—__.____—_—_—_——— 
[[, ?oxravay 
(Po) 


The necessary condition for this is that the amplitude function 7 (x, y) changes 
about as slowly as the proper and the slow aberrations. ‘This requirement is 
satisfied in the case of undesirable amplitude functions [6] and also in the case of 
Apodization. 

Further imperfections in the spectrograph arise from the finite width a of the 
entrance slit (referred to the image plane) and from the receiver unit. When no 
non-linear effects occur, both these imperfections can be taken into account by 
means of corresponding contrast transfer functions. 


sin (zaN 
Fy(N)= ae > (CN). 
Now, one finds the spatial frequency spectrum C,(\V) of the object intensity J, 
Cz(N 
C,(N)= Ny OR (N) Shee. Pere eR ae 


from the spatial frequency spectrum C,(V) of the measured intensity distribution 
I, and from the total contrast transfer function F(N). The accuracy is limited 
by the noise spectrum. 
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This theory can also be used for less conventional grating spectrographs. 
The Apodization has already been mentioned. One can also discuss Lord 
Rayleigh’s idea [14] for increasing the resolution beyond the classical limit. 
Lord Rayleigh suggested that one should cover the middle part of the grating. 
However, the better resolution is obtained at the cost of stronger diffraction 
satellite maxima and a lower intensity. This method can be extended in the 
following way: Instead of employing one grating, the middle part of which is 
covered, one can use two gratings which can be moved sideways relative to each 
other in their common plane. Each spectral line would then give a double slit 
diffraction pattern. ‘This method therefore corresponds to Michelson’s double 
slit method for the determination of the diameters of stars. The contrast transfer 
function for this method, which can easily be calculated, permits the decoding of 
the intensity distributions, and of their spatial frequency spectra, measured at 
different grating distances. Another modification of the conventional grating 
spectrograph is made possible by the minimum ray indication due to Wolter [15]. 
Here also, however, the accuracy of measurement is improved at the cost of the 
time required for the measurements. The essential point is the 180° phase 
discontinuity in the middle of the grating [16]. It is possible that this could also 
be done with high resolution gratings (see figure 3 in G. Stroke, 1955, ¥.0.S.A., 
45,31). A grating with a phase discontinuity has furthermore the advantage that 
neighbouring diffraction orders can be distinguished because of their greatly 
differing apparatus profiles. 
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On calcule la distribution d’intensité dans un spectrographe a réseau, compte tenu des 
divers défauts du réseau, de la diffraction par l’ouverture, des aberrations de l’objectif et 
des filtres d’amplitude. Le calcul est basé sur la théorie du transfert de contraste pour 
limagerie optique. Cette théorie permet de calculer, a l’aide de la transformation de Fourier, 
Ja distribution spectrale dans la fente d’entrée a partir de la distribution d’intensité mesurée. 
Un maximum d’information est ainsi obtenu. On peut aussi utiliser la théorie pour des 
spectrographes moins conventionnels, dans lesquels la limite de résolution ne dépend pas de 
la diffraction par l’ouverture de la fagon habituelle. 


Die Intensitatsverteilung in einem Gitterspektrographen mit verschiedenen Gitter- 
fehlerarten, mit Aperturbeugung mit eigentlichen Aberrationen und mit Amplituden- 
filtern wird berechnet. Als Basis dient die Kontrastiibertragungstheorie der Optischen 
Abbildung. Diese Theorie erlaubt es, mit Hilfe des Fourier-Theorems die spektrale 
Verteilung im Eingangsspalt zu berechnen aus der gemessenen Intensitatsverteilung. 
Dadurch wird ein Maximum an Information gewonnen. Die Theorie gilt auch fur 
weniger konventionelle Spektrographen, bei denen die Auflésungsgrenze nicht in der 
iublichen Form von der Aperturbeugung abhangt. 


O.A. oO 
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Doppelbrechungs-interferenzfarben sehr dunner Plattchen 


von S. ROSCH 
Wetzlar 


(Received 30 March 1959) 


Es werden die Bezeichnungsweisen zahlreicher Arten von Interferenz- 
farben nach einer genetischen Systematik aufgefiithrt. Fir die durch 
doppelbrechende Objekte zwischen Polarisatoren erzeugten Farben werden 
die Erscheinungen bei sehr diinnen Schichten (am Anfang der 1. Ordnung) 
genauer untersucht, sodann die Anderungen der Farberscheinungen beim 
Drehen des Analysators von y=0 bis y=90°. Daraus kénnen einige prak- 
tische Anwendungen abgeleitet wérden. Im letzten Abschnitt werden 
die Farborte fiir d=0 bei Substanzen mit Dispersion der Doppelbrechung 
(Brewster—Herschel-farben) berechnet und dargestellt. 


1 

In vielen Lehrbiichern findet man auf Bunttafeln Wiedergaben der bekannten 
Folge der ‘‘Newton’schen Interferenzfarben’’, wie sie etwa Seifenblasen- 
hautchen oder das Probeglas der Optiker im reflektierten Licht zeigen. Man 
weiss, dass diese Farbfolge praktisch gleichaussehend ist mit den Farben von 
doppelbrechenden nichtabsorbierenden Objekten, z.B. von Kristallen oder 
spannungsoptischen Modellen zwischen gekreuzten Polarisatoren. Damit sind 
meist die genauer bekannten Interferenzfarben erschopft, obwohl es in der 
Umwelt des Wissenschafters heute geradezu von Interferenzerscheinungen 
wimmelt: Oberflachenschichten mindern oder erhdhen Reflexe, Interferometer, 
Interferenzmikroskope, Interferenzlichtfilter gehdren zur Ausrtistung jedes 
Labors usf, 

Es konnte nitzlich sein, in die Vielfalt optischer Interferenzerscheinungen 
durch eine genetische Gliederung und zweckmiassige Namengebung etwas 
Ubersicht zu bringen. In meiner kleinen ‘‘ Systematik der Farben, insbe- 
sondere der Interferenzfarben’’ [1] habe ich als kurzen, pragnanten Namen 
fiir die Farberscheinungen, wie sie absorptionsfreie, duppelbrechende Objekte 
zwischen Polarisatoren zeigen, die Bezeichnung ‘ Nérrenbergfarben’ vorge- 
schlagen}, wenn es sich um Substanzen ohne Dispersion der Doppelbrechung 
handelt, bei deren Mitwirkung aber ‘ Brewster—Herschelfarben’ (es sind die 
ubernormalen, anormalen und unternormalen Doppelbrechungsfarben friiherer 
Autoren). Das Wort ‘Newtonfarben’= ‘Farben diinner Plattchen’, hat sich 
langst eingebiirgert, sollte aber auf den Normalfall geometrischer Strahlen dine 
an diinnen absorptionsfreien Schichten beschrankt bleiben, wogegen bei diinnen 
Schichten mit metallischer Reflexion und Absorption, den ‘ Metallinterferenz- 
filtern ’, sich die gerechte Bezeichnung ‘ Geffckenfarben’ fiir die Farberscheinung 
anbietet. 


tJ. G. C. Norrenberg (1787-1862) hat gerade vor 100 Jahren, bei der Naturfor- 
schertagung in Karlsruhe 1858, seinen beriihmten Polarisationsapparat vorgefiihrt und 
damit die Vorstufe zum Polarisationsmikroskop geschaffen. Uber den 150. Jahrestag 
der Entdeckung der Polarisation des Lichtes one (E. L. Malus 1775-1812) siehe 
eine historische Notiz in den Giessener Hochschulbl., 6 (1958), Nr. 2. 
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Ihnen stehen als ‘Multiplexfarben’ mehrschichtiger Polarisations-inter- 
ferenzfilter die ‘Lyotfarben’ [2] gegeniiber, die ich nach dem Vorschlag 
Buchwalds [3] sinngemiss nach der Anzahl der jeweils beteiligten Elemente 
als * Duplexfarben ’, ‘ Triplexfarben ’, ‘Quadruplexfarben’ usw. bezeichne. Falls 
anstelle von gewohnlicher Doppelbrechung optisches Drehungsvermogen Anlass 
zur Interferenz gibt, ist der kennzeichnende Name ‘Fresnelfarben’ vielleicht 
am Platze, wobei die Duplexfarben infolge ihrer besonderen Bedeutung nach 
ihrem Ersterfinder [4] noch den Ehrennamen ‘Aronsfarben’ verdienen. 
Neben den Multiplexfarben mit abwechselnden Polarisatoren und doppel- 
brechenden Schichten gibt es noch die binaren, terniren usf. ‘ Superpositions- 
farben’ [5], bei denen zwischen 2 Polarisatoren mehrere doppelbrechende 
Schichten in verschiedenen Azimuten liegen; nach dem Erfinder der Glimmer- 
kombinationen ist das Wort ‘ Reuschfarben’ ihr adaquater Name. 

Diese Andeutungen in Verbindung mit den Tatsachen, dass 1. es sich jedesmal 
um ganze Farbserien handelt, die zudem noch durch Variation der Schicht- 
dicken, der Materialeigenschaften, der Drehungswinkel mannigfach abwandelbar 
sind, dass 2. all diese Entstehungsweisen beliebig kombiniert werden kénnen, 
mag den Vergleich verstindlich machen, dass die Fiille der Interferenzfarben 
einem Ozean gleichkommt, von dem wir bisher nur einige Durchquerungsrouten 
kennen: Denn exakt farbmetrisch erforscht ist davon noch ganz wenig, und es 
k6nnen uns noch mancherlei interessante Uberraschungen und niitzliche Anwen- 
dungen bevorstehen, wenn die konsequente Forschung allmahlich weiter 
vordringt. Diese ist allerdings mit viel mthseliger Arbeit verbunden. 

2 

Es mag hier sogleich auf Erscheinungen hingewiesen werden, die sozusagen 
in der ersten Strandzone des Meeres uns schon begegnen, wenn wir die erste 
Zehenspitze ins Wasser tauchen, und die doch noch kaum bekannt sind! 
Innerhalb der 1. Ordnung der Norrenbergfarben (zwischen gekreuzten Polarisa- 
toren) liegt bekanntlich das hellste Gebiet der ganzen Skala, das ‘Weiss 1. 
Ordnung’, das bei fast volliger Farbtonfreiheit nahezu die Helligkeit des 
Bezugsweiss der Lichtquelle erreicht. Erst bei Steigerung des Gangunter- 
schieds beginnt von da an der Farbentanz tiber ‘Strohgelb’, Rot, Purpur in 
die 2. Ordnung hinein usf. bis zum ‘ Weiss hoherer Ordnung’, das aus bekannten 
Griinden nur die halbe Helligkeit des Weiss 1. Ordnung besitzt. Verringert 
man vom Weiss 1. Ordnung den Gangunterschied immer mehr, so nimmt die 
Farbhelligkeit rasch ab, die Farbe geht tber Grau zum Schwarz der nullten 
Ordnung tiber. Sorgsame Beobachter unterscheiden dabei noch ein ‘ Lavendel- 
grau’, ‘ Eisengrau’, und deuten so mit abnehmender Helligkeit einen Farben- 
wandel nach Blau und Veil an. Ob dieser physikalisch, physiologisch oder 
psychologisch (Simultankontrast!) bedingt ist, blieb dabei offen. Exakte 
farbmetrische Analyse ergibt jedoch, dass tatsachlich eine objektive Farbtonan- 
derung erfolgt: Die Kurve der Norrenbergfarben (und der mit ihnen gleichen 
Newtonfarben) in der Farbtafel (Figur 1, Kurve I) geht in Weiss 1. Ordnung mit 
ganz zarter Griintonung hart am Weisspunkt vorbei und verlauft bei abneh- 
mendem Gangunterschied in der Richtung zur Blauecke der Farbtafel (links 
unten ausserhalb der Figur) bis zu einem ganz bestimmten Endpunkt. Wie 
ich friiher einmal nachweisen konnte [7], lasst sich dieser Grenzwert sehr 
genau und relativ einfach berechnen. Die spektrale Intensitat einer 


+ Die genauesten. Zahlenwerte dazu findet man bei H. Kubota [6]. 
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Figur 1. Ausschnitt aus der Farbtafel nach DIN 5033 
des Weisspunkts C. Kurven 1. . 
wachsendem Gangunterschied. I: Gekreuzte Polarisatoren, y=90°; II: Parallele 
Polarisatoren, y=0°; III: y=60°; IV: y=30°. Arabische Zahlen an den 
Kurven = Gangunterschiede I in tt. Senkrechte Linien und gestrichelte Kurven = 
Helligkeit der Farben (Weiss C = 100 Prozent), 


(vgl. Figur 4!) in der Umgebung 
. IV: No6rrenbergfarben bei von T'=0 an 
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Norrenbergfarbe und damit auch die drei zu ihrer farbmetrischen Berechnung 
notigen Normfarbwerte X, Y, Z (Intergrale iiber das sichtbare Spektralgebiet) 
sind namlich u.a. proportional zu 


one 2 pen) (1) 


worin d= Plattchendicke, n,—n,=Doppelbrechung, d(n,—n,)=" der Gang- 
unterschied und A= Wellenlinge. Fiir lim d+0 ergibt sich, da der Sinus sehr 
kleiner Werte durch den Arcuswert ersetzbar ist, eine Proportionalitat zu 
(m3—n,)°7 _k 
vos =. (2) 
Wir brauchen also nur die Farbe zu berechnen, die eine spektrale Intensitits- 
verteilung mit Proportionalitét zum reziproken Quadrat der Wellenlinge hat: 


Dies ist die Grenzfarbe der Norrenberg- und Newtonfarbskala fiir d=0. Bei 
Normlichtart 


A (Gliihlampenlicht von 2850°K) ergibt sich C3955, y = 053902 
B (mittleres Sonnenlicht von 4800°k) ergibt sich x=0,2968, =03085 
C (mittleres Tageslicht, 6500°K) ergibt sich x =0,2630,. =0:2674 
E (energiegleiches Spektrum) ergibt sich = 028215 Fee 0.2556 


als Farbort. 

Da bekanntlich alle Norrenbergfarben bei parallelen Polarisatoren zu den 
entsprechenden bei gekreuzten Polarisatoren komplementir sind (ihre Spektren 
erganzen sich gegenseitig vollkommen zu dem Spektrum weissen Lichts der 
betr. Lichtquelle, die Orte in der Farbtafel liegen auf einer geraden Verbin- 
dungslinie durch den Weisspunkt C), so muss dies auch in diesem Grenzfall 
gelten: Zu dem intensitatslosen Blauschwarz des Gangunterschieds Null ist 
das vollkommene Weiss bei parallelen Polarisatoren komplementirfarbig. 


3 
Wir wollen betrachten, wie der allmahliche Ubergang verlauft, d.h. wie 
beim Drehen des Analysators aus der Stellung y=90° in die Stellung y=0° 
die niedrigsten N6rrenbergfarben sich verindernt. Aus der allgemeinen 
Fresnelschen Formel ergibt sich fiir diesen Sonderfall fiir die durchgelassene 
Intensitit 


m\ 


wobei y den Winkel zwischen den Schwingungsrichtungen von Polarisator und 
Analysator bezeichnet, wahrend das doppelbrechende Objekt mit seiner Haupt- 
schwingungsrichtung den Winkel «=45° zum Polarisator bilden, also ‘in 
Diagonalstellung ’ sich befinden soll. 

Der additive Charakter der Funktion (3) lasst erkennen, dass die Intensitat 
sich aus einem wellenlangenabhingigen Interferenzglied und einem nur von 
y abhingigen Glied zusammensetzt: Physiologisch haben diese die Bedeutung 
einer Farbvalenz und einer deren Sittigung beeinflussenden Weissvalenz. 
Bei y =45° herrscht letztere allein, die Farbe ist immer weiss ; bei y = 90° herrscht 
nur die erstere in voller Reinheit. Die Figuren 2 und 3 zeigen den Verlauf der 

+ Der allgemeine Charakter dieser Erscheinungen bei Anderung von y, ohne allerdings 
auf die Besonderheiten kleinster Gangunterschiede einzugehen, ist schon von A. Wenzel 
1919 und E. Buchwald 1940 geschildert worden [8]. 


Re ra(costy —c0s 2y.sin? =), (3) 
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Farbsattigung und der Farbhelligkeit Y,. bei Variation von y und I’. Besonders 
interessant und zunachst tiberraschend ist der Verlauf bei ganz kleinen P-Werten. 
Der oben durch (2) gekennzeichnete Grenzwert fiir d=0 entpuppt sich als 
ein singularer Punkt, der nur streng erreicht wird fiir y exakt=90°. Die kleinste 


/ 
9o]]| 

- 

je 
\ 
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Figur 2. Verlauf der Sattigung o (Abstand vom Weisspunkt C) bei 
mit wachsendem Gangunterschied T° (in «) fiir verschiedene A 
Ordinaten mit willkiirlicher Einheit. 


No6rrenbergfarben 
nalysatorwinkel y. 


Abweichung von diesem Winkel fiigt der intensitatslosen Farbvalenz eine 
Weisskomponente zu, die den Farbort ubergangslos in den Weisspunkt (Figur 
1: C) springen lasst, von wo aus auch alle Kurven der Figuren 2 und 3 ihren 
Ursprung nehmen! In Figur 1 sind ausser der oben beschriebenen Kurve | 
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Figur 3. Verlauf der Helligkeit Y;, bei Nérrenbergfarben mit wachsendem Gangunter- 
schied I’ (in yz) fiir verschiedene Winkel y. 


fiir y=90° noch drei weitere Kurven eingezeichnet, die alle im Weisspunkt C 
beginnen: Kurve II zeigt fiir y=0° die Komplementarfarben zu I; die Kurven 
III (y=60°) und IV (y=30°) sind zueinander ebenfalls komplementiarfarbig. 
Im Beginn der Kurven III und IV ist sogar der Weisspunkt zu sich selbst 
komplementar: mit der Helligkeit Y,,.=25 Prozent bei II] und Y,=75 Prozent 
bei IV! 
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Der eigentiimliche Verlauf der Farbkurven fiir das Gebiet des Grau i. 
Ordnung lasst einige Anwendungen zu, die nicht vorauszusehen waren. Einerseits 
kann die Kontrollgenauigkeit der Kreuzung zweier Polarisatoren gesteigert 
werden, wenn man dabei nicht bloss auf grosste Dunkelheit achtet, sondern 
auch auf das Auftreten des blauen Farbtons, der seine grosste Sattigung nur ganz 
dicht an der Stelle y=90,0° zeigt. Andererseits aber ergibt sich eine 
iiberraschende Analogie zu den Newton’schen Interferenzfarben. Vor kurzem 
habe ich [9] zeigen kénnen, wie die exakte Farbmetrik sehr diinner Planparallel- 
plattchen ist, die auf Wasser schwimmen und oben an Luft angrenzen (Fall 
der Olflecke auf nasser Strasse oder der flottierenden Schnittpraparate 
moderner Ultramikrotome). Es ergab sich dabei, dass die Reflexionsfarbe bei 
abnehmender Dicke ebenfalls von Gelb kommend an hellem Weiss vorbeifiihrt 
und in Richtung unseres blauen Endpunktes nach (2) verlauft, dann aber bei 
[=0,14 plotzlich in einer Haarnadelkurve umbiegt und auf den Weisspunkt C 
zugeght, den sie fir [=0 mit der Helligkeit erreicht, den der Waserreflex 
gegen Luft an sich zeigt, etwa 2 Prozent des auftreffenden Lichts! Ein 
Vergleich zeigt, dass praktisch der gleiche Farbverlauf sich bei den Norrenberg- 
farben ergibt fiir den Polarisatorwinkel y=60°: Auch hier zeigt die Abb. 3 die 
Umkehrstelle bei I’ = 0,14 4, so dass (bis auf kleine Unterschiede in der Helligkeit) 
dieser spezielle Fall der Norrenbergfarben direkt modellmassig vergliechbar ist 
mit den Newtonfarben auf Wasser schwimmender Schichten von mittlerer 
Lichtbrechung n=1,5. Abb. 2 lasst tibrigens erkennen, dass dieser spezielle 
Gangunterschied [=0,14 (genauer 0,139) zufallig noch die Besonderheit 
aufweist, dass ihm die Helligkeit Y,.=50 Prozent zukommt, womit seine 
Helligkeit unabhangig vom Drehungswinkel y ist. 


5 

Im Hinblick auf den in Abschn. 1 angedeuteten Ozean von Interferenzfarben 
mag hier noch ein Erkundungsvorstoss in unbekannte Gebiete unternommen 
werden. In Mineralogenkreisen ist, insbesondere seit den einschlagigen 
Arbeiten von C. Klein (1892), C. Hlawatsch (1902), F. Becke (1904), B. Trolle 
(1906), H. Ambronn (1913), A. Ehringhaus (1916-20), A. Wenzel (1917), 
u.a., wohl bekanntt, dass es zahlreiche Substanzen gibt, deren Doppelbre- 
chung durch das sichtbare Spektrum hindurch sich andert, wodurch natiirlich 
Interferenzfarben entstehen, die von dem Normalverlauf der Nérrenbergfarben 
abweichen; sie sind oben als ‘ Brewster—Herschel-farben’ bereits erwahnt 
worden. Soweit es sich dabei um (im sichtbaren Spektrum) absorptionsfreie 
Substanzen handelt, hat Ehringhaus nachgewiesen, dass man fiir sie ganz analog 
zur Abbe-zahl v= (n, —1)/(%,—n) hinsichtlich der einfachen Lichtbrechungs- 
dispersion einen Zahlenwert fiir die relative Dispersion der Doppelbrechung 
aufstellen kann, den er mit N=A,,/A, — A, definiert. Nach N geordnet, lassen 
sich alle die sehr verschiedenartigen Farbfolgen solcher ‘nichtnormalen’ 
Substanzen in eine tibersichtliche Ordnung bringen. _ Es sei hier nur angedeutet, 
dass fir N= + c als Grenzwert sich die normalen Norrenbergfarben ergeben; 
noch bis N= + 30 kénnen die Farben als normal betrachtet werden (fiir Quarz 
z. B. ist N= + 33,7, fiir Gips ahnlich); bei +30> N> +0,68 werden die Farben 


t Zusammenfassende Arbeit: A. Ehringhaus 1920 [10]. Vgl. auch Anm. auf $.189 
sowie E. Buchwald 1941 [10]. 


Doppelbrechungs-interferenzfarben sehr diinner Plittchen 193 


als “tbernormal’ bezeichnet, bei +0,68>N> —1,76 als ‘anormal’ (Chromo- 
zyklitfarben und Andreasberger Farben bei Apophylliten), bei —1,76> N> —30 
als “unternormal’ (Leukozyklitfarben, Brucitfarben). 


1.0 


0 04 0.2 03 0.4 05 0.6 0.7 


Figur 4. Farbtafel nach DIN 5033 mit Kurve der Farborte fiir Brewster—Herschel-farben 
bei d=0 fur alle Ehringhauszahlen N, Normlichtart C, 
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Im Zusammenhang mit unsrem heutigen Thema soll hier erstmals dargelegt 
werden, mit welchen Grenzwerten fiir die Dicke d=0 die Farbserien bei Keilen 
aus solchen Substanzen beginnen. In den obigen Gleichungen (1) bzw. (2) 
ist jetzt (n,—m,) nicht mehr konstant, sondern wellenlangenabhangig; man 
ersieht aus (2) aber, dass auch fiir A =n, —n, bei kleinen Dicken eine quadratische 
Abhangigkeit besteht. Stellt man fiir die verschiedenen N-Werte eine Bezie- 
hung zur Cauchyschen Dispersionsgleichung 

A=n,—n,=a+b/? (4) 
her, so ergibt sich N=0,52345(a/b) + 1,50732. (5) 
Normt man nun A=1 z.B. fiir A=A,, oder fiir A=A,,, so kann man in jedem 
Fall den Spektralverlauf fiir (m,—7,)?/A? und damit die Grenzfarben fiir d=0 
berechnen. Die so gewonnenen Ergebnisse sind hier tabellarisch und in Figur 4 
anschaulich dargestellt. 


Farborte von Brewster—Herschel-farben fiir d=0 (Normlichtart C) 


N xo Vo Farbtyp 
ee) 0,2627 0,2674 normale F.= Noérrenbergfarben 
aed 0,2430 60,2402 | 
+2 0,2087 0,1885 ubernormale F. 
+1 0,1852 0,1545 
+0,5 0,1668 0,1095 
0) 0,1557 0,0533 
— 0,25 0,1842 0,0469 
—0,5 0,2857 On Sas Chromozyklitf. = anormale F. 
= O75 0,4185 0,3113 | 
— 1,0 0,4904 0,4409 
~1,25 | 0,4681 | 0,4635] 
3 ee ene ee Andreasberger F.=antinormale F. 
— 2,0 0,3834 0,4042 Leukozyklitf. 
=) 0.3349 0.3554 f \ unternormale F. 
? ? Brucitf. 


== 0,2893 0,3017 


Es ergibt sich eine exakte Ellipse, auf der jeder N-Wert (als Beginn einer 
Keilfarbenfolge) markiert werden kann. Die bisher bekannt gewordenen 
Realfalle von farblosen Substanzen mit Brewster—Herschel-farben ordnen sich 
in dieses Bild gut ein, wie an anderer Stelle genauer dargelegt werden soll. 

Eine fast mit Figur 4 gleichlaufende Ellipse (sie ist nur etwas ‘ dicker ’ und 
geht durch den Punkt x=0,38, y=0,20) ergibt sich iibrigens fiir die Farben, 
die ein unter 0,1 mm diinner, senkrecht zur Axe geschnittener Quarzkristall 
infolge des optischen Drehungsvermogens beim Drehen des Analysators zeigt 
(Rotations-polarisationsfarben oder * Fresnelfarben ’). 


A systematic method of specification of interference colours is forinulated. Detailed 
consideration is given to the colours produced by thin layers (in the beginning of 
the Ist order) of doubly refracting media between polarizers with angles of inclination 
varying from 0° to 90°. Practical applications of the results are discussed. In the last 
section the colours for d=0 in doubly refracting dispersive materials (Brewster—Herschel 
colours) are calculated. 
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On introduit la nomenclature de nombreuses sortes de couleurs interférentielles d’aprés 
une systématique génétique. Pour les couleurs produites par des objets biréfringents entre 
polariseurs, les aspects des couches trés minces (au début du ler order) sont étudiés de 
plus prés, ainsi que les modifications des couleurs lorsque l’analyseur est tourné depuis 
y=0 jusqu’a y=90°. On peut en déduire certaines applications pratiques. 

Dans la derniére partie sont calculés et représentés les lieux des couleurs correspondant 


a d=0 pour des substances présentant une dispersion de la biréfringence (couleurs de 
Brewster—Herschel). 
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REVIEWS 


Fiinf Kapitel Farbenlehre, EBERHARD BucHwaLp, 2. Aufl., Mosbach, Physikverl. ODE 
Phys. Schriften Heft 4, DIN A5 144 S., 67 Abb., DM. 19.20. 


Es gehért zum Wesen der physikalischen Arbeitsweise, die Erscheinungswelt ihres sub- 
jektiven Charakters zu entkleiden und durch objektve Messmethoden und Zahlenbezie- 
hungen zu ersetzen. So sehr dies den Systematiker zu befriedigen vermag, so wenig kann 
sich derjenige damit begniigen, der dem Menschen seine besondere Stellung in der Welt 
erhalten wissen will. Die Optik, soweit sie als Licht und Farbe in Erscheinung tritt, 
gehért deswegen zu den Abschnitten der Physik, die von den einen mit einem gewissen 
Misstrauen angesehen werden, auf die anderen aber einen besonderen Reiz und eine eigen- 
tiimliche Anziehungskraft ausiibt. Hierzu gehért auch Buchwald, der mit einer ausser- 
ordentlichen Liebe in fiinf Aufsatzen die Farbenlehre von allen Seiten her behandelt hat, 
nicht in dem Sinne, das Thema erschépfend zu behandeln, sondern im Hinblick darauf, 
der Farbenlehre neue Freunde zu gewinnen'und um sie in die damit verbundenen Fragen 
einzufiihren. Die einzelnen Aufsatze behandeln: 


(1) Niedere Farbenmetrik, (2) Optimalfarben, (3) Die Farbenlehre, (4) Héhere 
Farbenmetrik und (5) Goethes Farbenlehre. 

Diese Abschnitte sind nach Inhalt und Form funkelnde Steine, die sich zu einem glan- 
zenden Schmuckstiick vereinigen. Man liest das Biichlein mit einer wachsenden Freude 
und Spannung, die bis zur letzen Zeile anhalt. Gg. FRANKE. 


Fifth Conference of the International Commission for Optics, Stockholm 
24-30 August 1959 


THE International Commission for Optics, which is an affiliated body of the International 
Union of Pure and Applied Physics, was formed in 1948 and since its inception, four 
Conferences have been held in Holland, England, Spain and the United States. This year 
the ICO and its Swedish National Committee extend invitations to the fifth Conference 
which is to be held in the Royal Institute of Technology in Stockholm. The Secretary 
of the Conference is Professor Erik Ingelstam. Applications to attend the Conference 
should be received not later than 30 April 1959 and application forms can be obtained by 
writing to Professor Erik Ingelstam, head of the Institute of Optical Research, The Royal 
Institute of Technology, Stockholm 70. 

The Conference will deal with ‘ Modern systems for detecting and evaluating optical 
radiation’. Progress in this field is due mainly to two different trends of development. 
One is the advent of new receivers, especially for the infra-red and the development of 
important electronic aids, the other is the use of new mathematical methods. ‘These methods 
have proved suitable for both optics and electronics, offering the advantage of similar 
principles for the whole system of interconnected optical and electronic units. Visible and 
adjacent wavelength regions, especially the whole region of the infra-red, are included but not 
electron optics. The subjects to be discussed at the Conference can be divided into the 
following headings: 

1. The spectral character of optical radiation. 

2. Receivers, new and improved, especially for the infra-red. 

3. Electronics and Optics. (a) Interrelation or similarity between electrical networks 

and imaging optical systems. (6) Optical radiation in the presence of noise. 
(c) Electronic systems in optical instrumentation. 

4. Analysis of radiation in astronomy. 

Each of these main topics will be treated in an introductory lecture, and the presentation 
of papers will follow in logical sequence. 

It is not intended to publish the proceedings of the Conference but the Editors of Optica 
Acta are prepared to reserve ample space in the journal for papers delivered at the meetings. 
Authors wishing to publish their papers in this Journal should submit their manuscripts to 
the Editors before the beginning of the Conference. This will ensure that they are pub- 
lished by January 1960. 


Colour correction in optical systems and a new dispersion formulat 


by MAX HERZBERGER 
Research Laboratories, Eastman Kodak Company, Rochester, N.Y., U.S.A. 


(Received 3 May 1959) 


The author’s interpolation formula for computing the dispersion of glass 
and other optical materials has been improved. If four data are given for a 
glass, for instance the index np, dispersion (xp—ng), and the partial dispersion 
in the infra-red and ultra-violet, the indices for any wavelengths can be 
computed. Four diagrams obtained by plotting two of the data against each 
other describe the optical qualities of the glass. Three glasses on a straight 
line in the plot of infra-red partial dispersion against ultra-violet partial 
dispersion lead to a cemented triplet practically corrected from 0-365 uw to 
1-01 p. 


1. INTRODUCTION 
In previous papers, [1, 2] the author has suggested the use of a dispersion 
formula of the type 
Cc D 
CRA) OA 
for substances like optical glasses that are transparent in the visible region. 

The new glass catalogue of Schott, which gives indices for nearly 200 glasses 
in the near-infra-red (A= 1-014) and the near-ultra-violet (A= 0-365 w) regions, 
and the development of the I.B.M. 705 Electronic Data Processing System for 
the computation have made possible an improvement in the value of the constant 
A) in the formula given before. It was found that, instead of A, =0-187 4 
(A)? = 0-035), as previously suggested, a value of Aj =0-168 (Ay?=0-028) gives 
a notably better agreement over the whole region. 

With a satisfactory dispersion formula involving linear interpolation available, 
it became possible to improve the methods of correcting the secondary spectrum 


of optical systems. 


n=A+BA*+ 


2. THE DISPERSION FORMULA 

In figure 1 a series of dispersion curves is shown plotted against A”. The 
straight portions in the near-infra-red region are characteristic, as well as their 
asymptotic behaviour in the ultra-violet part of the spectrum. It is obvious, 
too, that the asymptotes are different for different glasses, and especially that 
fluorite has its asymptote at a shorter wavelength than heavy flint glasses. 

Since the asymptotes in the infra-red region are far from the region of optical 
importance and those in the ultra-violet are fairly close together, it seemed to 
the author that a series development of the form 

3 c d 
n=a+br + ORI) * OPA’ (221) 
+ Communication No. 2017 from the Kodak Research Laboratories. 
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where A, is a mean value for the position of the absorption band (the asymptote) 
in the ultra-violet, should give a good approximation for the refractive index in 
the region of the visible and the near-infra-red regions. ‘The difference between 
this formula and the well-known Sellmeier formula is that it is expressed in 


terms of instead of n?. 


18 


Refractive index 


FLUORITE 


) 0.5 Re) 1.5 
Wavelength squared 


Figure 1. Dispersion curves of selected glasses and fluorite; refractive index versus 
wavelength squared in microns squared. 


Formula (2.1) is approximately equivalent to 


6 
= (yee) 


where «€ is a small quantity, as can be shown by developing (2.2) as a function 
of «. We find 


n=a+br?+...4 (2.2) 


1 
=a+be g 
"SSS Q8=),2y 1 el ORs) 
fs Dt ae ia (2.3) 


(AC =/Ag?) SAA es 
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Comparison of (2.3) with (2.1) shows that the (usually small) quantity «=d/c 
enables us to compute the approximate position of the asymptote for an individual 
glass. 

Let us first assume that we have found the best value of A,» which we assume 
to be constant for all glasses. Equation (1.1) then shows that, for an individual 
glass, the dispersion can be calculated for all wavelengths if the four constants 
a, b, c and d are known. This means that the dispersion curve of any glass is 
given if we have its index for four wavelengths, since equation (2.1) then gives 
four linear equations for a, b, c and d. 

The solution of these linear equations can best be carried out in the following 
way: Let us assume that the indices ,, m., m3 and n, are known for four wavelengths. 
We can find four universal functions a,(A), a.(A), a3(A) and a,(A) such that 


m(A) = 1,4, (A) + 94, (A) + m343(A) + 444(A) (2.4) 
for all optical substances, glasses or otherwise. The functions a,(A), etc., can 
be computed from equations based on equation (2.1) that have the form 

wea eg 

a;(A) = 4;, + Gnd a: 02d) | O2—Az)P : 

Abbreviating, for conciseness of writing, 

E=1/(A2=);7); (2.5) 
this equation becomes 

a,(A) = ai, + Ajo? + Aj3L ar A;,L?. (2.6) 
Equation (2.4) requires that a,(A) = 1, 0, 0, 0 for A=A,, Ag, Ag, Ay, respectively, or 

Qy (Ay) = Lay + ay? + aygh, + Qyl,’, 

A, (Ay) = 0 = Ay, + Qyary? + AygLh, + QL”, 

A, (As) =O = ay + yor” + Ayghg + QL", 

G,(Ay) =O = Ay + AygAg? + Ayglg t+ Qyaly? 

Similar sets of four equations each can be written for a,(A), a,(A) and a,(A), 
except that the left-hand sides are, in order, 0, 1, 0 and 0 for a,(A), 0, 0, 1 and 
0 for a,(A), and 0, 0, 0 and 1 for a,(A). These sixteen equations can be combined 
in a matrix equation as 


1 Haw Bea We a ae Ory L010 20)" 
py eT Dept Geg Gag 2 Oss “ OF 15070 . (2.7) 
Do) a A135 423 433 3 0202170 

WM wwe WES We Lr Gig Ga, G34 Gig? 2 ke OF 0.0.1 


The solution of these equations in matrix form is 

jee veo 2 bre Oe ae ee 

GQ An, 232 U2 SB 1 A? L, L,? ‘ (2.8) 
1A La Ls 


Leap Wesel bled BF 


Gy, 41 S31 Fy 


43 43 433 443 
Qy4 424 A344 Tha 
Evaluating these equations gives the sixteen coefficients a,,, from which the 


- functions a,(A) defined in equation (2.6) can be computed. 
R2 
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The sum a, + a, + a3 +a, equals unity for all four values of X and must therefore 
equal unity for all wavelengths. This makes it possible to write an equation 
similar to (2.4) for ~=n-—1 instead of n, giving 

H(A) = p14 (A) + Hae(A) + Has (A) + Mata(A). (2.9) 

In the foregoing discussion, we started from equation (2.6), in which we 
assumed the values of 7,, mo, m3 and n, to be given by the catalogue, whereas the 
refractive indices for all the other values were calculated by the interpolation 
formula. The Schott catalogue gives values of the indices for twelve wavelengths, 
and these wavelengths A are given for the corresponding values of A”, L, and L? 
in table 1. A more extensive table (table 8) is given at the end of this paper. 


Table 1. Functions of A used in dispersion formula for the twelve wavelengths for which 


the Schott catalogue gives indices. 
the assumption that A,?=0-028 p? 


Designation Element A in p ? iL 163 
i Hg 1-0140+ 1-:02819600 | 0-99980404 0-99960812 
A’ K 0:768194+ | 0:59013124 | 1-77894400 3-16464176 
Cc H 0-656279F | 0-43070213 | 2-48322501 6:16640645 
C (Cal 0:643847f | 0-41453896 | 2:58706134 6:69288638 
D Na 0:589295+ | 0:34726860 | 3-13215894 9-81041963 
d He 0-587562 0-34522910 | 3-15229593 9-93696963 
e Hg 0-546073 0:29819572 | 3-70102087 | 13-69755548 
F H 0-486133 0:23632529 | 4-80018532 | 23-04177911 
r Cd 0-479992 0-23039232 | 4:94089894 | 24-41248234 
g Hg 0-435835 | 0:18995215 | 6-17466331 | 38-12646699 
h Hg 0-404656 0:16374648 | 7-36667352 | 54:26787875 
ae Hg 0:365015 0-13323595 | 9-50245614 | 90-29667269 


The values for L=(A?-—A,”)7! and L? are on 


+ Mean of two or more lines. 
{ Primary standard of wavelength. 


The Schott catalogue gives the twelve values of index, all to the same accuracy 
(five decimal places). We can therefore improve the fit of the dispersion formulae 
by first computing new values for , and n, by fitting all twelve catalogue values 
to formula (2.4) by least-squares methods. ‘able 2 gives, for a group of typical 
glasses, the deviation from the formula before and after this least-squares adjust- 
ment is made. For the first calculation, we have chosen for Aj, Ag, Az and A, the 
wavelengths 1-014, 0-6563, 0-4861 and 0-3650 4, respectively. 

The residuals for all 178 glasses in the Schott catalogue that have the necessary 
data have been computed for different values of A)2, to wit, 0-040, 0-035, 0-030, 
0-028 and 0-025 yu”. In figure 2 the sum of the deviations for three values of A,2 
are plotted as a function of the wavelength. In figure 3 the deviations for the 
twelve wavelengths have been added together and plotted as a function of ),?. 
Obviously a value of A,2=0-028 (A=0-168) is most appropriate. 

Having chosen A,” as 0-028, we can calculate numerically the four corresponding 
functions a,(A). First we obtain the coefficients a;, of formula (2.6) by evaluating 
(2.8). ‘These constants are the same for all glasses and are listed in matrix form 
in table 3. ‘Then the values of the four functions for the twelve wavelengths 
listed in the catalogue are found by expanding (2.6); they are tabulated in table 4. 
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bi = bse b= 0 0 0 0 San 0 Ls 0 ear 0 
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tat Ca [far t+ p= (ee ber 0 Via 0 Gar 0 0 0) 
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Lt 'S ge Le C= l= Par 0 Be 0 ear 0 (C= 0 
(Se cia Cok i Cm (Go es 0 (Gi 0 cals 0 [Ser 0 
Lx (Cle igs [eg 0 0 0 0 oS 0 Dats 0 0 0 
[Oar k= Va. bee C= 0 0 0 aa 0 aca 0 Cm 0 
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(A more extensive table (table 9) is given at the end of the paper to facilitate using 
the interpolation formula when glass data are given for other wavelengths. ) 


Sum of squares for 178 glasses 


0.4 06 0.8 LO 
Wavelength 


Figure 2. The sum of the squares of the residuals versus wavelength for 178 glasses in 
Schott catalogue 350-E. 


@ 
x 
S 


Sum of squares of residuals 
S 


0.040 0.035 0.030 0028 0.025 
Asymptote parameter 


Figure 3. The total sums (for the 178 glasses of figure 2) of the squares of the residuals 
versus the asymptote parameter in microns squared. 


Table 3. Left-hand matrix of equation (2.8), consisting of the coefficients az, for Ap? = 0-028 


+0:66147196 
— 040352796 
— 0-28046790 
+ 0:03385979 


—4-20146383 
+ 2:73508956 
+ 1:50543784 
SO 3230 


+ 6:29834237 
— 469409935 
— 1:57508650 
+0-10293038 


— 1:75835059 
+ 2:36253794 
+0-35011657 
— 0:02085782 
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Table 4. Values of a; for the twelve selected wavelengths and A,?=0:028 
ee ee ee ee ee EA OR aT 
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A ay ay as ay 
1-0140 0-000000 0-000000 0-000000 + 1-000000 
0-7682 O03 555 — 0-276197 se OSI S +0-192687 
0-6563 0-000000 0-000000 + 1-000000 0-000000 
0:6438 — 0:004774 ;  +0-051075 +0:-966511 — 0-012813 
0-5893 —0:024952 +0-326272 + 0:-744598 — 0-045919 
0:5876 — 0-025492 + 0-336338 + 0-735480 — 0-046326 
0-5461 — 0-033080 SPI IS +0-479049 —0:043764 
0-4861 0:000000 + 1-000000 0-000000 0-000000 
0-4800 +0:009340 +1-036699 —0-052699 + 0-006659 
0-4358 +0-143980 sp PUSS) 3) —0:394569 +0-057036 
0-4047 +0:366779 + 1-045064 — 0-487634 +0-075791 
0-3650 + 1-000000 0-000000 0-000000 0-000000 


3. ORDINARY AND EXTRAORDINARY GLASSES 
In the last section we saw that four data determine a glass, i.e. that glasses 
form a four-dimensional manifold. The fact that many catalogues define a 
glass by two data, namely, the index for D (A=0-5983) and the dispersion or 
v-value 


ii eee (3.1) 


Vy = = 
Np—-Ng Nr-No 


is evidence of the general belief that most glasses are determined by two data, for 
instance, the indices for C (A=0-6563) and F (A=0-4861). 

This suggests that we might be able to find two functions, A(A) and B(A), 
such that 


HQ) = AA)e + BO)Hp +700), (3.2) 
where (A) and therefore A(A), B(A) and r(A) can again be assumed to be functions 
of A having the form (2.1). 


In equation (3.2), r(A) is a small remainder which varies from glass to glass. 
If we calculate » for A=A, = 1-014 and A=A,=0-365, we have 


My = Ayr t+ Byep try 
a= Ayug + Buy +74 
Inserting these into (2.1) and writing 4. and yz for uw, and py, respectively, we 
obtain 
(A) = ay (A)(Ay pee + Byes +171) + 42(A) ea + a5(A) os + 44(A) (Ages + Batts +74) 
= A(A)u2+ BA)Hs +7(A), (3.4) 
which are fulfilled if 
A(A) = Aya, (A) + 42(A) + Agaa(r), | 
B(A) = Byay (A) +45(A) + Byay(), (3.5) 
r(A) =744,(A) +1744, (A). 
Equations (3.5) show that a knowledge of the four constants A,, B,, Ay and 
B, enables us to compute the functions A(A) and B(A) in (3.4). 
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To obtain these constants, we took the values of the Schott glass catalogue 
and determined by least-squares methods the best value of A, and B, for all 


glasses. We found 
A,= +1:53804, A,= — 2-41143, | (3.6) 
B, = — 054287, By= +3-40050. | 
Table 5. Values of functions A(A) and B(A) 
A A B 
1-:0140 +1:539242 —0:544057 
0:7682 +1:272551 — 0:273822 
0:6563 + 1:000000 0-000000 
0:6438 + 0:958287 + 0-041827 
0:5893 + 0°734012 +0-266481 
0:5876 +0-725566 +0:274935 
0:5461 + 0-491353 +0-509218 
0-4861 0-000000 + 1-000000 
0:4800 — 0-064943 + 1-064810 
0:4358 —0-653535 + 1-651693 
0:4047 —1-254312 + 2:249954 
0:3650 — 2-408367 + 3-397482 
Table 6. Indices p2=¢ and p5=y for selected Schott glasses and fluorite, and residuals 7, 


and 7, in the fifth decimal place in equations (3.4) and (3.5) 


Me fs ry rq 
BaF 7 0-60410 0-61724 +15 ap 
Bak yD 0-53721 0-54625 + 8 +19 
BaLF 5 0:54432 0-55453 se nO 
BaLK 2 0-51525 O52372 ar a +18 
BaSF 5 0:59903 0-61321 +7 +6 
BK 6 0:52853 0:53707 —- 9 +13 
K 4 0:51621 0-52524 — 6 +8 
KF 3 0:51169 0-52110 — 2 He 
LaK y 0-64821 0-65934 —13 — 5 
LF 4 0:57435 0-58820 rs) 3 
LLF 3 0:55657 0:56847 — 6 + 2 
SK 10 0:61949 0-63044 +11 + 4 
SSK 5 0-65456 0:66748 +13 = 5 
ZK 4 0:50923 0:51802 tp 8 +11 
BaSFS 3 0:70448 0-72390 —25 = 
F ul 0-62021 0:63776 ar ll +23 
FK 3} 0:46233 0:46938 —16 S29 
KzF 3 0:52111 0:53098 133 — 24 
KzFS 4 0-60923 0-62319 —44 —45 
LaF 3 0:71249 0:72744 — 40 —43 
PK 1 0:50146 0:50899 = Iles +28 
PSK 5 0:54966 0:55835 = 8 +21 
SF 9 0-64882 0:66815 — 3 aA 
Fluorite 0-43249 0-43705 +89 +166 
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Equations (3.5) now enable us to compute the functions A(X) and B(A), and 
these functions for twelve wavelengths are listed in table 5. 
When (3.5) are combined with (3.2), the result is 


H(A) = 124 (A) + ugB(A) + 74@(d) +744,(A). (3.7) 


This means that any glass can be described by four data, namely, two indices and 
the deviations from normality at the red and violet ends of the visible spectrum. 
Table 6 gives these deviations for a group of regular and irregular glasses and also 
the values of py=4, and us=py. This table shows that, for a large range 
(between 1-014 and 0-365), formula (3.2) does not give as good an approxi- 
mation as was previously expected. This leads to some doubt about the usefulness 
of the formula with respect to the secondary spectrum, as will be exemplified 
by the result of the next section. 


4. OPTICAL APPLICATION OF THE DISPERSION FORMULAE 


The dispersion formula (2.1) will be applied here to find the laws of the colour 
correction of a system of thin lenses in contact. This forms the basis of an 
investigation into the colour correction of thin lenses with finite distances, which, 
in turn, guides the designer in the colour correction of a general optical system. 
The transformation of the results to these other problems is discussed in great 
detail elsewhere [1]. 

The power (reciprocal of focal length) of a thin lens is 


© =(n—1)(p’—p")=K, (4.1) 


where p’ and p” are the two curvatures of the lens, »=(n—1), and K=(p’—p”). 
Notice that » is a function of the wavelength but K is not. 

The power of a system of thin lenses in contact is the sum of the powers of 
the individual lenses, or 


Sh P= 20), (4.2) 


where the individual lenses are indicated by v=1, 2,.... Since ® is a linear 
function of » and therefore has the form of (2.1) as a function of A, it is known 
for all wavelengths if given for four. 

In particular, it follows that if ® has the same value for four wavelengths, it 
must theoretically be a constant for all wavelengths. Such a system will be 
called a superchromat, and in this section we shall give a method for calculating 
all possible superchromats, both with and without fluorite, and shew in an 
example that the deviation from this law is very small throughout the part of the 
spectrum considered. . 

The condition that an optical system be corrected for two colours, for instance, 


F and C, is that 
O,-O,= > (Hp — Me) Ky = » 6,K,=9, (4.3) 


where 
é,= (ip — 0) 3 


is often called the mean dispersion. 
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If the system is to be corrected for a third wavelength, we must have in addition 
to (4.3) the condition that 
© i 0, as Ss (Ke ae r) A, = > POS; — 0, (44) 


where 


pre Ba Be _ Bate 
* kp Be y) 
for each component, ». ‘The quantity P, may be called the partial dispersion 


ratio} for A. 
For optical purposes, a glass can be specified by four data. The author 


recommends choosing 
on 8, P* and Ps: (4.5) 
With these data available, one finds the indices used in the first section to be 
n*®¥—lap*=p,=P*5+p,, | 
Ny — 1L=po=Mg=O+ ep (4.6) 
ny, —1l=pyp=hy =p | 
g** — lop *=py=—PPO+ [bys | 
Inserting these quantities into (2.9) and considering that a, +a,+a@;+a,=1, 
we obtain 


Be Bp = @, (u* — 2) + @a(Ug — My) + @y(U** — Wp), (4.7) 
P(A) =P*a,(A) + P**a,(A) + @,(A), (4.8) 

from which one can derive #(A) for an arbitrary A as 
n—1l=p=P(A)d+p,. (4.9) 


The functions @,, @ and a, are given in table 4 for twelve wavelengths. 
If we abbreviate SA =", we find as the condition for a lens to be corrected 
for two colours (for instance, C and F) that 
> P= 6. (4.10) 
The condition that the lens be corrected for three colours (for instance C, F and *) 
is that 
> su 


and » 
Z S¥\P*=0. (4.11) 


v 
The condition that a lens be corrected for four colours, and therefore theoretically 
for all colours, is that (cf. Stephens [3]) 
~ a — ‘ea . > * ar. * = thd ¢ 
>, ¥,=90, > ¥P,*=0 and > PY P**=0. (4.12) 
t ¥ ¥ 
‘These equations form the basis for the colour correction of thin lenses. 
Accordingly, a knowledge of «,, 5, P* and P** determines a glass with respect 
to its optical properties. We can therefore expect four plots to give all the 
information required by the optical designer. 


f This choice of definition of partial dispersion deviates slightly from common usage 
It seems to the author more consistent and practical to use the definition given here because 
each partial dispersion then corresponds to one wavelength. 
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The plots which the author suggests are the following: 
ty plotted against 64, 
P* plotted against 6, 
P** plotted against 54, 
P* plotted against P**. 


First plot (uw, versus 8) 

The glass catalogues plot the index against the v-value introduced by Abbe, 
where v= pp/(up»—Me). Glass types are classified by their v-values. For example, 
glasses of vy >50 are called ‘crown’ glasses and glasses of v < 50 are called ‘flint’ 
glasses. ‘These types are further subdivided according to v-value, e.g. extra- 
light flints (50>v>40), light flints (45>v>40), dense flints (40>v>35), 
extra-dense flints (35 >v), and so on. 

The usual plots seem to show that glasses of the same or similar composition 
lie on hyperbolic curves, and the author has previously tried to find a plot which 
“straightens out’ these hyperbolas. In supplementary notes to Luneberg’s 
Mathematical Theory of Optics [2], the author suggested in 1944 that the reciprocal 
dispersion 1/5 be plotted against the v-value. Although this was quite satis- 
factory and was taken over into the author’s Modern Geometrical Optics, a much 
simpler plot can be made, namely, figure 4, where 2, is plotted against 6 =, — po. 


Ke) 


Og 


O08 


O06 


) 00 0.02 0.03 0.04 
é “He Hc 


Figure 4. Plot of constants of selected glasses, largely from the Schott catalogue 350-E, 
and certain other materials (© fluorite; A Plexiglas): up vers s é. 


The plot gives for the flint glasses practically a straight line, thus suggesting 
a very simple connection between composition and optical characteristics. As 
figure 5 shows, the different types of glasses are given by boxes bounded on two 
sides by straight lines parallel to each other. The other two sides of the boxes 
are bounded by converging lines representing constant values of v. These 
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lines separate the ordinary glasses, the glasses containing barium, introduced by 
Schott, and the lanthanum glasses, introduced by the Eastman Kodak Company, 
thus graphically showing the progress of optical glass-making. The author 
draws the attention of the glassmaker to the fact that in figure + there are many 
crown glasses of very similar characteristics, so that the glassmaker could dispense 
with some without inconvenience to the lens designer. 


0.80 


O70 


Figure 5. Locations of various types of glasses on plot of py versus 5. 


Second and third plots (P* versus 5 and P** versus 8) 
These two plots show how doublets corrected in the visible region (for C 
and F) are corrected in the ultra-violet and infra-red. 
For a corrected doublet, we have from (4.12) 
¥,+'¥,=0, 
EP ath = 0, (4.13) 
ee + P** => 0. 
These equations mean that a lens is corrected for C, F and * (0-365) only 
if P;*=P,*, and for C, F-and ** (1-014) only if P|**=P,**. 
Since ys, = — a, it follows from (4.1) that 


bY Gt nit NS Ue eae (4.14) 


That is, one of the lenses of the doublets has a positive power and the other a 
negative. Moreover, for a given focal length (0,+0,=©), the powers are 
lower the greater the difference in v or, in other terms, in 8. 
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Equation (3.3) can be written 


B* — py = A* (thy — py) + (B¥ + A¥ — 1p + *, | 


pe** — yp = A** (up — pg) + (B** + A** — 1), t+ v** 
or, if we set he 


Kr— Ko 


~ Ves (4.16) 


which is approximately equal to the Abbe vy-value, we find 


P* = A* + (B* + A*—1)y,+7*, | 
P** = A** + (B** + A**—1)vg tr, | (4.17) 


P(A)=A(A)+(B+A-1)A)yptr, — | 


Therefore, if P* or P** is plotted against the v-value, the plot of all glasses 
forms approximately a straight line. This means that, setting 


B+A-1=A(A), (4.18) 

one has, for all the glasses for which r is small, 
O(A)—®, =b(A)®,. (4.19) 
The plot of b(A) against v, in figure 6 shows that, if all glasses fulfilled 
this condition, we would get the same secondary spectrum for all possible 


combinations of regular glasses. 


0.002 
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Figure 6. .Secondary-spectrum coefficient for regular glasses versus wavelength. 
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The condition is very nearly fulfilled for the small visible region of the spectrum 
from C tog. But for A=0-365 and 1-014, the deviations are sizable, as is seen 
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Figure 7. Plot of constants of same materials as in figure 4: P* versus 8. 
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Figure 8. Plot of constants of same materials as in figure 4: P** versus 8, 
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in figures 7 and 8, in which P is plotted against 8. It is therefore possible to 
correct apochromatic doublets for the red and for the violet, thus correcting them 
for three colours. However, the value of fluorite (©) for apochromatic lenses 
is obvious for the red but not the violet end of the spectrum, since the difference 
in v-value is much larger than for ordinary glasses. 

If we plot P* and P** against 5, as suggested, and as shown in figures 7 and 8, 
the ‘regular’ glasses lie on a curve instead of a straight line. Nevertheless, it 
is still possible at a glance to find glasses which give apochromatic correction in 
the red or in the ultra-violet, since the condition is that P,* = Port 


Fourth plot (P* vzrsus P**) 

My colleague, E. W. Marchand, pointed out that the condition found below 
for lenses having superchromatic correction means that glasses suitable for correct- 
ing a system for four colours can be graphically selected from a plot of P* against 
P**, In such a plot, three glasses lying on the same straight line can be used for 
designing a superchromatic triplet. 

The conditions for superchromatic correction are that 


Yi es =0; 


P,*¥,+P,*¥,4+P,*¥,=0, | (4.20) 
P**Y, + Py** V+ Pst * VY; =0, | 


which can be fulfilled if and only if 


1 P,* P,** 
1 P,* P,** | = 0. (4.21) 
1 P,* P,** 


Equation (4.21) can be satisfied if, in a plot of P* against P**, as shown in 
figure 9, the points for three glasses lie on a straight line. Then the values of 
Y, are given by the ratios 


Woo: Fs= ares): ae aa ea (Rear) 
= (Ps* = Pet): (Pe pg a) lear — P,**), (4.22) 


It is advantageous to have a large difference in dispersion, which is here 
represented by the differences of the P’s. 

For the convenience of optical workers who may measure or may desire to 
know refractive indices for other wavelengths than appear in the Schott catalogue, 
tables 1 and 4 are extended for a large number of wavelengths in tables 8 and 9. 
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Figure 9. Plot of constants of same materials as in figure 4: P* versus P**. 


Table 7. Deviation r(A) in the fifth decimal place in dispersion formula (3-2) for selected 
Schott glasses at seven wavelengths 


Glass 1:014 | 0-7682 | 0-6563 | 0:5893 | 0-4861 | 0-4047 | 0-3650 
BaF Zh 0 0 —1 +1 +1 —1 +1 
BaK 2 0 0 —1 +1 +1 —1 0 
BaLF 5 0 0 0 0 0 0 0 
BaLK Pe 0 +1 —1 0 0 0 0 
BaSF 5 +1 —1 0 0 +1 +3 +1 
BK 6 0 +1 —1 0 +1 —1 0 
K 4 0 —2 —1 —1 +1 —1 0 
KF 3 0 —1 —1 0 +1 —2 +1 
LAK 7 0 +1 —1 0 0 0 0) 
LF + 0 —1 —1 +1 +1 —2 +1 
LLF 3 0 —1 0 —1 +1 —2 +1 
SK 10 —1 +2 0 —1 0 +1 0) 
SSK 5 0 0 —2 +1 +1 —1 +1 
ZK 4 0 0 0) +1 +1 —1 +1 
BaSFS 3 +1 —2 —2 +1 +2 —5 +2 
F 7 +1 —1 —2 +1 +1 —3 +1 
FK 3 +1 —1 +1 0 0 0 
KzF 3 0 0 0 0 +1 ) 0 
KzFS 4 0 0 —1 0 +1 --j +1 
LaF 3 +1 —2 —1 +1 +1 —2 +1 
PK 1 0 0 0 —1 +2 =I aE! 
PSK 3 0 0 0 —1 +1 3 354] 
SF 9 +1 —3 —2 +1 +3 —5 +2 
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Table 8. Functions of A used in dispersion formula for various wavelengths and for 
2=0-028 p? 
0 


Designation | Element A in p dr? L Ve, 
Hg M 0-365015 0-13323595 9-50245615 90-29667288 
Ca K 0:393367 0-15473760 7:89031826 62:25712224 
Ca H 0-396847 0-15748754 7:72275078 59-64087961 
Hg h 0-404656 0-16374648 7:36667352 54:26787875 
Ca (g) 0:422673 0:17865246 6:63779403 44-06030958 
Ca G 0-430774 0:18556624 6:34653718 40-27853418 
H (ey 0:434047 0-18839680 6:23453834 38-86946831 
Hg g 0-435835 0-18995215 6:17466332 38-12646712 
Cd 0-467816 0-21885181 5:23966736 27-45411404 
Cd F’ 0-479992 0-23039232 4-94089894 24-41248234 
H F 0-486133 0-23632529 4-80018533 23-04177920 
Cd 0:508582 0-25865565 4:33546718 18-79627567 
Hg e 0-546074 0-29819572 3-70102087 13-69755548 
Hg d’ 0:57812 0-33409787 326692897 10-67282490 
He d 0:587562 0-34522910 3-15229593 9-93696963 
Na D 0-589295 0-34726860 3-13215894 9-81041963 
Li 0-37254421 2:90238515 8:-42383956 
Cd c 0-643847 0:41453896 2:58706134 6:69288638 
H Cc 0-656279 0-43070213 2-48322501 6:16640645 
Li 0:-44995117 2°36994247 5-61662731 
Hg b’ 0690716 0:47708859 2:22673215 4-95833607 
He b 0-7065188 0-49916910 212238027 4-50449801 
K A* 0-766491 0-58751305 1-78726841 3-19432837 
K A’ ‘0-768194 0-59013124 1:77894401 3:16464179 
K 0-769898 0:59274293 1-:77071717 3-13543930 
Rb 0-7800 0-60843588 1:72284318 2:96818862 
Rb 0:7948 0:63164346 1:65660703 2°74434685 
Li 0-8127 0-66040327 1-58126949 2:50041320 
Co 0-8521 0-72609145 1-43247708 2:05199058 
Ca 0:8944 0-79986192 1:29556851 1:67849776 
Ba 0-9370 0-87798587 1:17649015 1:38412907 
Ba 0:9609 0-92330959 1:11693208 1:24753727 
Hg 1-0140 1:02819600 0-999804.04 0-99960812 
Sr 150327 1:06652919 0-96290023 0:92717685 
Sr 1:0915 1:19133514 0:85959752 0-73890790 
Na 1-:1404 1-30050304 0-78585274 0-61756453 
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Table 9. Values of a; for various wavelengths and for Aj?=0-028 p” 

A ay as az a4 
0-3650 1-000000 0-000000 0-000000 0-000000 
0-:3934 0:494063 0-882526 —0-447796 0-071206 
0-:3968 0-451365 0:941092 — 0:466062 0-073604 
0-4047 0:366779 1:045064 — 0-487634 0-075792 
0-4227 0-219565 12E71937 — 0-460225 0:068722 
0-4308 0-170414 1-190808 — 0-423184 0-061962 
0:4340 0-152973 lO 3299 —0-405099 0-058827 
0-4358 0-143980 LOSS 5 — 0-394569 0-057036 
0:4678 0-033191 1-102289 — 0-156037 0:020557 
0-4800 0-009340 1 ‘036699 —0-052699 0-006659 
0-4861 0-000000 1-000000 0-000000 0-000000 
0:5086 — 0-022424 0-853662 0-190159 — 0-021397 
0:5461 — 0-033080 0:597795 0-479049 — 0-043764 
0-5780 —0-028235 0-393157 0-682916 — 0:047838 
0-5876 —0-025492 0-336338 0-735480 — 0-046326 
0:5893 —0-024952 0-326272 0-744598 —0-045919 
0-6104 —0-017656 0-210243 0-845144 —0-037731 
0:6438 —0-004774 0:051075 0:966511 —0-012813 
0:6563 0-000000 0-000000 1-000000 0-000000 
0-6708 0-005389 —0-054155 1-031484 0-017282 
0-6907 0-012315 —0-119208 1-061909 0-044985 
0-7065 0-017305 —0-163297 1-075910 0-070082 
0-7664 0-031282 — 0-:274268 1-054189 0-188797 
0-7682 0-031555 —0-276197 1-051955 0-192687 
0-7699 0-031820 —0-278053 1-049647 0-196586 
0-7800 0-033251 — 0287813 1-034174 0-220388 
0-7948 0-034884 —0-298102 1-006523 0-256695 
0-8127 0:036149 — 0:304578 0-965076 0-303353 
0-8521 0-036190 —0:296926 0-844934 0-415802 
0-8944 0-032174 — 0-257964 0-675847 0:549944 
0-9370 0:024079 —0-189426 0-466385 0-698963 
0-9609 0-017868 — 0:139287 0-333380 0-788039 
1-0140 0-000000 0-000000 0-000000 1-000000 
1-0327 —0-007571 0:057686 —0-129268 1:079154 
1-0915 —0-035335 0:265352 SOR ZAL TST 1-341771 
1:1404 —0-062813 0:466985 — 0-980568 1:576396 


ja | 

La formule d’interpolation de l’auteur, pour le calcul de la dispersion du verre et des 
autres matériaux optiques, a été améliorée. Si l’on connait quatre paramétres pour un 
verre, par exemple: lindice 7), la dispersion np—ng, ainsi que les dispersions particiles dans 
Pinfrarouge et dans lultra-violet, on peut calculer les indices pour toutes les longueurs 
d’onde. Les qualités optiques du verre sont décrites par quatre diagrammes obtenus en 
représentant deux des paramétres, l’un en fonction de l'autre. Trois verres situés sur une 
droite lorsqu’on représente la dispersion partielle dans l’infrarouge en fonction de la dis- 
persion partielle dans l’ultra-violet, conduisent A un triplet collé, qui est pratiquement 
corrigé depuis 0,365 w jusqu’a 1,01 p. 


Colour correction in optical systems 245 


Die Arbeit gibt ein Verbesserung der Interpolationsformel des Verfassers fiir Berechnung 
der Farbenabweichung von Glasern und andern Materialien fiir optische Linsen. Ist ein 
Glas durch vier Data gegeben, z.B. Index ny, Dispersion (np—-ng), und die partielle Dis- 
persion in Ultraviolet und Ultrarot, so kann man Indices fiir alle Wellenlangen berechnen. 
Der Verfasser gibt vier Diagramme, die die optischen Qualitaten der Glaser beschreiben. 
Gibt man die ultraviolette partielle Dispersion als Function der ultraroten, und wahlt drei 
Glaser, die auf einer Geraden liegen, so erhalt man ein System, das fiir das Gebiet von 
0:365 bis 1-01 « praktisch korrigiert ist. 
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Note on the theory of optical activity 
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It has been generally assumed that no simple explanation of natural 
optical activity can be given from the standpoint of classical dispersion theory. 
The present paper shows that two possibilities have been overlooked. 

Either one class of electrons may be spinning, in which case they set 
themselves with their axes parallel to the direction of propagation of the light 
wave and are acted on by the magnetic as well as by the electric intensity of the 
light wave. Or there may be a product term in the expression for the potential 
energy of the electron. 


According to the theory of dispersion prevalent at the beginning of the century 
electrons and ions oscillated in the body under the influence of the light wave. 
In the case of transparent bodies they were acted on by elastic forces towards 
centres. In the case of metals they were free. The theory became well known 
owing to the full account given of it in Drude’s (1900) celebrated textbook. 

In explaining natural optical activity Drude found it necessary to assume 
that the electrons moved in spiral paths. He gave no convincing explanation of 
how this came about, although his end formulae were satisfactory enough. In 
the sixty years that have elapsed since Drude worked on the problem, an enormous 
amount of work, both theoretical and experimental, has appeared on the subject, 
for an account of which reference may be made to the review by E. U. Condon 
(1937), and natural optical activity has been explained in terms of the crystal 
lattice, the polarization of the neighbouring molecules and also by quantum 
mechanics. It has been generally assumed that no simple account of the matter 
can be given from the standpoint of classical dispersion theory. It is the purpose 
of the present paper to show that two interesting possibilities have been overlooked. 

We assume that the light wave is a plane one travelling in the direction of the 
zaxis. Let X Y Za By be the components of the electric and magnetic inten- 
sities and denote the mean displacement of the electrons or ions by é 7 ¢. It is 
given by 

d? d 
moe +fEthE =eX (1) 
with a similar equation for 7. Here fé is the ‘quasi-elastic’ force, kdé/dt a 
frictional term to take care of energy lost by impact and radiation and eX the 
force applied by the light wave. 

We make the fundamental assumption that a special class of electrons or ions 
is spinning and that this converts them into magnets, but that the angular momen- 
tum of the spin can be neglected. ‘Thus they can be regarded as little magnets 
with a positive or negative charge at the centroid. 
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When a unit magnetic pole crosses a field of electric force of intensity E with 
a velocity v, a force equal to Ev acts on it at right angles to the plane containing 
Eandv. Inthe case under consideration F is the intensity of the field maintaining 
the ion in its orbit. E and v are both in the same xy plane. Hence there is a 
force on the poles at right angles to this plane and the magnet sets itself at right 
angles to the wave front. The magnetic intensity of the wave does not affect the 
inclination of the magnet, because it changes direction too rapidly. 

Let us suppose that the positive pole is in front. Then owing to the intensity 
at the one pole being « and at the other being « + (dx/dz)dz there is a resultant 
force Mo«/dz in the x direction where M is the magnetic moment, and the equation 
of motion becomes 


dé dé ele 

His Ss ~ 2 

7B +ff +k eX+Mz. (2) 
Similarly for the y direction 

dy dy _ op 


Let « and 8 vary as exp(iw(t—u2/c)), where p is the refractive index of the medium. 
pda/dt= —cda/dz and pdfB/dt= —cdB/dz. 
Maxwell’s equations for the field give 


and 


since the wave is in the z direction. If we substitute these values in eqns. (2) 
and (3) above and combine them 


a : d : , . é 
m (+i) +fE+im) tke (S+m)=e(X +1) +ypM— (X+7Y). (4) 
The solution of this equation is 
. [e+ (u?Mw/c))(X +7Y) 5 
SDN likes’ 9 seem cm ee Bes acres (5) 


Maxwell’s equation for the electric intensity of the wave can be put in the form 
(0?/0t7)(KX + 47NeE) = VAX 

where N is the number of electrons or ions per unit volume in the class under 

consideration. The effect of the other classes is taken care of by the dielectric 


constant K. If we combine this equation with the companion equation for Y 
and take account of the fact that the propagation is in the z direction, we obtain 


o? 4 o? 
agg (K(X +1Y) + 4aNe(? +i)) = 0° 2 (A +1¥). (6) 
This becomes on substituting for &+7n, since p? is approximately equal to K, 
o? ee) XYaiy)= oe Xaiy 7 
sal K+ f-moa?* +tkw ones Veet ag | ) 2 


which represents the propagation of a left-handed circularly polarized wave. 
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The complex dielectric constant is given by 


: 47Ne(e+MKw/c) 

—ix?= sae eS 8 
CE a Mircea I | o 
This equation may be written 


eae a 
(141 — te, P= K+ (eS eaC (9) 


where 
Oe 4 Ned ra 2nMK 
pan haere ip pl > 
Ay2= m(2rc)*/f, 
and G=2mcko/f. 
On separating the real and imaginary parts 
Q1(A® = Ao”) 
pt-ntn Ks (Pe a0 
and 
O,G 
2pyky = ORDA PEG (11) 


In passing through an absorption band, QO, and G vary slowly with 4. The 
above expressions differ from the usual expressions given by the theory of disper- 
sion by the second term in Q,. 

If we combine X and Y in the form X —7Y we obtain a right-handed circularly 
polarized wave and Q, is replaced by Q, which is defined by 


4m Ned 2n7MK 
Q2.= (« i . 


ji A 
The rotation per centimetre is 
7( 4 — Ma) ns (Qi — Qo) (A? = Ao”) (13) 
XY 2ua((QP—A,2)? + C2) 
since x” is small; and the ellipticity per centimetre is 
ae = m(Q,— Q3)G 
ma) FORA +) 


(12) 


(14) 


We have 
Pee A®— Ao? 
Kjy—Kp 2uG 


Hence this ratio changes sign and varies in a characteristic manner at the centre 
of the band. 

If we change the sign of the last term in eqns. (2) and (3) we obtain the formulae 
for the optical isomer. 

My formulae for 4 and « agree with Drude’s except for a difference of notation. 
Drude’s formulae have been tested thoroughly and are in general agreement with 
experiment. ‘The difficulty is that one absorption band seldom occurs by itself 
and that there are too many constants at our disposal for each band, namely 
N, M, G, to make a detailed investigation of their value profitable. Optical 
activity by itself is not a fruitful method of investigating the structure of matter, 
but it is helpful as an auxiliary to other methods. 
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So far we have made no assumption about the magnitude of the charge or the 
magnitude of the magnetic moment. We shall now consider this point. It may 
be shown from the preceding formulae that 


Oi— Qs _ 201MK 
OO; | ne 


If Ao is in the far ultra-violet, to a first approximation 


py =K+Q,/2, pot =K+Q,/? 


whence 
Or- Oo ae? ae) ta hp 
; 7 = oS ; (15) 
Qi+Q2 py? +pe?—-2K (oi be 
Hence 
2n7MK _ pp 
- > spe (16) 


For quartz and sodium light 4,—p,=7-1 x 10-* and the mean value of py, and 
My 18 1-544. If we insert these values and put K=,2, we find that 


- Brleoo ec 1a. 


The limiting value is obtained when all the ions are in the special class. The 
value of the ratio increases, if the proportion of the ions in the special class 
diminishes. 
If e is the elementary electric charge and M the Bohr magneton 

eral L035c10-= 

€  Anme 
that is, the ratio is not nearly large enough to produce the experimental value. 
The rotation produced by quartz is, however very much larger than the rotations 
produced by solutions of sugar, tartaric acid, etc. and the Bohr magneton would 
probably account for these cases. A very large ion in which a number of charges 
neutralized one another, and the magnets reinforced, would meet the case of 
quartz. 

There is, however, a better way of meeting the difficulty. In the case of 
sugar solutions the rotation is the same in all directions. In the case of quartz 
it varies with the inclination to the optic axis. ‘The theory already given does 
not show this influence of direction. 

If we have a wire fixed at its upper end and carrying a weight at its lower end, 
Hooke’s law holds and the work done in increasing the length of the wire by dx 
is given by Fdx =axdx where a is a constant of proportionality and F is the force 
exerted by the weight. Similarly, the work done in twisting the wire is given by 
Ldé=b6d0 where L is the couple and, on integrating, the whole work becomes 


4ax® + 3b0?. 


There is, however, an alteration in the length of the wire when it is twisted, so 
a third term, cx, must be added. We assume that there is a similar term in the 
expression for the energy of the ions moving about under the influence of the 
light wave. 
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In order to describe what happens let us replace each class of ions or electrons 
by an electric fluid extending throughout the whole volume of the quartz and 
denote the displacement of the fluid in the x and y directions by € and 7 and its 
rotations about these directions by 


1f/o¢ oy 1/0 =) 

~(|— - — d =(~-x). 

ale =) am Nae Bx 
Since the wave is in the z direction, there is no variation in the x and y directions. 
The equations of motion of the electrons are consequently 


dé de® Pon 


and (17) 
d* dn , 9 
gael aid! a= ey’ 

1 oad are gina 
where g is a constant of proportionality. We assume that the wave is in the 
direction of the optic axis. If the wave were at right angles to the optic axis, 


g would be zero. 
If we multiply the second of eqns (17) by z and add it to the first, we obtain 


m © (E+in) +f(E+in) thE (E+in) tig & E+im)=e(X4iY). (18) 


The solution of this equation is 


e(X+iY) 


aaah op TE i 


(19) 
When we substitute it in Maxwell’s equations and proceed as before, we find that 


O 


ea ote Keel oe 
(usie) (A? —A,? — A2mug/f) +1G ey 
where now O= 4Ne*)? 
i 
Ag? =m (2ne)?/f 
and G =2zcdk. 
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On suppose, en général, qu’il n’est pas possible de donner une explication simple de 
l’activité optique naturelle dans le cadre de la théorie classique de la dispersion. Cet article 
a pour but de montrer que deux possibilités été omises. 

Dans le premier cas, des électrons d’une sorte peuvent tourner autour d’eux-mémes, ce 
qui les conduit a se placer avec leurs axes paralléles 4 la direction de propagation de l’onde 
lumineuse et a subir l’action de l’intensité magnétique de celle-ci. Dans le deuxiéme cas, 
il peut y avoir un terme produit dans l’expression de I’énergie potentielle de l’électron. 
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Es wird allgemein angenommen, dass es keine einfache Erklarung der natiirlichen 
optischen Aktivitat vom Standpunkt der klassischen Dispersionstheorie gibt. Die vorlie- 
gende Arbeit zeigt, dass dabei zwei Méglichkeiten ausser Acht gelassen worden sind. 

Entweder hat eine Klasse von Elektronen einen spin; in diesem Falle stellen sie sich mit 
ihren Achsen parallel zur Ausbreitungsrichtung der Lichtwelle und werden sowohl vom 
magnetischen als auch vom elektrischen Vektor der Lichtwelle beeinflusst. Oder es kann in 
den Ausdriicken fiir die potentielle Energie des Elektrons ein Produktterm auftreten. 


Note added before publication.—One of the referees suggests that it follows from 
my first hypothesis, that quartz and other active crystals should be strongly 
diamagnetic. I hardly think so; there are a number of other factors to be taken 
into consideration and owing to their spin, the elementary magnets would precess 
round the direction ofa static field and not align themselves toit. I would expect 
magnetic resonance rather than diamagnetism. 
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Les surfaces de lentilles rigoureusement aplanétiques avec l’objet a l’infini 
ne sont jamais sphériques. La forme des surfaces peut étre déterminée par 
des approximations avantageuses. Pour les systemes a deux miroirs, il y a 
plusieurs méthodes exactes. 


1. INTRODUCTION 


Les systémes rigoureusement aplanétiques ne sont pas des simples jeux 
d’esprit ou des exemples d’école pour élucider les notions fondammentales de 
l’optique géométrique. Is présentent un intérét pratique sérieux. Il est vrai que 
la fabrication peut se contenter de l’aplanétisme approché. I] taut méme avouer 
que l’aplanétisme rigoureux ne correspond pas a la solution optima du probleme de 
V’imagerie optique. Mais, d’autre part, le calcul trigonométrique et la pratique 
nous apprendent que les systemes rigoureusement aplanétiques convenablement 
choisis peuvent satisfaire aux exigences de l’imagerie pratiquement parfaite ; 
il faut seulement renoncer al’imagerie grand-angulaire. Les systemes en question 
ont méme des avantages. La formulation mathématique des conditions pour 
l’imagerie prend chez eux des formes assez simples. Elle conduit ordinairement a 
des équations différentielles, parfois solubles sous forme finie ou par séries. Les 
résultats déterminent entierement la forme des surfaces du systeme pour chaque 
ouverture réalisable. Ils sont ‘absolument précis’, c’est-a-dire, ils peuvent 
atteindre la précision quelconque par un choix convenable des procédés numéri- 
ques. C’est un fait trés important surtout quand ils’agit de systemes catoptriques 
qui exigent en pratique une précision tres élévée. Alors, il est clair que les systemes 
rigoureusement aplanétiques méritent d’étre étudiés d’une facon systématique. 

Ilya plus d’un demi-siécle que les systemes de ce genre ont attiré l’attention des 
savants. L/initiateur dans ce domaine de l optique géométrique a été 
Schwarzschild [1]. Ia résolu completement le probléme d’un systéme aplanéti- 
que a deux miroirs avec l’objet a Pinfini. On a repris plusieurs fois l’étude du 
probleme. H. Chrétien [2] et D. D. Maksutov [3] ont donné des solutions 
indépendentes mais moins complétes. L’auteur de cet article a présenté au 
congrés de Florence en 1954 une solution indépendente et compléte [4]. Le cas de 
Vobjet a distance finie a résisté quelque temps aux efforts des chercheurs. II est 
vrai que H. Chrétien a connu en 1928 une équation différentielle pour la forme des 
miroirs et que cette €quation a été résolue en 1934 par F. Bureau et P. Swings par 
développements en séries, mais l’utilité pratique de ces résultats est restreinte A 
cause de leur complexité [5]. En 1952, auteur de cet article a déduit une équation 
différentielle pour ce but, mais il n’a pas trouvé sa solution [6]. Le problémea été 
entiérement résolu par A. K. Head [7]. Les systémes composés d’un miroir 
parabolique et de deux autres miroirs ont été étudiés par J. Picht [8]. 
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Les problémes concernant les lentilles rigoureusement aplanétiques pour une 
lumi¢re monochromatique déterminée, ont, eux aussi été étudiés déja au com- 
mencement de notre siécle, mais, les solutions ne sont pas aussi completes que 
dans le cas des systémes catadioptriques. M. Linnemann [9] et R. Straubel [10] 
ont déduit des équations différentielles pour la forme des surfaces d’une simple 
lentille, la solution du probléme de l’objet 4 V’infini par séries est due a L. C. 
Martin [11]. En ce qui concerne les systémes optiques plus compliqués, il faut 
noter que G. D. Wassermann et E. Wolf [12] ont donné un systéme de 2 équations 
différentielles pour la forme de 2 surfaces voisines d’un systéme rigoureusement 
aplanétique composé d’un nombre quelconque de surfaces. E. M. Vaskas a 
déterminé le systeme de k+2 équations différentielles pour la forme de deux 
surfaces séparées par k autres surfaces [13]. L’auteur de cet article a publié une 
équation différentielle pour un aplanat collé avec la surface intérieure sphérique 
[14]. Ainsi, nous voyons qu’on a beaucoup publié sur ce théme, mais nous devons 
avouer qu’il y a encore assez de problémes a résoudre. 

Le but de ce mémoire est de présenter au lecteur un exposé systématique de 
certains résultats nouveaux ou peu connus. 


2. UNE SURFACE 
L’aplanétisme rigoureux renferme deux conditions indépendentes pour les 
systémes optiques: le stigmatisme axial et la condition des sinus. On peut les 
remplir en général par le choix convenable de la forme de deux surfaces sans 
changer les rapports paraxiaux. Dans un systeme composé d’une seule surface, il 
ne suffit pas de faire varier la forme de la surface; pour atteindre a l’aplanétisme 
rigoureux, il faut fixer d’une maniére convenable les éléments paraxtaux. 


Figure 1. 


Essayons de formuler le probleme. Soit p la distance du point objet sur 
l’axe optique et du point d’incidence, p’ la distance correspondante dans espace 
image (pour les signes voir figure 1), po, Po’ les valeurs paraxiales, n, n’ les indices 
de réfraction. La condition du stigmatisme rigoureux est exprimée par la relation 


n'p'—np=N'Py —NPo.- (1) 
La condition des sinus s’exprime par la relation 
eas 
bP Po 
On peut donner a |’équation (1) la forme 
wl: sy n'Po — "Po 


iv p 
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Le premier membre de cette équation est constant, le second le doit étre aussi. 
On a ou p=fPp, p’=po' (l’objet au centre d’un dioptre sphérique) ou 1’py' = ipo 
(points aplanétiques d’une sphére). Si l’objet est 4 ’infini, une seule surface ne 
peut étre aplanétique parce ge le quotient de la hauteur d’incidence par sin «’ qui 
doit étre constant est égal a p’. 

Pour un miroir, l’équation (1) prend la forme 


p'+P=Po +Po: (2) 
d’ou vient |’équation 

Pp a he Po +Po ; 

P P 
alors, on a ou p’=p (une sphére) ou p’= —p (un plan). Un miroir ne peut pas 


étre aplanétique pour |’objet a l’infini. 

Je fais remarquer que Péquation (1) (ou (2) resp.) peut servir aussi pour 
exprimer la forme d’une surface qui fournit une image aberrante d’un objet non 
stigmatique, pourvu qu’on y ajoute des termes correcteurs [10]. Si s(s’) est la 
distance du point commun de !’axe optique et du rayon incident (refracté resp.) au 
sommet, on a 


n'p' —np=n'py —Npyot+ n | cos a’ ds’ — n {cos a ds (3) 


et pour un miroir 
P'+P=Pa'+Po | cosa’ ds! + | cosads (4) 


(les limites supprimées). Je ne donne pas ici la démonstration qui est d’ailleurs 
élémentaire. 

Si objet est stigmatique, nous pouvons utiliser dans (3) ou (4) resp. la 
grandeur g=s’ —s. 

Les équations (1), (2) restent sans changement pour l’objet a Vinfini. La 
valeur p signifie dans ce cas la distance du point d’incidence et du plan perpendicu- 
laire a l’axe optique qui passe par le sommet de la premiére surface. Ona py)=0, 
p=-—« (coordonnée cartésienne). 


3. DEUX SURFACES 
L’imagerie par deux surfaces se fait par degrés: l’image, formée par la pre- 
miére surface devient l'objet pour la seconde. Nous pouvons utiliser la notation 
du chapitre précédent et distinguer les images parttelles par des indices. 
Le systeme composé de deux surfaces peut étre rigoureusement aplanétique 
sans qu’on choisit pour ses éléments des valeurs spéciales. On peut choisir 
arbitrairement la distance de l’image et de |’ objet 


a= —Port+P'o1— Por + Poe 
le grossissement angulaire déduit de la condition des sinus 
pa Like — Pale: 

Pi Po — Por Por’ 
et encore deux constantes; s’ils’agit d’un systéme dioptrique, nous disposons de 
plus des indices de réfraction. Dans le cas d’un systéme avec |’ objet al’infini, ona 
Po. = 0 et la constante de la condition des sinus 

a Por Pos’ 

Poz 
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alors, ily a une constante de moins. On peut utiliser ces grandeurs ‘libres’ pour 
diminuer l’astigmatisme et la courbure de champ. 

Le choix cesse d’étre arbitraire si nous imposons A un syst¢me rigoureusement 
aplanétique une condition concernant la forme d’une surface. Par exemple, la 
premictre (et par suite aussi la seconde) imagerie ne peut étre stigmatique que si 
Ny’ =n, [15]; de plus, le grossissement du systéme est égal 4 + 1 ce qui est valable 
aussi pour les miroirs [6]. La forme sphérique d’un des deux miroirs conduit 
nécessairement au type cardioidique de Siedentopf pour un objet 4 V’infini. Si 
objet et l’image, tous les deux réels, sont 4 distances finies, ils sont nécessairement 
au centre d’un miroir sphérique [16], s’il y en a un dans le systéme. 


Nous n’envisageons pas les systémes composés d’un dioptre et d’un miroir qui 
ne se rencontrent pas dans la pratique. 


Nous allons examiner le cas d’une lentille rigoureusement aplanétique pour 
Pobjetalinfini. Supposons que la premiére surface de la lentille soit une sphére de 
rayon r. Soient d l’épaisseur de la lentille, 1, ,', mg’ les indices de réfraction et 


c=d+5,' —1r—qp. 
Les propriétés supposées du systéme sont exprimées par 4 conditions suivantes : 
1° Le stigmatisme: 
/ , , , y =~, 
Ny! Po — Ny Pot my py —mMp,=C. 

2° La condition des sinus: 

/ If 

Pi Pe s/h 

P2 
3° La réfraction par la premiere surface: 

/ ¥ 

BP St, CG 


4° La configuration des droites: 
Dy gee ies Pe de 


y 
cos a,' = —+__—___. = 
2py'c 2P 22 
Procédons 4 éliminer les variables exceptéc. Ona évidemment 


Exprimons p,' 4 l’aide de la condition 3° et portons cette expression dans la 
condition 4°. Le numérateur de la premiere fraction prend la forme 


n,"2 

H=(", + 1) ae 
ie 

Les conditions 2° et 3° conduisent a la relation 


n 
t = k als : 6 
Pez niet? ( ) 
Portons l’expression de p,’ dans la seconde relation de lacondition4°. Ona 
vie 
k2 a a 1)p ees gq 2 
pee ( Ges | ieee (7) 
ny’ ca P 242 
My 


Posons, pour abréger 
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Nous pouvons mettre (7) sous la forme d’une équation du second degré 


yr(bs) we APD a (oe oa (8) 
q2 q2 ny 
dont les racines sont 
n ‘ 
2 ee 
H+ J(# aa 1 <2) (9) 
Pe2=% itp ae ow eed © 


Maintenant, la condition 3° et les relations (5), (6), (9) nous permettent d’écrire 
la condition 1° sous la forme d’une équationenc. En posant 


Ny’ Ny 


L=R —ny'C, 


i 


ny 
12, n 
ie C4+n(r+c)c—- —H-Ce, 
ny ‘ Z 


an| He af (He +2r e) | +TJ=0, 
al 


nN / 
20 CL—2 HLS — 1) 0, 
my 
Cette relation est valable pour lesvaleurs c comprises dans un certain intervalle. 
Par suite, le coefficient du degré 6 du polynéme est égal a zéro. Ona 


aan pasa ley picts) (a 
ral ny” =a °, 


Ree Ss 
ny == ny. 


on obtient la relation 


ou 


Aucune des deux solutions ne conduit a une lentille. 

Pour que nos raisonnements soient corrects, il faut que les dénominateurs des 
fractions dans nos relations soient différents de zéro. Cette propriété est évidente 
pour p’, py, C, Ny, n;’. Nous pouvons méme affirmer que c est variable et que les 
quantités gy, T sont différentes de zéro dans un certain intervalle des valeurs c. 
Ainsi, notre these est démontrée. I] n’y a pas de lentille rigoureusement aplanéti- 
que avec l’objet a l’infini et avec la premiere surface sphérique. 

Une affirmation analogue est vraie aussi pour le cas de la seconde surface 
sphérique. Dans ce cas, r désigne le rayon de courbure de la surface sphérique, w 
langle du rayon de la sphere avec l’axe optique. Posons 


S=d+r(1—cosw). (10) 
Les prémisses seront les suivantes : 
1° Le stigmatisme: 
NX, +m, (S—x,) seca,’ +m, po =C. 

2° La condition des sinus : 

ksin a,’ =rsinw + (S—x,)tg a,’ 
3° La réfraction par la sphere: 

ny’ Sin (w— a’) = m9 sin (w — a’). 
4° La relation entre w, a’: 


rsin w = [s_’ —r(1—cosw)]tg a’. 
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Nous allons ¢liminer l’angle «,’. Exprimons, a l’aide de la prémisse 4°, les 
fonctions trigonomeétriques de cet angle: 


ry sin w 


sings = —, 11 

"ip or 

COS = ee (12) 
2 


Compte tenu des relations (11), (12) et de la condition de sinus, nous pouvons 
mettre la condition 1° sous la forme suivante: 


k 
n,S-+rsine(1— pa) emcotean’ =, COSEC &,") 4-13 ps =C. (13) 


2 
Portons maintenant dans la relation (13) l’expression 


Ny! 
cotg a,’=cotgw+ —2 
my Pe 
qu’on peut déduire de la condition 3°. Ona la relation 


k n / Ss (he 
mS+7(1— =| m cose +sinw cosees, i ie uae ~m') |+n'pe=C 


2 ee P 3 
et aprés la substitution 


So Tv , 
— COSEC &, 


P=(C—m,S)po9' — ng'ps? — M41( Po’ —k) cosw (14) 
la relation 
po Sin a’ _ oe NN», _ 
Lar Orme =tp, A) , (so —r)— ma | (15) 


I] reste encore a éliminer la variable «,’._ Nous revenons a la condition 3° pour 
exprimer la fraction du premier membre de 1|’équation (15). On en déduit la 
relation 

Pe’ Sin a,’ 


Ni Poi COsd, =f, COs@=-.—_——_ --7n (Sg. — 1) 
sin 
et ensuite 
ve a , , Ne! 
sin % n ; 
nae oa a (Sp —r)cosw + po? - 2 (s9' —r)*sin?w 
S1In Ww ny 
Maintenant, nous portons dans la relation (15) les expression 
12, 12 
— Ss B ae Ss 
Acre pee a Sa Sines oe pyaey eae at \ ps" 
2r(Se =i) 2t (Sy —r) Olay a 


et nous pouvons considérer cette relation comme une équation en p,’. La 
relation (15) prend la forme 


(p2'P, + B)(—M+ N) =p P2,—E, (16) 
ou P,, P, sont des polynémes en p,’ et 
= at pee 
Soe arian | 


y 
E=rkn,—*, (So’—7), 
n 


1 


, 12 12 
nN — So 
Tia lg ae: i). 

nN 


228 B. Jurek 


La relation (16) contient encore une irrationalité. Pour s’en affranchir, il faut 
présenter cette relation sous la forme 

(p2'P, + B)? N?— [(ps'P, + B)M + py’ P,— EP =0. (17) 
Le polynéme ainsi exprimé est égal a zéro pour les p,’ d’un certain intervalle. 
Alors, ses coefficients sont égaux 4 zéro. Pour le membre absolu, on obtient 


2 12 12 
My Ma” p22 (5,’—2r)?=0. 


fine 4 
Il est évident qu’on doit supposer s,’=2r. Dans ce cas, les relations (14), (17) 
changent de forme. Ona 


RN ae 
P= rk, +{ C—m(d+r) ]pa' +(e tmz) be *, 


i ; 2 
P2N2— | Puente -)(* ae -m'ps)) | a, (18) 


a 
Appliquons, pour simplifier ia relation (18), l’égalité 


N2— M?=p,"2— @_ 72, 
n 
Ona 
12 , , 2 
P( pe = oa r) —2PMr(po' — ay( = (e= ) cath aie aye Te mp) . 
ny ny ny 
(19) 


Le coefficient du sixieme degré du premier membre de |’équation (19) est égal a 
zero. Ona 


: k k 
Ge +m 5-)m 5: 23 (). (20) 


Il est clair que nous pouvons supposer P linéaire. Le coefficient du cinquiéme 
degré, a savoir 

[C+n,(d+r)]n', 
est égal a zéro, alors, Pse réduit ala constante —rkn,. Le coefficient du quatriéme 
degré est, lui aussi, égala zéro. Il s’ensuit 


| ae ah ies 
ro myn’ 

ce qui est en contradiction avec l’égalité (20). Les raisonnements précédents ne 
sont pas exempts d’objection sil’on a our =0, ou s,'=r, ou p,’=0. Nous pouvons 
exclure tous les cas énoncés. Dans le cas s,' =7, la lentille se réduit pour le point 
objet sur l’axe a une seule surface qui ne peut pas étre aplanétique par rapport a 
Vobjet a Vinfini (voir le chap. 2). Pour la méme raison, p,’ ne peut pas étre égal a 
zéro pour les w envisagés. Ainsi, notre affirmation est démontrée. 

La question d’une lentille avec l’objet et l'image a distances finies reste 
ouverte. Parmi les systemes que nous avons traité, il n’y a qu’un seul, celui de 
Siedentopf, qui contient une surface sphérique. Cela ne veut pas dire qu’un 
autre systeme a deux surfaces ne peut pas jouir d’un aplanétisme approché sil 
contient une surface sphérique. Mais, la qualité de l’aplanétisme d’un tel 
systéme est li€e a une ouverture assez petite et 4 un champ parfois trés étroit. On 
présente souvent des aplanats qui ne satisfont pas a l’exigence d’une optique de 
précision, C’est le cas de l’exemple donné par C. Morais [17]. La constante 
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de la condition des sinus de sa lentille (r, = 22, n=1, 523, d=9, 89; f=37, 6=32, 
Pobjet a l’infini) est respectée 4 un pour cent prés. Une telle lentille est peut-étre 
utilisable, mais elle est loin d’étre pratiquement parfaite. 


4. DEUX MIROIRS, L’OBJET A L’INFINI 
Pour déterminer la forme des surfaces d’un systéme rigoureusement aplanéti- 
que a deux miroirs, on cherche ordinairement & exprimer la relation entre p,, 0 
ou entre py’, a’. Nous allons montrer qu’il est possible d’atteindre ce but en 
appliquant le théoréme (4). 
Le systéme envisagé satisfait aux conditions suivantes : 
1° Le stigmatisme: 


P2t+P2 —Pi-—Pr' =Po2+Poe — Por’: (21) 


2° La condition (4) sous la forme 


P2+Pe' =Po2.+Poo’ — { COS % dqy. (22) 
3° Lacondition des sinus : 
Pi Pe =f. (23) 
Pe 
4° L7identité des angles «,’, a: 
COS a = pe*=p2 =a Re Po’ — Poe + Por’ +Pi- 4 : (24) 
2P2Qe Pi 


Désignons 0, =p. + Ps’, d=Po2— Po’ et procédons ala solution. La condition (22) 
avec (24), (21) conduit a l’équation 


EL a SEA Va (25) 


dqp Pi 
En se référant a (23), on obtient 


, 


Pam oa (26) 
Po’ =%—Pe, 
po” aire = oe” (1 es 2 Pr). 


En portant ces expressions dans la seconde relation (24), on obtient une équation 
linéaire pour p,’ qui a la racine 


»_ 20999(2d + 2-92) +f(o2? — 90") (27) 
pe et aa? | 
En _ substituant 
52g— Fn=, 
peat ye 
Ont Qo 


dans (25), on arrive 4 une équation différentielle linéaire 


ET 


ao v(2d—v) wv 
dont l’intégrale est 


pe @a—»)] C,—Ca( - ey | (28) 
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Pour calculer les coordonnées cartésiennes, on applique les formules suivantes : 


D=2d-1, 


(f/a)—1 
(28) z=D| C.-C - 5) | 


an fz—3D(z-1)(e+1) 


27) py & 
(22) 5(25) cos a = —1— ie 
Pi 
vo 2+1 
26 ey Se eae ie 
ny Me Tip 2 
De ee tee 
tee 


X= Poo’ — Got py +d—2v, 
i= Pi Sin a, 

X= Poo’ — Y2— Pz COS Xp, 
V2 = p2SiN &. 


Le résultat a été présenté au congres de Florence en 1954. 


5. UNE LENTILLE 
Nous ne connaissons pas la solution exacte du probleme. Pour le calcul 
effectif de la forme des méridiennes, le plus commode est d’établir une relation 
entre x,, y, et de déterminer les coordonnées des points de la méridienne de la 
seconde surface a l’aide du principe de Fermat. 
Soit « l’angle de la normale au point x,, y,.. On peut exprimer la réfraction par 
la premiere surface par la relation 


Ny Sin (Kk — %) = Ny SiN (K — a), 
d’ot 
n,(tg «K COS a, — SIN a) = My (te K COS % — SiN x). (29) 


I] est clair qu’on peut remplacer la tangente par un quotient différentiel : 


Cela fait, nous pouvons mettre (29) sous la forme d’une équation différentielle 


7 : (30) 
ly, Ny COS & — Ny COS a 

La relation (30) contient «, qui est une fonction connue de x, y, et la variable «,. 
Nous allons exprimer « a laide de x,, y,. La lentille étant rigoureusement 
aplanétique, on peut écrire 


d+Xy— xX, ae So! — Xo 


—Nyp,+Ns 2 ; 
COS & COS GK 


26 (31) 


sin &’=Rsin a, ouresp. sing,’ =y,/f. 
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De plus, ona 
oe 


tg a’ = 
a of = aa b 


ia) 2 
[Boe Oe a a 
ad +X — xy 
d’ou 
V1 — (d— #1) tg ay — 59" tg x9 (32) 
tg a, —tg a,’ : 
Portons (32) dans l’équation (31) et multiplions (31) par le produit du nominateur 
de (32) par cosa. Posons, pour simplifier l’équation envisagée, 


ng [yy — (d— x, +59") tg 49"] =A, 
Ng’ (So +d—x,) Sec a’ —(C +n, p,)=G, 


X= 


— (C+, p,) tg a’ + 19’ y, seca,’ = S. 
Ainsi, |’équation (31) prend la forme 
(G2 +S?) sin? «,+2 AG sina, +A?—S?=0. 

Comme solution, on obtient 
—AG+ S1/(G*— A?+ S?) 

G? +S? 
Nous pouvons maintenant considérer la relation (30) comme une équation 
différentielle de la forme 


SIN & = 


dx, 
ip es: (33) 


Le calcul numérique de |’intégrale de l’équation (33) d’apres les méthodes 
courantes serait assez pénible. Nous allons exposer deux méthodes approxi- 
matives. Nous considérons la circonférence osculatrice x=F(y) comme une 
solution approchée de |’équation (33) dans laquelle on supprime l’indice 1 et nous 
y ajoutons une correction. Sil’on attend une petite correction, on peut ajouter a 
F(y) un polynéme correcteur P(y) 4 membres. Les coefficients P(y) peuvent 
étre regardés comme fonctions des valeurs x, de F(y) + P(y) en” points différents 
y,-  Posons 

PC Rae (Gs Needy ee) 


La dérivée F’(y) de F(y) differe en général de f (y, ). Nous voulons choisir la 
forme de F d’une telle maniére que la différence #’ — f(y, F) soit aussi petite que 
possible aux points y,. La condition énoncée conduit a un systéme de n équations 
linéaires pour les corrections Ax, aux points y;,, comme il suit : 


; n (OF of E ay 
in Om)+ 3 (5) ax, 4) (Pe FUm))-(32)_ Atm=0, m=1, 2, eC a2) 


ou les parenthéses et l’indice m signifient que les dérivées partielles doivent étre 
calculées pour le point [y,,, F(y,,)]. On peut calculer, sous une certaine condition, 
pour les valeurs Ax; les coefficients du polynéme P(y). 
La méthode devient pénible pour 2=4. Dans les cas ot il n’est pas avan- 
tageux d’appliquer la méthode décrite, il est possible de recourir 4 une méthode 
12 
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graphique. Nous cherchons une correction ¢ (y) a la fonction F(y) remplissant 


la condition 


S (F+¢)—f(y, F+¢)= 


En prenant 
: é 
fly, F+9)=10,F)+ £4. 
on obtient |’équation différentielle linéaire 


§(9)- £40) =f0,)-F'0) 


avec la solution 


o(y)= exp( [2 ay) | ho aF(3)] exp( 5 [Z iy) dy. 


Le calculateur détermine la valeur approchée de (df/dx) en se servant de la valeur 
de la différence Af pour une différence Ax convenablement choisie; 1] représente 
graphiquement la fonction (df/dx) et détermine son intégrale en dénombrant les 
carrés du dessin. Puis il calcule la valeur sous le second signe d’intégration, il 
fait la seconde représentation graphique et il dénombre les carrés du second dessin. 
Il determine ¢(¥) pour plusieurs valeurs de y et il compléte la fonction par inter- 
polation. Il calcule les coordonnées cartésiennes de la seconde surface a l’aide du 
principe de Fermat. 

Nous avons appliqué la seconde méthode au calcul de la forme de la premiére 
surface de la lentille caractérisée par le rayon de courbure paraxiale égal a 30 et 
d=25, n,=n,' =1, ng=1,51633, s,;= —160, s,’=50. Nous avons pris la forme 
originaire sphérique et nous avons effectué deux approximations. Nous avons 
obtenu les résultats suivants : 


sphére 1¢re approxim. 2de appr. 
= \ Gc = 
y a f-F’ x f-F’ c 

3,65608 0,22361 —0,00053 0,22209 —0,00000 0,22209 
7,25766 0,89113 —0,00398 0,88205 — 0,00000 0,88205 
10,75104 1,99259 —0,01227 1,95707 = 0,00001 1,95707 
14,08415 3,51157 —0,02489 3,39891 — 0,00000 3,39871 
18,05445 6,04094 —0,03829 5,75922 —0,00003 5,75925 
21,21320 8,78680 — 0,02022 8,30164  0,00019 8,30200 
23,64032 11,53016 + 0,08086 10,90661  0,00288 10,90876 


Aprés la seconde approximation, la difference f—F”’ disparait. La marche des 
rayons a montré que la condition des sinus est remplie 4 0,1°/o9 prés. 


6. CONCLUSION 
Un systéme aplanctique a deux surfaces est en général asphérique. Le calcul 
de la forme des surfaces ne souléve pas de difficultés sérieuses. Je calcul analogue 
fait pour un systéme a trois surfaces est beaucoup plus compliqué. Dans le cas 
d’une lentille collée avec la surface intérieure sphérique, on peut appliquer 


equation (30) mais on détermine les valeurs de la fonction a, (y, x) par des 
approximations successives [14]. 
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The surfaces of strictly aplanatic singlets with object at infinity are not spherical. The 


shape of the surfaces can be determined by advantageous approximations. ‘There are 
several exact methods for mirror systems. 


Die Flachen streng aplanatischer Linsen mit dem Gegenstand im Unendlichen sind 
niemals spharisch. Die Form der Flachen kann durch vorteilhafte Approximationen 


festgestellt werden. Fiir die Spiegelsysteme gibt es verschiedene Methoden exakter 
Berechnung. 
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Ein Verfahren fiir die Messung der komplexen Ubertragungsfunktion 
optischer Systeme wird angegeben, und die an verschiedenen Kleinbild- 
objektiven erhaltenen Ergebnisse werden mitgeteilt. Im allgemeinen 
bestimmt der Realteil der komplexen Ubertragungsfunktion, der meist als 
Kontrastiibertragungsfunktion schlechthin bezeichnet wird, hinreichend die 
Gesamtbildintensitat. Der imaginare, die Phasenverschiebung bestimmende 
Anteil nimmt nur dann gréssere Betrage an, wenn der Kontrastiibertrangungs- 
faktor kleiner als 0,2 ist. Der Einfluss von Einzelbildfehlern z.B. Koma und 
Bildfeldwélbung auf die Gesamtbildqualitat kann nur bei Kenntnis der 
Ubertragungsphase richtig beurteilt werden. 


In der Ubertragungstheorie der Optik lasst sich eine Abbildung als lineare 
Ubertragung des Kontrastes darstellen. Der Objektkontrast wird in Abhangig- 
keit von der Objektgrésse (d.i. der Ortsfrequenz R) im Bild verandert [1, 2]. 

Wenn der Helligkeitsverlauf im Objekt z.B. sinusformig ist, dann ist —lineare 
Ubertragung vorausgesetzt —auch der Helligkeitsverlauf im Bild sinusformig. 
Der Einfluss der Optik bleibt also abgesehen von der Anderung des Abbildungs- 
massstabes auf eine Veranderung des sinusformigen Helligkeits-bzw. Kontrast- 
verlaufes nach Amplitude und Phase beschrankt. Die vollstandige Kontrast- 
lbertragungsfunktion D(R) lasst sich als komplexe Funktion darstellen: 
D(R)=T(R) exp [®(R)]_ (complex-contrast-transmission-function, C.C.T.F.) 
und enthalt daher Angaben der Amplituden- und Phasenanderung. Die 
Amplitudenanderung 7(R) der C.C.T.F. beschreibt im allgemeinen in aus- 
reichender Weise die Eigenschaften der abbildenden Optik, um _ hinsichtlich 
der Intensitatsverhaltnisse fiir die verschiedenen Ortsfrequenzen eine objekttreue 
Abbildung zu vermitteln. Die Funktion, die die Amplitudenanderung beschreibt, 
wird oftmals kurz Kontrastiibertragungsfunktion genannt und stellt den Realteil 
der C.C.T.F. dar. Die Phase ®(R) (d.i. der imaginare Teil der C.C.T.F.) gibt 
die Fahigkeit der Optik an, die Lage der Intensitatsverhiltnisse im Bild 
massstabgerecht beizubehalten. Von den geometrisch-optischen Bildfehlern 
werden also Verzeichnung und Koma solche Phasenverschiebung verursachen 
[3, 4]. 

Infolge der Kleinheit dieser Fehler z.B. bei den modernen Photo-Objektiven 
reicht fiir die Charakterisierung dieser Objektive im allgemeinen die Kontrast- 
ubertragungsfunktion schlechthin aus. Trotzdem ergibt sich fiir manche 
Objektive, bei denen infolge grosser Offnung oder einfacher Konstruktion die 
Aberrationen merkliche Betrige haben, dass die Phaseniibertragungsfunktion 
einen Einfluss auf die Abbildungsgiite hat, der nicht mehr zu vernachlassigen ist. 

Die Kontrastiibertragungsfunktion gibt die Abhangigkeit der Grésse des 
Kontrastes von der Ortsfrequenz an, wobei der Kontrast von Eins auf Null 
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absinken kann. Die Phasentibertragungsfunktion gibt die Abhangigkeit der 
Phase des Kontrastes von der Ortsfrequenz an. Die Phase kann von Null bis 
zu durch das Bildformat begrenzte Werte ansteigen (siehe Figur 1, Figur 2). 


Objektkontrost 


Bildkontrast 


Amplitudendber tragungsfunktion 


Kontrast 
S 
yn 


0,4 4 
92 
ree ae 
6 9 12 
Ortsfrequenz hile 

10 
0,8 oe 

; Phasenubertragungsfunktion Pd 


Phasenverschiebung 
in Periodenlange 


9 2. 
Ortsfrequenz Mihenen 


Figur 1. Zur Abbildung von 3 verschieden feinen Gittern mit sinusférmiger Kontrast- 
(Intensitits-) verteilung durch ein System mit einer komplexen Ubertragungs- 
funktion D(R)=T(R) exp [:®(R)]. Objekt- und Bildkontrast, Amplitudeniiber- 
tragungsfunktion 7T(R) und Phasentibertragungsfunktion ®(R). 


Man kann die Phasenverschiebung erstens als eine Seitenversetzung Ay des 
Bildortes gegeniiber dem geometrisch-optischen auffassen und sie in Langenein- 
heiten angeben (Verzeichnung) und man kann zweitens den Bildort fiir grobe 
Strukturen (niedere Ortsfrequenzen) als Nullpunkt auffassen und die relative 
Verschiebung bei héheren Ortsfrequenzen in Abhangigkeit von der Ortsfrequenz 
gegen diesen Nullpunkt in Periodenlangen A® der jeweiligen Ortsfrequenz 
angeben. Letzteres ist besonders praktisch, wenn sich die Phase rasch mit der 
Ortsfrequenz andert. Im allgemeinen wird sich eine Kombination beider 
Betrachtungsméglichkeiten empfehlen. Daher ist es niitzlich, die Bildorts- 
verschiebung gegentiber dem geometrischen Bildort fiir niedrige Ortsfrequenzen 
also den iiblicherweise als Verzeichnung bekannten Effekt als feste Lateral- 
verschiebung anzugeben und dann die frequenzabhangige Phasenverschiebung 
in Periodenlangen zu messen, da letztere den Bildaufbau im kleinen beeinflusst. 
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Diese Trennung der Phasenteile entspricht etwa der ‘Trennung der 
Amplitudenteile in den frequenzunabhangigen (Streulicht) und den frequenz- 
abhingigen Anteil, die bei Erorterungen und Messungen des Amplitudenteils 
der Kontrastiibertragungsfunktion aus messtechnischen Grinden vielfach 
angewandt wird. Zu bemerken ist allerdings, dass eine konstante Lateral- 
verschiebung Ay fir alle Ortsfrequenzen keine frequenzunabhingige Phasen- 
verschiebung A® ergibt, sondern eine linear mit der Frequenz ansteigende bzw. 
abfallende Phasenverschiebung (Ay=1/R A®). 


Objektebene 


\ 4 Objektiv 
LLL 


Bildebene 


Seitliche Versetzung 
Verzeichnung 


Figur 2. Schematische Darstellung, wie eine Phasenverschiebung durch Verzeichnung 
entstehen kann. 


a 


Figur 3. Darstellung der komplexen Ubertragungsfunktion D(T, ®, R) in. kartesischen 
Koordinaten. 
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Die Amplitudeniibertragungsfunktion und die Phasentibertragungsfunktion, 
d.h. die komplexe Ubertragungsfunktion, kann man unter Umstinden mit 
derselben Messapparatur erhalten [Sie 

Will man beide Gréssen gleichzeitig in einer Kurve darstellen, so muss 
man entweder eine dreidimensionale Darstellung D(K, ®, R) (D=C.C.T.F., 
K=reeller Kontrastiibertragungsfaktor, ®= Phase, R=Ortsfrequenz) wihlen 
(Figur 3), oder man stellt den komplexen Kontrastiibertragungsfaktor als Vektor 
dar, wobei der Kontrast den Betrag und die Phase die Richtung bestimmt. 
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Figur 4. Darstellung der komplexen Ubertragungsfunktion D(T, ®, R) 
in Zylinderkoordinaten. 
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Figur 5. Darstellung der komplexen Ubertragungsfaktoren D(T, ®) p— gonst in 
Vektordarstellung. 
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Allerdings erhilt man so fiir jede Ortsfrequenz einen bestimmten Vektor. Reiht 
man diese Vektoren auf der Ortsfrequenzachse aneinander, so kann man auch 
nur in dreidimensionaler Darstellung die Ubertragungsfunktion veranschaulichen, 
wobei dann anstelle Cartesischer Koordinaten Zylinderkoordinaten treten 
(Figur 4). Da alle diese Darstellungen sich nur unbequem zweidimensional 
darstellen lassen, kann man die Komplexe Kontrastiibertragungsfunktion fur 
die Praxis nur punktweise bei bestimmten Ortsfrequenzen z.B. als Vektoren 
angeben, die man dann aneinandersetzt (Figur 5). 


Figur 6. Gittertestverfahren zur Messung der komplexen Ubertragungsfunktion. 
L=Lichtquelle, Tr=rotierende Trommel mit Gittertest, St.T=Strahlenteiler, 
O=Objektiv, OPr=Priifling, Mo, Sp,, SEV,=Mikroobjektiv Spalt und 
Photozelle als Mikrophotometer zur Messung der Bildkontraste, Verst.,, Verst.. 
Oszillog. = Zweistrahloszillograph. 


Zur Messung der Phasentibertragungsanteile bendtigt man den Vergleich 
der Phasenlage in der Objektebene zur Phasenlage in der Bildebene. Bei dem 
Gittertestverfahren [6] nach Figur 6 gibt der Vergleichsstrahlengang unmittelbar 
auch die Vergleichsphase. Die Phasenmessung beruht nun bei allen bekannten 
Verfahren darauf, die Verschiebung der Nulldurchginge zu messen (Figur 7). 
Dabei wird nur vorausgesetzt, dass die Frequenz der zu vergleichenden 
periodischen Vorgange gleich ist. Die Kurvenform ist dabei nicht von Bedeutung. 
Mit der komplexen Ubertragungsfunktion wird die Veranderung einer sinus- 
formigen Helligkeitsverteilung beschrieben, so dass man die Ubertragungsphase 
streng genommen nur an Sinustesten messen kénnte. Benutzt man jedoch 
Rechteckgitterteste, so ist nach Abbildung durch das Objektiv meistens die 
Amplitude der noch vorhandenen Oberwellen sehr klein, falls eine Phasen- 
verschiebung auftritt, so dass hdchstens die 3. Oberwelle noch falschend auf die 
Phasenlage der Grundwelle wirkt (siehe Figur 8). Man kann ausserdem leicht 
den Fehler, der durch Benutzung der Rechteckteste entsteht, bestimmen. 
Ublicherweise ist jedoch die Abweichung kleiner als die Messgenauigkeit, so 
dass sich eine Umrechnung eriibrigt. Andererseits haben die Rechteckteste mit 
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ihren steilen Nulldurchgangen den Vorteil, dase dic Phasenlage des Objekt- 
kontrastes zum Bildkontrast besser messbar ist als dics infolge der weniger genau 
erkennbaren Nulldurchgange bei Sinustesten moglich ist, 


Objpektperiode 
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— 


Phasenvergleichsmessung 


Figur 7. Zur elektronischen Phasenmessung. 


Der Zweistrahloszillograph gestattet unmittelbar die Phasenlage der iiber 
das Priifobjektiv abgebildeten Testfigur im Vergleich zur Originaltestfigur zu 
messen. Figur 9 zeigt die Oszillographenbilder aweier Kleinbildobjektive (a) 
und (5) bei Blende 2,0; A=546 nm; senkrechten Gitterlinien und verschiedenen 
horizontalen Bildwinkeln. Da die Zeitachsendehnung des Oszillographen eine 
1000-fache Vergrésserung erlaubt, kann die Phase auf ca. +5 bestimmt werden. 

Es sollen nun die Messergebnisse an einem Kleinbildobjektiv (a) 1:1,1 [50 
bei Licht der Wellenlange A=546 nm bei verschiedenen Blenden und verschie- 
denen Bildwinkeln angegeben werden. Wie H. H. Hopkins [2] theoretisch zeigte, 
treten in der optischen Achse bei Defokussierung nur Phasenverschiebungen 
um genau 180° auf. Fiir beliecbige Bildwinkel kann aber die Phasenverschiebung 
infolge des Komaeinflusses und gegebenenfalls der Bildfeldwolbung und der 
damit verbundenen Defokussierung jeden Wert annehmen [3,4] (Figur 10). 
Die Einstellung fiir jeden Bildwinkel und jede Blende erfolgte nun so, dass fiir 
die niedrigste Raumfrequenz (5 L/mm) die Phasenabweichung O ist (Bezugs- 
punkt). Um dies zu erreichen, muss man aber Verschiebungen auf dem 
Schwerstrahl [7] vornehmen, wenn man die Anderung der Ubertragungsfunktion 
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Figur 8. Einfluss der Phase der 3. Oberwelle auf den Nulldurchgang der resultierenden 
Welle von Grundwelle und 3. Oberwelle bei Rechtecktesten. 
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Figur 9. Oszillogramme am  Zweistrahloszillographen. Objektintensitat und  Bild- 
intensitat von 2 Kleinbildobjectiven (a) 1: 1,1/50 bei Blende 2,0; (5) 1: 2/50 bei Blende 
2,0 senkrechten Gitterlinien waagerechten Bildwinkel von 10° 14° und 19° und der 
Wellenliange A=546 nm. Die Messebene war bestimmt durch die Ebene senkrecht 
zur optischen Achse durch den Punkt fiir besten Kontrast bei 20 L/mm in der Achse. 
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Objektiv a 141/50 = 546nm Einstellung auf besten Kontrast in Amplitude ™ Phase fur 5 L/mm 
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Figur 11. Anderung der besten Einstellung fiir die grésste Amplitude des Kontrastes 
mit der Blende bei 5 L/mm und Anderung der Einstellung fiir die Phasenverschie- 
bung Null bei 5 L/mm mit der Blende. 
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Figur 12. Schematische Darstellung der verschiedenen Bezugsebenen bei der Abbildung. 
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Bildwinkel 


01 
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Figur 13. Bildfeldwélbung fiir 2 Kleinbildobjective (a) 1: 1,1/50 und (6) 1: 2/50 gemessen 
bei Blende 2 und 20 L/mm. 


in verschiedenen Bildebenen festhalten will. Beim Abblenden des Objektivs 
verschiebt sich dieser Bezugspunkt, an dem bei 5 L/mm die Phase Null ist. 
Diese Verschiebung in Richtung des Schwerstrahls entspricht der Blenden- 
differenz bei den betrachteten Bildwinkeln. Dies ist analog der Blendendifferenz 
infolge der spharischen Aberration in der optischen Achse. Auch hier tritt 
also bei Abblendung eine Einstelldifferenz fiir die beste Bildlage auf, wenn auf 
grosste Amplitude des Kontrastes oder auf Phasendifferenz Null fiir z.B. 5 L/mm 
eingestellt wird (Figur 11), da man die Koma als spharische Aberration schiefer 
Biindel ansehen kann. Infolgedessen andert sich die Lage der praktisch 
wirksamen meridionalen bzw. sagittalen Bildschale be: Abblendung und ver- 
schiedenen Ortsfrequenzen (s. Figur 12). Die beste Einstellung ftir z.B. 5 L/mm 
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und enger Blende liegt aber fiir die verschiedenen Bildwinkel infolge der 
Bildfeldwélbung nicht in einer Ebene und die Orte bester Phasen- und Kontrast- 
iibertragung fiir die verschiedenen Ortsfrequenzen weichen sowohl fiir senkrechte 
wie auch fiir waagerechte Gitterlinien besonders fiir gréssere Bildwinkel oft 
erheblich von einander und von der Bildebene (vergl. Figur 13) ab. Die 
meridionalen und sagittalen Bildschalen fiir beste Phasen- bzw. Kontrast- 
iibertragung bei endlichen Offnungen des Objektivs sind nicht mit den geometrisch- 
optischen errechneten Bildschalen identisch. In der optischen Achse wirden 
sich aber die meridionalen und sagittalen Bildschalen fiir beste Phaseneinstellung 
und fiir beste Kontrastiibertragung und die Ebene senkrecht zur optischen Achse 
fiir beste axiale Einstellung tangential beriihren, ebenso wie sich Gausssche 
Bildebene und geometrisch-optisch errechnete Bildschalen fiir die Hauptstrahlen 
eng benachbarter Biindel in der optischen Achse tangential bertihren. Aus 
praktischen Griinden muss man aber das Bild in einer Ebene auffangen, die bei 
photographischen Objektiven durch den Film oder die photographische Platte 
bestimmt wird, und die nur parallel zu sich verschoben werden kann. Hierbei 
ist aber zu bedenken, dass insbesondere auch die Filmflache nicht ideal eben ist 
und dass auch die Schicht eine endliche Dicke besitzt (vgl. Figur 12). Daher 
sind gerade die ausseraxialen Bildorte oft nicht in bester Einstellung, sondern 


Komplexe Kontrastubertragungsfaktoren zweier Objektive bei gleichen Einstellungen 


Blende 20, llGitterlinien , beste Einstellung (ir 20L/mm bei 0*Bildwinkel 
Objektiv a Objektiv 6 
Bildwinkel 
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Figur 14, Komplexe Ubertragungsfaktoren in Vektordarstellung von 2 Kleinbild- 
objektiven (a) 1 :1,1/50 und (6) 1: 2/50 bei Blende 2 senkrechte Gitterlinien und 
waagerechte Bildwinkel 10°, 14° und 19° bei Licht der Wellenlange \=546 nm. 


erheblich defokussiert und deshalb mit merklichen Phasenverschiebungen 
behaftet, die hier nicht wie in der Achse, nur 0 oder 180° betragen, sondern auch 
Zwischenwerte annehmen. 

Zum Vergleich sind die komplexen Ubertragungsfaktoren zweier Klein- 
bildobjektive (a) 1:1,1/50, (6) 1: 2/50 bei Blende 2,0 und gleichen Bildwinkeln 
dargestellt, wobei die Bildebene durch die beste Bildlage fiir die Achse bestimmt 
ist, (Figur 14) (Siehe auch die Oszillographenbilder Figur 2). 
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Figur 15(a). In der Achse. 


Figur 15. Geometrisch-optisch bestimmte Langsaberration (spharische oder Koma), 
Kontrast- und Phasentibertragungsfunktion der Objektive (a) 1:1, 1/50 und (0) 
1: 2/50 bei Blende 2,0 und Licht der Wellenlange A=546 nm senkrechteGitterlinien 
in jeweils bester Einstellung fiir 20 L/mm und in den Einstellungen, die um + 0,1 mm 


hiervon defokussiert sind. 


O.A. 
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Figur 15 (6). Bei 10° Bildwinkel. 


Der beachtliche Unterschied der Ubertragungsfaktoren der beiden Objektive 
ist aber nicht allein auf die verschiedenartige Korrektur der spharischen 
Aberration und Koma zuriickzufiihren, sondern zum erheblichen Teil auch 
auf die ‘latsache, dass die Bildfeldebnung sehr unterschiedlich ist. Dies wird 
durch die Kurven der Figur 15 erhirtet, wo fiir beide Objektive die 
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Figur 15 (c), Bei 14° Bildwinkel. 


giinstigsten Einstellungen gewahlt wurden. Hier sind abgesehen von der Achse, 
wo das Objektiv (a) eine wesentlich schlechtere Amplitudenitibertragungsfunktion 
besitzt, keine grossen Unterschiede mehr merklich. Die umgekehrte Lage der 
Komakurve bei Objektiv (a) gegeniiber Objektiv (6) wirkt sich allerdings 
dahingehend aus, dass die Defokussierung in Richtung auf die beste Einstellung fiir 
U2 
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Figur 15 (d). Bei 19° Bildwinkel. 


die Achse zu schlechteren Phasen-und Amplitudeniibertraguugsfunktionen fiir 
ausseraxiale Bildpunkte fiihrt als be1 Defokussierung um den gleichen Betrag 
in die andere Richtung. Bei Abblendung liegt beim Objektiv (a) die beste 
Einstellung weiter von der mittleren Bildebene entfernt, beim Objektiv (b) 
dagegen mehr zur Bildebene hin. 
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Es wurde gezeigt, dass die Phasentibertragung immer dann von Null 
verschiedene Betrage besitzt, wenn die Bildebene ausserhalb der besten 
Einstellebene liegt, und eine merkliche Koma gefunden wird. Die im 
allgemeinen kleinen Komabetrige scheinen im besten Einstellpunkt verhalt- 
nismassig wenig zum Phasenanteil beizutragen, hingegen werden die Phasen- 
betrage merklich, sobald infolge Bildfeldwolbung noch eine merkliche Defo- 
kussierung hinzukommt. Hier ist dann aber auch der Betrag der Amplituden- 
iibertragungsfunktion schon sehr klein und er wurde bisher nie iiber 0,2 gefunden. 
Unter Umstanden kann dieser Bereich jedoch noch im Bild als Kantenverzerrung 
und Kantenunsymmetrie bemerkbar werden [5, 8]. 


 Objektiv b =. 
2 so 


Objektiv a 


Bildwinkel 0° 


Objektiv b : 
Objektiv a | sf 


Bildwinkel 10° 


i i i i inbildobjektiven 
Figur 16 (a). Oszillogramme von Kantenabbildungen mit 2 Kleinbi 
en (a) : over und (6) 1: 2/50 bei Blende 2,0 senkrechter Kantenlage und Licht der 
Wellenliange 4 =546 nm bei 0° und 10° Bildwinkel, Einstellebene wie bei Figur 9. 
(Die Zahlen an den Kurven geben die Kantenbreite in wm an.) 
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Die Kantenabbildung einer steilen Hell-Dunkel-Kante, die mit dem 
Objektiv (a) und Objektiv (6) bei 0°; 10°; 14°; 19° Bildwinkel fiir senkrechte 
Kantenlage und Blende 2,0 in der waagerechten Bildebene senkrecht zur optischen 
Achse durch den Punkt der besten Einstellung fiir 0° Bildwinkel und 20 L/mm 
Ortsfrequenz abgebildet wird, ist in Figur 16 dargestellt. Die Unsymmetrie 
der Lichtverteilung an der Kante nimmt selbst fiir Objektiv (b) bei grésseren 
Bildwinkeln merkliche Betrige an. Wieweit dieser Einfluss jedoch schon im 
praktischen Bild erkannt wird, hingt im wesentlichen von der Kontrastiiber- 
tragung der Filmemulsion und den geometrisch-optischen und physiologischen 
Bedingungen ab. Unter den iiblichen photographischen Bedingungen kann bei 
Objektiv (b) héchstens die Unschirfe an der Kante nicht aber die Unsymmetrie 
der Unschirfe bemerkt werden. 
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Figur 16 (6). Oszillogramme von Kantenabbildungen mit 2 Kleinbildobjectiven 
(a) 1: 1,1/50 und (d) 1: 2/50 bei Blende 2,0 senkrechter Kantenlage und Licht der 
Wellenlinge 1=546 nm bei 14° und 19° Bildwinkel, Einstellebene wie bei Figur 9. 
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Im allgemeinen wird daher die Bestimmung des Realteiles der C.C.T.- 
Funktion ausreichend sein, sobald die Gesamtbildqualitat beurteilt werden soll. 
Um den Einfluss von Einzelfehlern auf diese Gesamtbildqualitat zu erkennen, 
kann die Messung der Ubertragungsphase manchmal z.B. bei Koma und 
Bildfeldwolbung wichtig werden, wie an einigen praktischen Beispielen gezeigt 
wurde. 

Man erkennt daraus, dass die komplexe Ubertragungsfunktion wichtige 
Kenntnisse tiber die Bildqualitit vermittelt. Sie gestattet verhaltnismiassig 
leicht zu erkennen, in welchem Masse und wie eine Verkleinerung der 
geometrisch-optischen Aberration zur Verbesserung der Abbildung beitragen 
kann. Es ist aber augenscheinlich, dass in sehr vielen Fallen schon die Kenntnis 
des Realteiles, d-h. des Amplitudenteiles der komplexen Kontrastiibertragungs- 
funktion fiir eine Beurteilung der Abbildungsgiite ausreichend ist. 


A method is described for the measurement of the complex transmission function of 
optical systems, and results are presented for some miniature camera lenses. In general 
the real part of the complex transmission function which is the usual contrast transmission 
function gives an adequate description of the imagery. The imaginary part, which 
describes the phase displacement, only becomes important when the contrast transmission 
function falls below 0:2. The assessment of the effect on the image quality of single types 
of image defects, e.g. coma or field curvature, requires a knowledge of the phase effect. 


On indique une méthode pour mesurer la fonction de transmission complexe des 
systemes optiques ainsi que les résultats obtenus sur divers objectifs petit format. En 
général, la partie réelle de la fonction de transmission complexe, qui est désignée surtout 
sous le nom de fonction de transmission du contraste, détermine suffisamment Il’intensité 
totale dans l'image. La partie imaginaire, qui indique un déphasage, n’a une valeur plus 
grande que lorsque le facteur de transmission du contraste est plus petit que 0,2. L7in- 
fluence des aberrations, telles que coma et courbure de champ, sur la qualité des images, ne 
peut étre estimée que lorsqu’on connait la phase de la fonction de transmission. 
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An improved apparatus for producing a stabilized retinal image 


by M. B. CLOWES}+ and R. W. DITCHBURN 
Physics Department, Reading University 


(Received 1 Fuly 1959) 


Criteria for defining the efficiency of an apparatus for stabilizing the 
retinal image are formulated. A distinction is made between geometrical 
stabilization and stabilization of illumination. 

A new technique is described which employs a telescopic normal incidence 
system. This makes it possible to obtain geometrical compensation both 
for rotations and for translations of the eye. It also gives good illumination 
stabilization. The degree of compensation achieved may be evaluated by 
precise physical measurements. About 99-7 per cent of natural eye rotations 
in horizontal and vertical planes is compensated and the effect of translations 
is negligible. The apparatus is designed to permit easy interchange of normal 
and stabilized viewing conditions. 


1. INTRODUCTION 

Several workers have shown that small involuntary eye-movements persist 
even when a trained subject attempts to fixate a well-defined target. 

In normal vision these rotations of the eyeball produce corresponding 
movements of the retinal image with respect to the retina and, for near vision, 
there are also retinal image movements due to small involuntary translations 
of the head. The possibility that movements of the retinal image may have an 
important function in visual perception has led to the development of methods 
for producing a stabilized retinal image, i.e. an image which remains on the 
same receptors even when the eyeball rotates or the head is translated. All 
methods so far developed for this purpose have involved the use of a contact lens 
(or a cap) which fits tightly on to the sclera and moves with the eyeball. 

In the simplest methods the target and any associated optical system are 
fixed rigidly to the contact lens. Methods of this type developed by Ditchburn 
and Pritchard [5] are shown in figure 1. Similar methods have been used by 
Mackay [6] and Yarbus [7]. ‘These methods give very satisfactory stabilization 
in respect of both rotations of the eyeball and translations of the head, but the 
type of target which can be presented is limited. In addition, these methods 
do not permit the introduction of controlled movements of the retinal image or 
variations in the degree of stabilization. For these reasons several systems have 
been developed in which a mirror is attached to the contact lens (references [8], 
[9], [10], [11]). The subject sees a target which is formed by light reflected 
from the mirror and which therefore moves when the eye moves. If a suitable 
magnification is introduced, the retinal image of this target is stabilized. 

In this paper we discuss the general conditions for stabilization and describe 
an improved apparatus. 


+ Now at the National Physical Laboratory, Teddington. 


{ Lord and Wright [1] have summarized work up to 1950; for later work see Ratliff and 
Riggs [2], Ditchburn and Ginsborg [3] and Barlow [4]. 
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Figure 1. Methods for producing a stabilized retinal image by rigid attachment of the 
target to the contact lens. (a) Pattern of rings and brushes, (6) pointer as target 
(c) target at focus of high-power lens. In each case the target is seen with un- 
accommodated eye. 


2. SPECIFICATION OF PROBLEM 

Two sets of coordinate axes are required. The first OX, OY, OZ fixed with 
respect to the apparatus, and the second Ex, Ey, Ex fixed with respect to the eye 
(figure 2). Ez is the visual axis (not the optic axis of the eye) and E (the origin) 
is the intersection of this axis with the retina. We shall be concerned mainly 
with the angular relation between OX, OY, OZ and Ex, Ey, Ez and we assume 
that in a primary position these axes coincide. Any other angular relation is 
specified by the angles 6, ¢ and js (rotations about OY, OX and OZ respectively) 
required to bring Ex, Ey, Ez from the primary position to the new position. 
In a similar way X,, Y,, Z, measure translations of the eye (due either to 
movements of the head or of the eye within its orbit) from the primary position. 

The primary position is defined to be the mean position of the eye over a period 
of 50 sec or more when the subject looks as steadily as he can at a well-defined 
mark situated on the axis of Z at a considerable distance from the eye. ‘The 
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other eye is occluded. From the above definition Xy = Y, = Z,=0and@= p=%=0 
when the eye is in the primary position. OX, OY, OZ isan ordinary linear system 
of coordinates but x and y specify the position of an image point on the retina. 
We measure distances along Ex and Ey as equivalent angles in the visual field, 
i.e. the angular separation of two distant points of light is used as a measure of the 
distance between their images on the retina. 


VY 


Figure 2. System of axes to describe the position of the retinal image. 


A distribution of target illumination ®(X, Y) is represented on the retina by 
a distribution (x,y). If stabilization is perfect then (x, y) depends on (X, Y) 
and not on 9, ¢, #, X,_, Yy, Zy- For this to be true over a wide range of x and y 
it is necessary to have: 


(a) Geometrical stabilization, 1.e. the coordinates x, y of the retinal image 
of a point X, Y depend only on X, Y and not on 4, ¢, #, X,, Yy, Zg, ie. 
v=f,(X,Y) and y=f,(X,Y) (1a) 
and 
(b) Illumination stabilization, 1.e. variations of 6, ¢, x, Noy Vere 2y, TUSE Ot 
affect the light transmission of the optical system (including the eye itself) in 
any part of the field, i.e. 
E(x, y) = F{@(X, Y)}. (16) 
Thus there must be stabilization both of the image and of the exit pupil. 
The early stabilization systems of Ditchburn and Ginsborg [8] and Riggs et al. 
[9] gave compensation (within a certain error) for rotations about a vertical axis 
(i.e. variations of @) and partial stabilization for rotations about a horizontal axis. 
The apparatus of Krauskopf [11] gives stabilization against variations of 6, and 
that of Ditchburn and Fender [10] gives good stabilization in respect of 6, and 
about 99 per cent in respect of ¢. ‘The present paper describes an apparatus 
which, in principle, gives complete geometrical stabilization (for rotations and 
translations) at one point in the field. It also provides stabilization of the 
illumination received by the subject’s eye. For reasons which will be stated later 
it does not eliminate variations of retinal illumination due to Hippus (small 


variations of pupil size which occur even when the pupil receives steady 
illumination). 
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3. CERTAIN IMPORTANT FEATURES OF DESIGN 
Consider the optical system shown in figure 3. Light from a source S 
illuminates an object O. The lens L forms an image of the source S$ upon a 
mirror M attached to a contact lens, worn by a subject and also forms an image I, 


CONTACT LENS 


Figure 3. Schematic compensating system with non-normal incidence. 


of the object. After passing through additional lenses and mirrors (not shown) 
a final image I, is formed in a position where it can be conveniently viewed by 
the subject. When the mirror M is at an arbitrary angle to the visual axis the 
coordinate X, of a point on the image I), is a function of 0, ¢ and the coordinate Y, 
is a different function of these angles. Unless an anamorphic optical system follows 
I,, this difference will be transmitted through the optical system to the final image 
on the retina. In this situation it is almost impossible to design an optical system 
which will give simultaneously stabilization in respect of all angular movements. 
If however the mirror M is set normal to the visual axis and the light is incident 
normally to the mirror, as shown in figure 4, then «x is a function of 6 (but not of ¢) 


(P =Projector; T=Telescope; B=Beam Splitter) 


Figure 4. Schematic compensating system with normal incidence. 
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and y is the same function of ¢ (and independent of #). Thus, if stabilization 
is obtained in respect of variations of 6, then (to first order at least), stabilization 
in respect of variations of ¢ is also obtained. If the mirror is not quite normal 
to the visual axis, the errors involved are proportional to the cosine of the error 
angle. An offset of 30 min arc causes a negligible error of 1 in 10* and the 
procedure described below enables the mirror to be aligned within this accuracy. 

If the image I, is at a finite distance d from the eye, then a translational 
movement AX, will produce a retinal image movement Ax given by 


AX 
d 


If Ax is to be less than 0-15 min arc, then with d=30 cm, AX, must be less than 
3x10-2 mm. It is almost impossible to fix the head with this accuracy. Even 
if the head were fixed, small translational movements of the eye in its orbit 
could not be prevented. It therefore appears desirable to increase d to more 
than 10 metres. It is just as easy to increase d to infinity and this completely 
eliminates the effect of variations of X, and Y,;. However, if the image I, is at 
a finite distance from the eye-mirror M then variations of Z, will produce variations 
in the magnification of Iy and of the retinal image and will upset any stabilization 
condition which may have been established. It is therefore desirable to place O 
at the focus of the lens L, so that from any point P of the object a parallel beam 
of light is incident upon the mirror M. Small movements of the mirror with 
respect to this beam cannot affect the position of I, and hence of I. 

Since the input image I, of the optical system between the mirror M and the 
eye is at infinity and the output is also at infinity, the system must be telescopic. 
To obtain angular stabilization in respect of 6 and ¢, it is necessary that the 
angular magnification (/,) of this system shall be x } so that the transverse 
magnification M, is x 2. Rotations % of the eye about the axis OZ do not cause 
movements of the retinal image in respect of the point x=y=0. Their effect 
on other points will be considered later. 

The simplest telescopic system of magnification x 4 consists of an objective 
(L,; in figure 5) and an eyepiece (L-) of twice the focal length. To increase the 
field the lenses Ly and L,, whose focal lengths are approximately equal, are inserted. 
The separation of these lenses is (f;+/,), so they form a telescopic system of unit 
magnification. ‘The apertures of the lenses are fully used since L, is imaged by 
L,on L;. ‘The condition for stabilization is 


t= fs x falfa- (2) 
The field lens L, has a focal length such that an image of the eye mirror (which 
acts as entrance pupil for the telescopic system) is formed on the pupil of the 
subject’s eye. ‘This very greatly increases the effective luminance of the target. 
If L, is placed in the plane which is the focal plane of L; and L, it does not affect 
the magnification ratio. 

L3L,L, are f/2-9 Dallmeyer lens combinations of focal lengths approximately 
20cm and L, is an achromatic combination of focal length 50cm. L, is a 
combination of an achromatic lens of focal length 42 cm and a weak spectacle 
lens. ‘The overall magnification is adjusted first by altering the separation of 
the two components of L;. A fine adjustment may be made by displacing Lg 
from the position indicated in the diagram. A simple calculation shows that 


Ax = E x 3400 min arc. 
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when I, is displaced by a distance Z,, the magnification changes by 100 Z)/f, per 
cent while the image seen by the subject moves from infinity to f;?f,/Z)2. With 
fs=50cm and f,;=40cm (approximately) a displacement Z,=1cm changes 
the magnification by 2 per cent and moves the image to 800 metres. It is thus 
possible to adjust the magnification by +2 per cent while still keeping the image 
more than 800 metres away. L, is mounted on a carriage controlled by a 
micrometer screw reading to 0-01 mm so that an adjustment of 0-002 per cent 
in the magnification ratio is possiblet. The roof prism and the mirror M,, 
taken together, form a corner cube and give the number of reflections required 
for reversal in both planes. 


TEST OBJECT 


R ROOF PRISM 


BEAM , 
SPLITTER” 


L A 
‘ es M 


A 


CONTACT LENS 
FIELD LENS 


Figure 5. Simplified normal incidence telescopic compensating system. 


4, DETAILS OF THE APPARATUS 


4.1. Projection system 

The simple arrangement in figure 5 is replaced by the more elaborate system 
(Bench 3, figure 6) for a number of reasons. ‘The source (figure 5) has been 
replaced by an aperture S upon which is projected the image of a strip filament 
lamp, formed by the condenser lens C. his permits the introduction of a 
photometric wedge W, and suitable filters, to control the luminance and colour 
of the test object. 

In the original design, the test object was illuminated with parallel light 
derived from a small pinhole placed at the focus of the lens L, (in figure 5). 
This illumination is coherent and images of this pinhole are formed on the eye- 
mirror and on the eye-pupil. Small translations of the head may then cause the 
side spectra of the diffraction images to be lost so that the target assumes an 
anomalous appearance. ‘This is very undesirable because the anomalies may be 
confused with effects due to stabilization. This situation was remedied by 
illuminating the target with non-coherent illumination and placing the pupil 
stop at S. This arrangement is also advantageous in relation to the bipartite 


field. 


+ We are indebted to Dr. H. H. Hopkins for suggesting the use of a field lens in this way 
(see Hopkins [12]). 
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4.2. Double-beam projector 
Most of the experiments to be performed are concerned in one way or another 
with the effects of compensation upon contrast discrimination. The insertion of 
a photometer prism P (figure 6) enables us to combine a second projection system 
(Bench 4) illuminated from the same lamp, thus providing a wide variety of 
stimulus configurations in the plane of T’. 


M2 T2 Wi 


MI BENCH 4 


Strip Filarnent 
Lamp 


Root Prism 
IN BENCH 2 


! 
W3 
BENCH | 


vLo Le Lie 
Field Lens 


Figure 6. The normal incidence telescopic compensating system. 


4.3. Production of a normal (uncompensated) target 
The beam splitter M; reflects 50 per cent of the light incident upon it and by 
a suitable mirror arrangement M,M., this light may be reflected back into the 
compensating system to form an image of the test object in the normal way. 
This image is stationary with respect to the apparatus (i.e. uncompensated) 
but is otherwise a replica of the compensated image. It is used extensively to 
establish a direct comparison between normal and compensated vision. 


4.4. Field projector 

Work on contrast discrimination frequently requires the use of adapting 
fields and in some of the experiments to be described, a stationary fixation 
annulus is used. Replacing M; by a beam splitter, a simple projector (Bench 1) 
may be used to provide both an adapting field, and any fixation marks which may 
be required. 

5. FACTORS AFFECTING PERFORMANCE 

The angular orientation of the normal of the eye-mirror with respect to the 
visual axis may be measured in a simple star collimator, in which the subject 
fixates the star source. When the mirror normal is parallel to the visual axis, 
the image of the source formed by reflection from the eye-mirror is coincident 
with the source itself. The eye-mirror is adjusted to this position by plastic 
deformation of the stalk under local heating. ‘The mirror is securely attached to 
the stalk by means of a cone joint; its normal may be easily adjusted by this 
technique to within 30 min arc. 

‘The component lenses of the system may be adjusted to bring their centres 
coplanar to within 1 mm, using a distance rod. The orientation of the lens axes 
may be tested by a method described by ‘Taylor and Thompson [13] in which 
the multiple images of the source formed by back-reflection in the lens, are brought 
into collinearity. The mirrors in the system are brought to verticality by a similar 
use of the distance rod. 
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It is found that, when the stalk is adjusted to avoid the eyelashes, the 
eye-mirror sets some 4 mm below a horizontal plane through the eye-pupil. 
Accordingly the components on Benches 2, 3 and 4 are centred in a plane 
approximately 4 mm below the axis of Bench 1, on which the observer’s pupil 
is situated. A vertical adjustment of the roof prism is used to correct small 
deviations from this 4 mm value, occurring from one observer to another. The 
roof prism is used in conjunction with a section of }in. plate glass inclined at 
45° to the horizontal (P1 in figure 6). This displaces the axis of the system clear 
of the internal edge of the roof prism. 

The observer’s head is held by a dental bite and moulded forehead-piece 
in a moveable head-rest, though accurate fixing of the head is not necessary. 
His pupil may be centred on the axis of Bench 1 by horizontal and vertical 
adjustment of the head-rest. The experimenter can make this setting to 
approximately 0-5 mm by viewing the pupil through an auxiliary telescope. 
The image of S’ may be centred on to the eye-mirror vertically by adjusting L;, 
and horizontally by racking M, across the face of the apparatus. 


6. "THE DIRECT-VIEWING CONDITION (MAXWELLIAN VIEW) 

Ditchburn and Ginsborg [8], Riggs et al. [9], and Ditchburn and Fender [10] 
describe compensating systems in which the target is projected onto a screen. 
In the present apparatus, as in those described by Krauskopf [11] and by 
Cornsweet [14], the target is viewed directly; the exit pupil of the optical system 
coincides with the subject’s eye-pupil. If the exit pupil is about the same size 
as the eye-pupil, violent oscillations of the latter may be induced. We must 
therefore make the exit pupil either (1) considerably larger or (2) considerably 
smaller than the eye-pupil. It is also necessary to decide whether the exit pupil 
is to be (a) fixed in the OX, OY, OZ system or (0b) fixed in the Ex, Ey, Ez system, 
i.e. fixed with respect to the eye. The latter condition may be obtained by painting 
the pupil on the contact lens as was done by Krauskopf. 

If the exit pupil is smaller than the eye-pupil and is fixed in the OX, OY, OZ 
system (condition 2a) movements of the head may (i) impair geometrical 
stabilization because of spherical aberration and (ii) impair illumination 
stabilization through the variation of pupil efficiency (Stiles-Crawford effect). 
Calculation, based on the measurements of spherical aberration by Ames and 
Proctor [15] shows that, if the eye-pupil and exit pupil are initially concentric, 
then a relative displacement of 0-2 mm produces a negligible movement of the 
retinal image (<0-1 minarc). For larger displacements the movement increases 
rapidly and 0-5 mm displacement causes a movement of the retinal image of 
1 min arc (i.e. more than the intercone distance). The Stiles-Crawford effect 
produces negligible change of illumination for displacements of 0-2 mm from the 
central position but the change increases rapidly for larger displacements. In 
order to use condition 2a it would be necessary (a) to fix the head fairly rigidly 
and (b) to find some method of accurately placing the exit pupil in the centre of 
the eye-pupil. It appears best to avoid these difficulties by working with either 
condition 2b (pupil painted on contact lens) or condition 1a (exit pupil larger 
than eye-pupil). Practical tests lead to condition 1a being preferred. This 
gives a better visual image and is less sensitive to small defects in the optical 
system and in the eye. Accordingly the exit pupil of the apparatus has been 
fixed at 8 mm. 
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7. RESULTS OF PHYSICAL TESTS ON THE APPARATUS 
7.1. Compensation 


If the observer’s eye is replaced by a telescope carrying an eye-mirror, an 
image of the test object is formed in the focal plane of the eye-piece. The 
telescope may be rotated through measured angles so as to explore the field of 
view. If the compensation is complete the image will appear stationary on the 
cross-hairs; its relative movement is therefore a measure of the failure of 
compensation. Since the apparatus compensates for translational movements 
of the eye, the centre of rotation of the telescope is of no importance, whereas 
in earlier systems where the centre of rotation appears in the equation of 
compensation, the use of a telescope to explore the apparatus was of doubtful 
value, owing to the uncertainty in the position of the centre of rotation of the eye. 
Thus an immediate and important consequence of the compensation of 
translational movements is that the compensator may be rigorously tested by 
an objective method. 

The telescope can be rotated about a horizontal and a vertical axis located 
some 5 cm behind the object glass, immediately in front of which there is a stop 
simulating the iris. A mirror is mounted on the telescope in a position 
corresponding to that assumed by the eye-mirror; it may be rotated about 
three mutually perpendicular axes to bring it perpendicular to the axis of the 
telescope. A micrometer eye-piece permits measurements of angular deviations 
of the image of 10 sec arc. ‘The whole is mounted on the head-rest. 


7.1.1. Exploration of the field 

The orientation of the telescope (@,¢) with respect to the axis of the 
compensating system, may be defined by viewing through the telescope a 
graticule mounted in the field projector. This graticule is graduated vertically 
and horizontally in degrees. 

For some orientation of the telescope (0,¢) the target image will assume 
some position (8),¢,) and the discrepancy (Ax, Ay) is measured by the 
micrometer eyepiece. ‘That is, 

Ax =6,—0 (3 a) 
and 


Ay=$y—¢. (3 6) 


Oy =fi(@,4) and dy=f2(9, 9). (4a, b) 
For Ax, Ay small we may expand as follows: 
6, = Ay +A,0+A,67+... 
+B,é6+B,¢?+... 
+ (cross products of 0, 4) (Sa) 


In general, 


and 
by = Co t+ Cyp+ Cog? +... 
+D,0+D,6?+... 
+ (cross products of 6, 4). (55) 


As we shall show that it is possible to reduce equations (5a) and (5 b) only to 
the second order of small quantities it is expedient to ignore cross-product terms 
at this stage. 
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The telescope and apparatus are aligned so that with the telescope on axis, 


the target is seen centrally, i.e. 


G=p—()) 6 =¢,,—, 
whence 


and (5a, b) become 


Op =A,0+A,67+...+Bip+ Bod? +... 


and 


bp =C\64+ Cod? +...+D,04+ D6? +.... 


(64) 


(66) 


As noted earlier longitudinal translation of L, introduces a variation in the 
angular magnification of the system. If it is assumed to be symmetrical in 9, 4, 
its effect will be to introduce a first-order term into (6a) and (64): 


6, =A,O+k0+ A,0...+Bib+ Bop? +... 


and 


n= Cip+k6+C,d*...+.D,0+ D0 +...: 


oh DB 
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Figure 7. (a) Contour map of compensation, (by—¢) versus (6, ¢). 


(7a) 


(76) 


262 M. B. Clowes and R. W. Ditchburn 


It is found also that the effect of tilting any of the mirrors M,, M;, Mg is to 
introduce a linear term of the form 


6. =hd 
and 
p= nO 
which when substituted in (7a) and (76) leads to 
6,=(A,+k)0+ A,6?...(By+h)d+ Bod’... (8 a) 
a bp = (Ci +k)b6+ Cyd*...(D, +h4)0+D0?.... (8b) 


Thus, provided that 4,=C, and B,=D, we can adjust the apparatus to bring 
(8a) and (86) to the second order of small quantities throughout. 
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Figure 7. (6) Contour map of compensation, (Ap —6) versus (6, ¢). 
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8 and $y are measured separately over a 6° square matrix with a micrometer 
eye-piece oriented horizontally and vertically respectively. The differences 
(6,—8), (dy—¢) are read off directly from the micrometer scale and plotted on 
a contour map in which successive contours indicate increments of 10 sec arc in 
(6,—0) and (¢,—¢). It is found that 4,4 C, and B, 4D, so that the first-order 
terms can be made to vanish in only one of the equations (8a), (85). It is found 
easier to eliminate the first-order terms in (86) and the results are shown in 
figure 7 (a, 6). 

A general feature of both plots is the crowding of contours towards the edges 
of the field, indicating that as 6,4 increase the square terms predominate. For 
the (@,;—@) plot it will be seen that the residual image movements within 
60 min arc from the centre of the field of view are less than 


10 
2 x 60 x 60 


of the telescope movements, that is the image is compensated for better than 
99-8 per cent of the telescope movement. The corresponding position for 
(¢,;—¢) is comparable, being better than 99-7 per cent compensated. Thus 
vertical compensation is slightly better than horizontal compensation, and 
accordingly we have chosen test objects which have the main lines of the pattern 
in a horizontal direction. 

The uncompensated movement due to torsion (variations of w) for a point 
distant 7 min arc from the visual axis, is rys/3400 min arc where 7 is the torsional 
rotation. ‘Thus for r=60 the movement is 4/60 approximately. ‘The measure- 
ments of Fender [16] indicate that the torsional component of a flick is about 
one-fifth of the horizontal and vertical components. ‘Thus, the uncompensated 
torsional movement has the same effect as a vertical or horizontal component 
whose compensation is 


=(0-0014 


100(1 ~ <i) ==\90-//; Der cent. 

The results of these tests may be summarized by saying that simultaneous 
stabilization for all movements can be made better than 99-5 per cent over the 
central 2°. At the centre stabilization is considerably better but it rapidly becomes 
worse outside this region. 

It is important to note at this point that the introduction of a linear interaction 
term by tilting one of the mirrors M,, M; or M, excludes the use of these mirrors 
as methods of adjusting target position after the compensator has been set up. 
Such adjustments are necessary although they are small as a result of the modified 
mounting of the eye-mirror. They are made by moving the target material in 


the projector system. 


7.1.2. Test on effects due to translation 
It is desirable to make a direct test for possible movements of the image when 


the telescope is translated (such movements might be produced by imperfection 
of optical components, especially the eye-mirror). A typical mirror was mounted 
on the telescope which is oriented so as to be viewing the test object centrally 
(8=¢=0). No movement of the image could be detected when the telescope 
was translated either vertically or horizontally. 

Kee 
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7.2. Measurements of luminance and contrast 


The instrument used for measurement is an S.E.I. photometer reading to 
0-1 log units. The retinal illumination is uncertain by a factor depending on the 
ratio between the area of the entrance pupil of the photometer to that of the 
eye-pupil. This factor is of order unity. 

The large number of air-glass surfaces in the system introduces multiple 
reflections which produce a background of milky light surrounding the target. 
This has the effect of reducing contrast in the target, but measurement shows 
it to be less than 1 per cent of the target luminance and it is therefore below the 
experimental error in setting the wedges controlling target luminance. 


7.3. Image quality 

During the course of experiments with various types of bipartite field 
exhibiting a sharp brightness difference, observers have reported anomalous 
distributions of brightness at the discontinuities. ‘These effects are always more 
pronounced in compensated vision than in normal vision, and usually take the 
form of a reported black line where no such distribution of intensity exists in the 
physical configuration. That these are subjective effects has been confirmed by 
microphotometry of a plate photograph of targets as seen in the apparatus. 


7.4, Absolute magnitude of residual retinal image movements 


The natural tremor movement has a maximum amplitude of less than 1 min arc. 
The residual, after compensation, is about 0-003 minarc, or less than 0-01 times 
the intercone distance. It is extremely improbable that this movement can have 
any effect and this is confirmed by the observations of Ditchburn, Fender and 
Mayne [17]. The residual drift has a rate of order 0-001 min arc per sec and 
an amplitude of order 0-01 min arc. ‘This slow, small movement is also almost 
certainly ineffective. ‘The median flick is of order 10 min arc in 30 milliseconds. 
The residual is of order 0-03 min ata rate of order 1 min are persec. This probably 
produces only a very small effect though some of the largest flicks (50 minarc 
before compensation) will produce residuals of order 0-2 min are which is 
comparable with, though smaller than, the intercone distance. We conclude 
that geometrical stabilization is good enough to eliminate the effects of all natural 
movements except the largest flicks. Of course there remain the possibilities 
of mechanical destabilization within the eye (e.g. by a change of shape or 
movement of the lens during the flick) and of illumination destabilization by 
variations of pupil diameter (Hippus). It is possible that normal visual perception 
includes some method of compensating for this latter effect which is fairly small. 


8. CONCLUSION 
‘The normal incidence telescopic system represents the logical culmination 
of the optical lever method of compensating for the involuntary eye movements. 
While the apparatus as described exhibits a good deal of complexity, it offers 
the possibility of performing a very wide range of experiments. We shall discuss 
some of the experiments together with others which permit some comparison 
to be made with previous optical lever systems, in a subsequent paper. 
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On exprime les critéres définissant |’éfficacité d’un appareil destiné A stabiliser Vimage 
rétinienne. On fait la distinction entre la stabilisation géométrique et la stabilisation de 
léclairement. 

On décrit une nouvelle technique qui utilise un systéme téléscopique travaillant sous 
incidence normale. Ceci rend possible la compensation géométrique des rotations et des 
translations de l'oeil, et fournit une bonne stabilité de l’éclairement. Le degré de com- 
pensation atteint peut étre évalué par des mesures physiques précises. On arrive 4 com- 
penser environ 99-7 pour cent des rotations naturelles de l’oeil dans les plans horizontal et 
vertical et l’effet des translations est négligeable. L’appareil est réalisé de fagon a permettre 
de passer facilement des conditions d’observation normales, a l’observation stabilisée. 


Es werden Kriterien genannt, um die Wirksamkeit eines Gerates zur Stabilisierung von 
Netzhautbildern festzulegen. Dabei wird zwischen der geometrischen Stabilisierung und 
der Stabilisierung der Beleuchtung unterschieden. 

Bei einer neuen Anordnung wird ein teleskopisches Prinzip mit senkrechtem Einfall 
benutzt. Das erméglicht eine geometrische Kompensation sowohl der Drehbewegungen 
als auch der Querbewegungen des Auges. Ausserdem liefert sie eine gute Stabilisierung 
der Beleuchtung. Der erreichte Kompensationsgrad lasst sich durch genaue physikalische 
Messungen bestimmen. Etwa 99-7 prozent der natiirlichen Drehbewegungen des Auges 
in der horizontalen und vertikalen Ebene werden ausgeglichen und die Wirkungen der 
Querbewegungen sind vernachlassigbar klein. Das Gerdt ist so gebaut, dass es einen 
leichten Wechsel von normalen zu stabilisierten Beobachtungsverhiltnissen gestattet. 
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Es wird ein einfaches, auf die Verhaltnisse bei der inkohaérenten Abbildung 
zugeschnittenes Verfahren zur Gewinnung der Fourier-Transformierten 
einer gegebenen Funktion beschrieben. Dabei wird die gegebene Funktion 
in Bestandteile zerlegt, deren Fourier-Transformierten man kennt, und die 
gesuchte Fourier-Transformierte ,durch Summation uber die Fourier- 
Transformierten der Bestandteile gewonnen. 

Die Brauchbarkeit des vorgeschlagenen Verfahrens wird an einem 


Beispiel vorgefiihrt. 


Lichtgebirget und inkohadrente Ubertragungsfunktion enthalten prinzipiell 
die gleiche Information. Sie hingen bekanntlich mathematisch zusammen tuber 
die Fourier-Transformation [2]: 

U(u, v)=F{P(x,y)}, P(e y)= FU (u, o)}$ (1) 
(wobei U die inkoharente Ubertragungsfunktion, P die Helligkeitsverteilung im 
Lichtgebirge, u, v und x, y die Koordinaten im Frequenzraum bzw. im Objekt- 
(Bild)-Raum und F'{} den Operator ‘ Fourier-Transformieren’’ bedeuten mége). 

Bei Uberlegungen zur Abbildungsgiite fiir spezielle inkoharente Objekte 
erweist sich einmal das Lichtgebirge, ein anderes Mal die Ubertragungsfunktion 
leichter verwertbar [3]. Aus diesem Grunde erschien es wiinschenswert, die 
Moglichkeit zu besitzen, aus dem Verlauf der einen Funktion in einfacher Weise 
einen Uberblick tiber den Verlauf der anderen Funktion gewinnen zu kénnen, 
ohne den normalerweise etwas beschwerlichen Weg iiber die numerische Berech- 
nung der zweidimensionalen Fourier-Transformierten beschreiten zu miissen. 

Wegen der Linearitat der Fourier-Transformation kann man folgender- 
massen vorgehen: Man zerlegt z.B. das Lichtgebirge P(x, y)in beliebige (einfache) 
Bausteine p(x,y), deren Ubertragungsfunktionen ii(u,v) man kennt. Dann 
erhalt man die gesuchte Ubertragungsfunktion U (u,v) durch 


U(u, 0) => .67t (uso > Fics, (x,y) ry cPaley)h =F{P(x,y)} (2) 


worin ¢, die Lichtstromanteile der Elemente p, sein mégen. 

Bequem ist eine solche Zerlegung insbesondere bei rotationssymmetrischen 
Lichtgebirgen. Diese lassen sich beispielsweise aus Kreisscheiben und Kreisrin- 
gen aufbauen. Bei nichtrotationssymmetrischen Lichtgebirgen kann man die 


+ Jetzt : Carl Zeiss, Oberkochen. 

} Darunter sei nach K. Strehl [1] die Helligkeitsverteilung im Bild eines Punktes 
verstanden. 

§ Wir schreiben hier das Fourier-Integral in der Form: 


FES = [f° FC, 9) expl2mi(au +y0)] de dy. 
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Ubertragungsfunktion gemass dem Verschiebungssatz der Fourier-T'rans- 
formation 


Ff(x—x,,9—y,)} = exp [—2ni(x,u+y,v)] F{ f(x,y)} (3) 
in einen Verschiebungsanteil und die Fourier—Transformierte bezogen auf das 
Zentrum des betreffenden Bausteins zerlegen. Wegen der Symmetrie der 
Formeln (1) beziiglich der Funktionen P und U gilt entsprechendes, wenn man 
von einer vorhandenen Ubertragungsfunktion ausgeht und das zugehorige 
Lichtgebirge bestimmen will. 

Die Gewichte, mit denen die einzelnen Bausteine in die Rechnung eingehen, 
gewinnt man aus folgender Uberlegung: Aus den Formeln (1) folgt fiir w=v =0 
baw. x=y=0 


(0, 0)= | [Poay)as dy (4a), P(O, n= [0 o)dudor. (4B) 
Bildebene Pupille 
Aus Formel (4a) sieht man sogleich: Wenn man die tibliche Kontrastdefinition 
Imax — Imi 
‘Kees max min 5 
Imax + Imin ( ) 


beibehalten will—dann ist U(0,0)=1—so normiert man damit gleichzeitig den 
gesamten, vom optischen System hindurchgelassenen Lichtstrom ¢,, auf eins: 


i= [Psx)aedy=1. (6) 
Bildebene 
Das fiihrt bei einem Pupillenradius N (Bandbreite) auf eine mittlere Leuchtdichte 
der Pupille B=1/7N?. 
Die Gleichung (46) ergibt fiir die fehlerlose Welle wegen 


UGS a (2uV?are cos 5, . 7 5 uf [St (5) )| 


(Faltungsquadrat zweier Kreise vom Radius N fir B=1/7N?; v=polare 
Abstandskordinate im Frequenzraum) 


P(0)=J* =20[ in wdv= ane (7) 


Deshalb besteht zwischen der in diesem Formelsatz erhaltenen Zentralhelligkeit 
J* und der Strehlschen Definitionshelligkeit J [5] die Beziehung 


Ie = Ne (8) 


Diese Umnormierung ist vom physikalischen Standpunkt durchaus vorteilhaft : 
Wir halten den vom System hindurchgelassenen Gesamtlichtstrom konstant, 
indem wir bei Vergrésserung der Bandbreite N die Leuchtdichte in der Pupille 
entsprechend herabsetzen. Trotzdem wichst im Fall der fehlerlosen Abbildung 
die Zentralhelligkeit mit N?}, was in Formel (8) zum Ausdruck kommt. Die 
vorgenommene Anderung der Normierung macht also nur die fur manche 
Zwecke ungiinstige Eliminierung der Bandbreite aus der Intensitatsfunktion 


wieder riickgangig. 


+ Auf den Zusammenhang zwischen der Zentralhelligkeit im Lichtgebirge und dem 
Integral tiber die Ubertragungsfunktion hat wohl als erster O. H. Schade [4] hingewiesen. 
+ Wegen der Kontraktion des Beugungsbildes mit 1/N. 
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Nun einige als Bausteine brauchbare FunktionenpaareT : 


(1) Die fehlerose Abbildung (Vgl. Kurven 1, Abb. 1) 


P(p)= ani) Ui(v) = — 24 NPare cos 5 = 3 x prs (5) |}: 


(2) Das Lichtgebirge besteht aus einer Kreisscheibe konstanter Helligkeit 
(Kurven 2, Abb. 1) 


1 
= ep aR) 
P(p)= 3539p 
0 R<p 


_ 2J,(27Rv) 


U(v) Oakey 


aa PN; R y 


04 


Abb. 1. Einige Funktionenpaare mit bekanntem formelmissigem Zusammenhang, in 
willkiirlichem Masstab dargestellt. Die angeschriebenen Zahlen beziehen sich auf 
die Numerierung im Text. 


(3) Das Lichtgebirge hat die Gestalt einer Gauss-Funktion (Kurven 3, Abb. 1) 


Pip)= se op| -(K) |, 06) =exp[- Roy. 


(4) Das Lichtgebirge besitzt einen radialen exponentiellen Helligkeitsabfall 
(Kurven 4, Abb. 1)§ 


Rips pee? ( 5) U(v)= [1 + (27Rv)?]-3? 


+ Man vergleiche auch [6]. 
t J,(x)=1. Bessel-Funktion 1. Art. 
§ Diese Funktion ist als Streufunktion der photographischen Schicht brauchbar [7]. 
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(5) Das Lichtgebirge besteht aus einem Kreisring konstanter Helligkeit 
0 O<p<R, 
1 2 
GON ekg RI RE ae Ras 
0 Ri <p 


= ike = 2J,(27R,v) 
Se Tete” 


P(e) | 


(a) 


(0) 


Abb. 2. Einige Funktionenpaare mit nur numerisch bekanntem Zusammenhang: 1,{Das 
Lichtgebirge besteht allein aus dem Airy-Scheibchen [P(p) = 2J,(2a7Np)/(2aNp)?7J, 
0<Np <0,61; P(p)=0, 0,61<p). 2,3, Das Lichtgebirge besteht aus einem ein- 
zigen Beugungsring. 4, Fiir gegen null strebende relative Ringbreite (weit aussen 
im Beugungsbild liegende Ringe) nahert sich die Ubertragungsfunktion der Funktion 


U(r) = J (27 Rv)t- 
t J,(x)=0. Bessel-Funktion 1. Art. 
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(6) Das Lichtgebirge wird durch eine elliptisch verzerrte Gauss-Funktion 
beschrieben 


1 x\? y\? rj 2( X 24,2 Za2 
P ee = = el OX ORO eS — 7*(X*u? + Y20")]. 
(x,y) ‘s exp ( ) ( ) ] (u, v) = exp [ —7( | z 
(7) Das Lichtgebirge hat die Form eines Rechtecks konstanter Helligkeit 


1 
P(% Y)= ayy [Ix|<X; [yI<¥, 


ORs <0 ( =|) 


2nXu 2rYv 


U(u, v) = 


A ss 
@(2mNo) ran P(2iNo) 


2aN ? 
Abb. 3. Lichtgebirgsprofil und Wachstumskurve fiir ein Demonstrationsbeispiel. 


Neben derartigen Elementen, bei denen der mathematische Zusammenhang 
zwischen Lichtgebirge und Ubertragungsfunktion bekannt ist, kann man natiir- 
lich auch solche benutzen, bei denen man den numerischen Zusammenhang durch 
Rechnung oder Messung kennt. In Abb. 2 sind einige derartige Elemente mit 
ihren Fourier-'Transformierten wiedergegeben. 

Zum Abschluss sei die Brauchbarkeit des vorgeschlagenen Verfahrens am 
Beispiel eines rotationssymmetrischen Lichtgebirges, dessen zugehérige Uber- 
tragungsfunktion man wissen mochte, vorgeftihrt. In Abb. 3 ist das gege- 
bene Lichtgebirge dargestellt (1); ausserdem die Wachstumsfunktion 


8(p)=2n | Plopdp (2) [8], aus der man zweckmiassig die Lichtstromanteile 


der einzelnen Elemente entnimmt. Die Zerlegung in die Bausteine I, IJ, III, ... ist 
in der Abbildung markiert. Deren Ubertragungsfunktionen sind in Abb. 4 
dargestellt. Die Summenfunktion & stimmt mit der auf anderem Wege bestimm- 
ten gestrichelten Ubertragungsfunktion recht gut tiberein. 
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U(») 
10 


Abb. 4. Zusammensetzung der zum Lichtgebirge der Abb. 3 gehérigen Ubertragungs- 
kurve © aus den Ubertragungsfunktionen der Elemente I, lJ,.... Die gestrichelte 
Kurve wurde durch Messung [3] ermittelt. 


ANERKENNUNGEN 
Herrn Prof. Dr. H. Slevogt bin ich fiir wertvolle Anregungen und die freund- 
liche Betreuung meiner Arbeiten zu aufrichtigem Dank verpflichtet. Ausserdem 
danke ich Herrn Dipl.-Ing. J. Hertel fiir zahlreiche Diskussionen. 


A method is described, suitable for the case of imagery with incoherent illumination, of 
evaluating the Fourier transform of a given function. The function is expressed in terms of 
components whose transforms are known, and the transform of the function is obtained as 
the sum of the transforms of the components. An example is given of the application of the 


method. 


On décrit un procédé simple pour obtenir la transformée de Fourier d’une fonction 
donnée, adapté au cas de |’imagerie incohérente. La fonction donnée est décomposée en 
éléments simples, dont on connait les transformées de Fourier et l’on obtient la transformée 
de Fourier cherchée par sommation des transformées de Fourier des éléments. 

L’utilité pratique du procédé proposé est demontrée par un exemple. 
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Validation of sine-wave analysis for photographic systemst+ 


by G. C. HIGGINS, R. L. LAMBERT'S and R. N. WOLFE 
Research Laboratories, Eastman Kodak Company, Rochester, N.Y., U.S.A. 


(Received 10 Fune 1959) 


It is shown that, if the luminance range is not excessive (A log B=0°5 in 
the case considered), the edge trace in the print can be satisfactorily computed 
from the sine-wave responses of the lens, the negative film, and the positive 
film. A device was made to ‘ photograph’ a transparency with a uniform 
spread function over the entire picture area. Nine photographs made with 
different spread functions were evaluated psychometrically for definition and 
the corresponding sine-wave responses were determined. A _ plot of 
definition against equivalent passband shows that, although the latter may be 
useful in estimating the definition to be expected in a picture, it (or probably 
any single number) should be used with caution and may even be misleading. 


During the past several years, there have been many papers in the literature 
describing methods for studying the imaging properties of a lens by means of 
sine-wave analysis. It has been pointed out that if the image of an object point 
is not symmetrical, as is almost always the case for lenses except when the image 
is on the axis, a complete investigation of the imaging properties of the lens 
requires not only the sine-wave response but information on phase [1]. 

Considerably less has been written about measuring the sine-wave response 
of photographic materials [2,3]. Since a photographic material is a turbid 
medium, a point of light, when imaged on the material, becomes diffused within 
the material to form an enlarged image somewhat as a point is modified when 
imaged by a lens. However, since the photographic material is a homogeneous 
medium, the distribution of light—the point spread-function—within it is 
symmetrical. 

The sine-wave response as measured in the Kodak Research Laboratories [3] 
applies to the exposure and not to the image which results when the photographic 
material is processed after exposure. ‘This method of describing the sine-wave 
response of photographic materials was adopted because, except for adjacency 
effects, it is essentially invariant with the type and extent of development. The 
image which results after development is used simply as a photographic 
photometer, and by means of this photometer, it is possible to determine the 
sine-wave response in terms of exposure. 

One of the purposes of this investigation was to determine whether it would 
be possible to combine or cascade the sine-wave response of the negative with 
that of the positive mathematically to obtain the overall sine-wave response in 
terms of the exposure impressed on the negative. It is known that the elements 
of a system can be cascaded if they are all linear, but the response of a photographic 
material in terms of exposure is, in general, non-linear. The theoretical relations 


+ Communication No. 2028 from the Kodak Research Laboratories. Read by Dr. 


Higgins at the Fifth Conference of the International Commission for Optics in Stockholm. 
24-30 August, 1959. 
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involved in cascading non-linear elements of this type have been discussed in 
the literature [4, 5]. 

To investigate the cascading problem experimentally, the sine-wave response 
was measured for the combination of a 40 mm f/2:8 lens, Kodak Plus-X Negative 
Film, and Kodak Fine Grain Positive Film+. The negative film was developed 
for 5 min at 20°c in Kodak Developer SD-28 to a gamma of 0-65, and the positive 
film was developed for 4 min in Kodak Developer D-16 to a gamma of 2:2. 
The sine-wave responses of the lens and of the individual films were first 
determined, and they are shown by the broken curves in figure 1. The product 
of these three curves is the solid curve, which represents the theoretical cascaded 
response of the entire photographic system. 


Response (%) 


Spatial frequency (lines/mm) 


Figure 1. Sine-wave responses of the elements of the photographic system studied. 
Broken curves: (Lens) 40 mm, //2:8 camera lens; (Neg.) Kodak Plus-X Negative 
Film; (Pos.) Kodak Fine Grain Positive Film. Solid curve: (Print) Product of 
broken curves. © Experimental overall response values. 


A graded series of sinusoidal test patterns was then photographed on the 
negative film, and the developed negative was printed on the positive film. The 
modulation of this pattern on the negative did not exceed 68 per cent. The 
printing was done by contact in a vacuum frame and a point light source was 
used. The resulting print was scanned with a microdensitometer, and the 
sine-wave response of the overall system was determined. ‘The resulting values 
are shown by the small circles in figure 1. It is clear that there is excellent 
agreement between this experimentally measured response and the response 
as calculated from the sine-wave responses of the individual elements of the 
system. 

The overall sine-wave response was then transformed to give the equivalent 
line spread-function, and this function, in turn, was integrated to determine the 

+ The data presented here and elsewhere in this paper are representative of the emulsions 
manufactured at the time of writing. However, it must be recognized that the character- 
istics of products of the same name may vary within manufacturing tolerances and may 
change significantly as improvements are effected. 
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distribution of exposure across a sharp edge between a bright and a dark region 
[6]. The calibration areas included with the sinusoidal patterns provided tone- 
reproduction data and, by means of these data, the distribution of exposure was 
converted to density to give the smooth curve shown in figure 2. These 
calculations were based upon an edge which had a difference in log illuminance 
of 0-5. A sharp edge bounding fields having this illuminance difference was 
photographed, the negative was printed as before, and the image on the print 
was scanned with a microdensitometer. The resulting trace is shown in the 
figure. 


1.75 


1.50 


ets) 


Density 


1,00 
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0.50 
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Distance across edge (4) 


Figure 2. Smooth curve: Edge trace computed from solid curve of figure 1. Irregular 
curve: Microdensitometer trace of print of knife-edge. 


The close correspondence of the experimental and the theoretical curves 
shows that, by transforming the overall sine-wave response to its equivalent 
spread function, it should be possible to predict the nature of the image which 
results when any spatial distribution of illumination in the object space is 
photographed. 

In practical photography, an important characteristic is the clarity with which 
details are reproduced, which is usually termed definition [7]. Inasmuch as 
the experimental results confirm the usefulness of the sine-wave response technique 
as a tool for examining objectively the imaging characteristics of a complete 
system and it has been shown that special test patterns such as edges can be 
followed through the complete system to predict the final image, it was decided 
to investigate the relation between the sine-wave response of the entire system 
and definition when the subject matter is an ordinary pictorial scene. 
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By using different lenses and different films, it is possible to obtain a series of 
photographic systems which differ in their overall sine-wave responses. However, 
since the imaging characteristics of a lens vary with field angle, it is not possible 
to make a picture which has exactly the same image quality over the whole picture 
by photographing the entire picture at once. Instead, the device shown 
schematically in figure 3 was used. It consists of a drum mounted ona machinist’s 


Figure 3. Diagram of apparatus for ‘ photographing’ a transparency so that the spread 
function is uniform over the entire picture. The transparency is wrapped around 
the right-hand end of the drum and the negative film around the left-hand end. 


lathe. The right-hand end is transparent, and around it is wrapped the 
transparency to be ‘photographed’; the left-hand end is opaque, and around 
it is wrapped the negative film on which the image is to be formed. The 
transparency is uniformly illuminated from inside the drum. On the tool holder 
of the lathe is mounted an optical system consisting of a Dove prism, two 125 mm, 
f/5 lenses, and two mirrors. This optical system images on the negative film a 
portion of the transparency subtending about 0-75°. As the drum rotates, the 
tool holder is translated lengthwise, so that the transparency is scanned spirally. 
The operation is similar to cutting a screw in the ordinary use of the lathe except 
that there is a considerable overlap of the successive tracks of the image. The 
effective spread function of the lens and hence the image quality can be changed 
by varying the focus of the optical system, and it is obviously constant over the 
entire picture. 

This device was used to make nine negatives of a transparency representing 
a girl in an outdoor scene, each negative being made with a different focal setting. 
Corresponding negatives of a graded series of sinusoidal test objects were also 
made at the same focus settings. The negatives were then contact-printed in 
a vacuum frame to provide positive transparencies for judging or measuring, as 
the case might be. 

The nine pictures were shown in all possible combinations of pairs to 50 judges. 
The pictures were viewed from a distance of about 50 cm (21 in.), at which distance 
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no graininess was apparent. The judges were asked to state which picture of 
each pair had the better definition. Standard statistical techniques were then 
employed to obtain the most probable scale values for definition [8, ie 

The nine prints bearing the sinusoidal images were scanned to determine the 
sine-wave responses. There was a small amount of astigmatism in the optical 
system, and, therefore, it was necessary to measure the sine-wave response for 
lines that were both parallel and perpendicular to the axis of rotation of the drum. 
The response of the system was taken as the average of the responses for these 
two orientations. 
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Figure 4. Three of the nine sine-wave response curves. ‘The curve leading to the best 
definition is No. 5. 


Three of the average response curves are shown in figure 4. The curve for 
the position of the best focus, in the sense that the observers considered that the 
corresponding pictorial negative had the best definition, is identified as No. 5. 
The curve obtained when the transparency was slightly more distant from the 
lens is identified as No. 4, and the curve for a position slightly nearer the lens 
than the position of best focus is identified as No. 7. 

A method of evaluating the sine-wave response function to give a single 
number has been proposed by Schade [10]. This consists in computing the 
equivalent passband, which is defined as 


re ee 
0 Ro 


where R is the response at the spatial frequency N and Ry is the response for a 
frequency of zero (the intercept on the axis of ordinates). 
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The values of the passband N, were computed for the nine pictures and the 
corresponding values of relative definition are plotted against them in figure 5. 
It is clear that, for these pictures, there is a fair agreement between N, and 
definition. However, the relation between the two quantities is not linear, and 
there are some instances in which the agreement is poor. For example, the judges 
found picture 7 to be almost as good in definition as picture 4, although the value 
of its passband NV, was considerably lower. The difference in sine-wave response 
can be seen from figure 4. 


7.5 f 
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Definition (o - units) 
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Figure 5. Definition as judged subjectively vs. equivalent passband computed from the 
response curves (average of values parallel with and perpendicular to the drum axis). 


Our investigations to date indicate that the sine-wave response of the various 
elements of a photographic system, including both lenses and films, can be 
cascaded to obtain the overall sine-wave response of the system if the modulation 
of the image is not excessive. ‘The data also indicate that the passband N, is in 
good qualitative agreement with subjective judgments of definition, but that the 
quantitative agreement is not as good as could be desired. i. 

To obtain a complete description of the imaging characteristics of a system 
will probably require the entire sine-wave response function and, when the 
system includes optical components, phase data in addition. While a single 
number may be useful in estimating the definition of a system, it should be used 
with caution and may in some instances even be misleading. 


Si la différence de luminance n’est pas trop grande (A log B - 0:5 dans le cas considéré), 
il est possible de calculer la forme de la courbe microdensitométrique Vee i 
bord net d’image d’aprés les courbes de transmission des fréquences spatiales del ree , du 
film négatif et du film positif. Ona réalisé un dispositif qui permet de oe ier’ une 
vue positive sur support transparent avec une fonction d’étalement de la lumiére identique en 


nG 
O.A. 
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tout point de la surface de l'image. Neuf images ainsi obtenues, correspondant a des 
fonctions d’étalement différentes déterminées expérimentalement, ont été classées d’aprés 
le jugement psychométrique de leur netteté. Un graphique représentant la netteté en 
fonction de la largeur de bande passante équivalente montre que cette derniere valeur est 
utile pour estimer la netteté que lon peut espérer obtenir dans image, mais qu’elle doit 
étre utilisée avec précautions et peut méme conduire 4 des conclusions erronées. 


Wenn man annimmt dass die Differenzen der Beleuchtungsintensitaét nicht zu gross 
sind (hier A log B=0,5), kann man die Wiedergabe des Bildes einer Kante errechnen, wenn 
die Kontrastiibertragungsfunktionen des Objektivs, der Negativ- und der Positivschicht 
bekannt sind. Es wurde ein Gerat gebaut, mit dem man ein Diapositiv so ‘ photographieren ’ 
kann, dass jeder Punkt des Bildes gleichmdssig abgebildet wird. Damit wurden neun 
Aufnahmen mit verschiedener aber gleichmassiger Abbildungsgiite gemacht. Diese 
Bilder wurden psychrometrisch ausgewertet, die entsprechenden Kontrastiibertragungs- 
funktionen berechnet und durch einen Parameter charakterisiert. Die graphische Darstel- 
lung dieser beiden Giitemessungen zeigt,’ dass man zwar qualitativ iibereinstimmende 
Ergebnisse bekommt, trotzdem aber Vorsicht walten lassen muss, weil sich die Bildgiite 
kaum durch eine einzelne Zahl hinreichend genau erfassen lasst. 
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Utilisation d’une méthode visuelle pour la mesure du facteur 
contraste d’un objectif 


par JACQUES SIMON 
Institut d’Optique, Paris 


(Received 28 September 1959) 


Nous avons cherché a réaliser un appareillage aussi simple que possible 
pour étudier la transmission des fréquences spatiales dans un systéme optique. 
Le récepteur le plus indiqué semble étre I’ceil qui est susceptible d’apprécier 
avec une grande précision Végalité de contraste de deux plages juxtaposées. 
Nous avons, d’autre part, utilisé un procédé permettant d’obtenir une 
variation connue de contraste dans l'image sans modifier l’éclairement moyen 
de cette image. Ce systeme permet d’étudier une grande gamme de fré- 
quences et notamment les hautes fréquences. 


1. INTRODUCTION 

Depuis les travaux expérimentaux de Schade et les travaux théoriques de 
P. M. Duffieux [1], la qualité d’un systeme optique tend a étre caractérisée non 
plus par sa limite de résolution sur mire de Foucault de contraste unitaire, mais par 
son facteur de contraste en fonction de la fréquence. Soit J(y’, 2’) la répartition 
des intensités dans l’image, O0(y, z) la répartition des luminances dans |’objet et 
D(y’' — gy, 2’ —gz) la fonction de dissipation de l’énergie, que nous supposerons 
invariante (condition d’isoplanétisme); ces trois grandeurs sont liées par une 
relation de convolution: 


=|7100 
1,2')= | | 00 2)D00"—gy, # —g2) dy de (1) 


En introduisant la transformation de Fourier désignée par la notation T, le 
produit de convolution devient un produit simple: 
VDI) =1( Ox TD) 

T(D), transformée de Fourier de la tache de diffusion, caractérise l’instrument 
qui apparait comme un filtre de fréquences spatiales, tout au moins dans une 
région donnée du champ. L’expérience permet d’atteindre aisément le module 
M de T(D), et au besoin son argument dans une région donnée du champ, pour 
une mise au point, un azimut et une longueur d’onde donnés. 

Nous nous proposons de montrer, comme I’a suggéré A. Arnulf, que pour 
V’étude expérimentale du’ facteur de contraste, lceil présente des avantages 
importants sur les récepteurs physiques. Nous décrivons d’autre part un dis- 
positif de variation de contraste a flux constant basé sur la diffraction d’une 
ouverture rectangulaire. Ce systéme de gradation de contraste par diffraction 
est appliqué a la mesure du facteur de contraste. 


2. UNE POSSIBILITE D’UTILISATION DES METHODES VISUELLES 
Les méthodes photo-électriques permettent des déterminations rapides et 
éventuellement des enregistrements. Elles nécessitent par contre lemploi 
d’appareillages complexes et présentent de ce fait certains aléas. Les méthodes 
Y2 
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visuelles sont plus lentes mais elles sont aussi plus stres: elles permettent en effet 
de déceler trés rapidement les défauts de réglage. Enfin leur précision est com- 
parable 4 celle des méthodes photoélectriques. On sait en effet que l’ail est 
capable de déceler une modulation relative de 1 pour cent a 2 pour cent dans un 
champ éclairé et qu’il peut détecter des différences de contraste entre deux 
champs juxtaposés nettement inférieurs a cette valeur. Nous avons envisagé de 
profiter de cette sensibilité aux variations de contraste pour comparer avec une 
grande précision les modulations de deux champs juxtaposés; il sufft pour cela 
de faire varier dans un rapport connu le contraste de l’une des plages, et de 
Végaliser au contraste 4 mesurer pour connaitre ce dernier. 


3. UN DISPOSITIF POUR FAIRE VARIER LE CONTRASTE A FLUX CONSTANT 

On sait que dans un systéme optique fonctionnant en éclairage incohérent, le 
facteur de contraste s’exprime par la fonction d’autocorrélation de la pupille. 
Si l’on utilise un instrument stigmatique muni d’une pupille a transparence uni- 
forme limitée 4 un contour C (ne présentant pas la symétrie de révolution) on peut 
en particulier obtenir une variation de la fonction d’autocorrélation en effectuant 
simplement une rotation du contour C (la direction des traits de la mire restant 
invariable). I] est évident que dans ces conditions le flux reste invariable, ainsi 
que l’éclairement de l’image. On peut donc faire varier la modulation de |’image 
de référence sans que |’éclairement moyen varie. 

Considérons une mire sinusoidale caractérisée par 7(z)=0,5 (1+ cos 27vz) 
ou v est une fréquence spatiale et un objectif parfait diaphragmé par une ouverture 
rectangulaire; calculons la fonction M(v’, d) pour une fréquence v’ dans le plan 
image et un azimut ¢, angle formé par le grand cété du rectangle avec la direction 
des traits de la mire (figure 1) soit F(6’, y’) la répartition des amplitudes pupillaires 
sur la sphére de référence et limitée au contour de la pupille C. 


y 


Figure 1. 


Le facteur de contraste est égal a [2]: 
| | F(B', y')E*(B', y' —!A) dB dy’ 
| [FO ~DE*8 7) 4B" dy 


L’objectif étant supposé parfait, la phase sur la pupille de sortie reste constante. 
Dans ce cas particulier, la fonction d’autocorrélation de la fonction EC BG ay") 


M(v', ¢)= 


(2) 
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représente la surface commune aux deux contours identiques C et C’ (figure 2), 
C’ étant obtenu a partir de C par la translation Av’ paralléle a l’axe de périodicité. 
Soit k le rapport de la longueur a la largeur de la pupille et 2x’ l’angle d’ouverture 
image suivant la largeur de la pupille rectangulaire. 

Calculons la fonction M(v’, ¢): le numérateur représente la surface S(v’, 4) 
commune a C et C’, alors que le dénominateur représente la surface S(0, ¢) de la 
pupille de sortie. 


Figure 2. 


Un calcul facile conduit a l’expression : 
eee oe fe ele _ Av'|cos #\ 
BLUES = Sipe (1 2a'k ei 


La fonction d’autocorrélation est ainsi liée a langle de rotation de la pupille 
rectangulaire et il est évident géométriquement que cette surface commune pourra 
varier dans des proportions importantes. 

Posons maintenant m= Av’ /2«’ 


M(m, ¢) = (1—(m/k)|sin $|)(1 — mcos 4}). 


Figure 3. Fonction de modulation pour les trois cas particuliers : 


$=0, d=7/2, d6=arctg k. 


Dans un diagramme M(m, ¢) les courbes représentatives de la fonction M en 
fonction de m,¢ étant constant, sont des portions de paraboles. Nous 
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rencontrons 3 cas particuliers : 
o=nr, M=l—m portions de 
g=nn+(n/2), M=1- Aas) susie 
tg $|=k, M=(1—mlcos |) 
dans ce dernier cas la parabole est tangente a l’axe des m. 


Pour étudier la transmission des fréquences spatiales nous avons utilisé 
les variations de M en fonction de ¢, m étant constant. 


4. ENSEMBLE DU MONTAGE 


Soit un objectif S a étudier et un systeme de référence; on s’arrange pour 
que les images données par les deux systémes présentent la méme fréquence 
spatiale v’, ainsi que le méme éclairement moyen. 

En utilisant le dispositif 4 rotation de pupille on peut faire varier a volonté le 
contraste de l’image de comparaison, ce qui permet d’obtenir l’égalité de con- 
traste des deux plages juxtaposées. 


Montage effectué. 


ounce ' i | ue 
lumineuse eee ea tee 1E- He 


Figure 4. Dispositif pour la mesure du facteur de transmission des fréquences spatiales. 
D, coin et contre-coin; C, plan de la pupille d’entrée; Cl., objectif de Clairaut; 
O.M., objectif de microscope; S, systeme a étudier; T, et T,, mires objets dont la 
loi de transmission est: T’,=0,5 (1+cos 27yZ); M,, My, miroirs plans; Oc, oculaire. 
Dans le coin a droite vue suivant F dans le plan de la pupille d’entrée C. 


Nous utilisons a cet effet deux trajets: Le trajet de référence 4 modulation 
variable (trajet supérieur) est composé d’un objectif de Clairaut travaillant 4 trés 
faible ouverture (cet objectif peut étre considéré comme parfait) ; il est diaphragmé 
par une ouverture rectangulaire et la mesure de l’angle de rotation 4 permet d’en 
déduire le facteur de modulation. 

Le trajet inférieur comporte lobjectif a étudier (S) dont l'image est agrandie 
par un excellent objectif de microscope. Les deux images données par les voies 
(supérieure et inférieure) sont juxtaposées a l’aide d’un miroir plan a aréte vive 
placé dans le plan des images. Les mires présentent une loi de transmission: 
T(z)=0,5(1 + cos 2mvz). 

Le montage présente d’autre part les particularités suivantes: nous utilisons 
deux mires identiques et la longueur focale du Clairaut Cl. est telle que les gran- 
dissements des deux voies sont égaux. 

Un dispositif (D) de coin et contre coin placé derriére l’une des mires permet 
d’obtenir légalité des intensités moyennes quelle que soit l’ouverture du systeme 
étudié. 


Mesure visuelle du facteur de contraste 283 


Nous utilisons la méme source sur les trajets, ce qui élimine les fluctuations de 
luminance dans le temps. 


Le rapport des ouvertures condenseur-objectif est suffisamment grand pour 
considérer la lumiére comme incohérente. 


L’oculaire est choisi de fagon a obtenir une résolution satisfaisante de la mire. 


5. EXAMEN D’UN OBJECTIF 


Par cette méthode nous avons étudié un bon objectif photographique dans le 
domaine des hautes fréquences, |’étude a été faite en lumiére jaune du sodium, la 
mise au point est effectuée visuellement. 


Pour comparer la qualité du systéme optique indépendamment de |’ouver- 
ture nous introduisons la fréquence réduite définie par la relation: 
cos 6=)v'N’ 


ce qui permet pour différentes ouvertures de comparer le systeme optique a un 
systéme idéal régi uniquement par les lois de la diffraction. Les résultats sont 
représentés par les courbes (figure 5). 


100 
1_Objectif parfait 


390 2 Objectif ouvert a:56 
3.Objectif ouvert a:4 
80 4 Objectif ouvert a:28 


ee - 
en 


Figure 5. Courbe de modulation d’un objectif photographique au centre du champ. 
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An attempt has been made to devise the simplest possible apparatus for the study of 
the transmission of spatial frequency in an optical system. ‘The most suitable receptor 
seems to be the eye, which can match to a high precision the equality of contrast of two 
juxtaposed fields of view. A procedure has been used which allows of a continuous known 
variation of image contrast while maintaining constant the mean illumination. The 
system makes possible the study of a wide range of frequencies, and notably the high 
frequencies. 


Wir haben ein Gerat zu entwickeln versucht, das méglichst einfach ist und erlaubt, die 
Ubertragungsfunktion eines optischen Systems zu untersuchen. Der beste Empfanger 
hierfiir scheint das Auge zu sein, das mit einer sehr grossen Genauigkeit die Kontrast- 
gleichheit zweier nebeneinanderliegender Flachen zu beurteilen gestattet. Wir haben 
ausserdem ein Verfahren benutzt, nach dem man eine Anderung des Kontrastes im Bilde 
vornehmen kann ohne die mittlere Beleuchtungsstarke dieses Bildes zu beeinflussen. Man 
kann hiermit einen grossen Frequenzbereich und namentlich die hohen Linienfrequenzen 
untersuchen. ' 
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In a previous paper the author presented several theorems pertaining to 
the limiting forms of the mutual coherence function in quasi-monochromatic 
optical fields. In this paper these theorems are extended to polychromatic 
fields. In particular it is shown that: (1) an optical field is coherent if and 
only if it is monochromatic and its mutual coherence function is shown to be 
of the form 

I(P,, P2, rT) =U(P,) U*(P.2) exp (27iv 97), 
where U satisfies the Helmholtz equation; (2) an incoherent optical field 
cannot exist even if the illumination is polychromatic. However, an 
incoherent source is defined. 

Using these theorems the general Green’s-function-type solution for the 
propagation of mutual coherence from plane polychromatic sources is 
examined in detail in both the coherent and incoherent limits. In this way 
a complete generalization of the Van Cittert—Zernike theorem for 
polychromatic fields is obtained. 

From these theorems it is shown that, while a coherent source always gives 
rise to a coherent field, an incoherent polychromatic source gives rise to a 
partially coherent field. 


1. INTRODUCTION 


In recent years the concept of partial coherence and its attendant theory have 
become increasingly important in optical research; and the laws governing the 
propagation of partially coherent fields have been of central importance in the 
development of the theory. The most significant of the early contributions to this 
aspect of the theory is a theorem due to Van Cittert [1] and Zernike [2] which, 
under suitable conditions on the spectral width of the illumination, expresses the 
mutual intensity in a field produced by a plane incoherent source in terms of the 
intensity distribution across the source. In this paper a generalization to poly- 
chromatic sources of the ‘Van Cittert-Zernike Theorem’ is given. Several 
problems which grew out of this generalization are also discussed. 

In the most general formulation of coherence theory, due to Wolf [3] and used 
exclusively in this discussion, the mutual coherence is found to be propagated 
according to two wave equations; and the various propagation laws given by 
earlier authors are simply limiting or approximate forms of ‘Green’s-function- 
type’ or ‘ Kirchoff’s-type’ solutions to these equations. In a previous paper [4] 
the present author presented the solution to these equations for an extended, plane, 
polychromatic source with an arbitrary but known distribution of the mutual 
coherence. The limiting forms of the solution for quast-monochromatic illumina- 
tion were examined in detail; and two theorems concerning the form of the 
mutual coherence function for coherent and incoherent quasi-monochromatic: 

+ The research discussed here was conducted during the author’s stay at The Physical 
Laboratories, The University, Manchester, England. 
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fields were given. In this paper this analysis is extended to polychromatic 
illumination and it is shown that these two theorems are valid even if the restric- 
tions to a narrow spectral width are removed. With the aid of these theorems the 
general solution referred to above is investigated for both the coherent and 
incoherent limits; and a complete generalization of the Van Cittert-Zernike 
theorem is thus obtained. 


2. DEFINITIONS 

In this paper partial coherence is interpreted in terms of the definitions and 
formulation of Wolf [3], see also Born and Wolf [5]; however, since there are 
numerous less general definitions in the literature, it is worth while to review 
briefly the definitions used here. 

In this formulation the complex degree of coherence is defined in terms of a 
complex cross correlation function, the mutual coherence function, [y:(7). More 
precisely, the mutual coherence function, 14:(7), is defined as the complex cross 
correlation of the analytic signals, V,(t) and V(t), associated with the optical 
disturbance (e.g. a Cartesian component of the electric vector) at two typical points, 
P, and P,, in the field, i.e. 

Dyo(7) = (Vi(t +7) Vo*(E)), (2.1) 
where the sharp brackets denote time average and the asterisk denotes complex 
conjugate. In terms of [',,(7) the complex degree of coherence, y12(7), is defined as 


wiser Lal Ds et (2.2) 
V [Pu(9) P22(9)] 

It should be noted that [,,(0), (s=1,2), is the intensity at the point P,. This 
interpretation follows immediately from (2.1). 

The fundamental physical quantity (to be denoted by V’’(¢)) is real. ‘There- 
fore, to define the degree of coherence in terms of complex functions it is necessary 
to clarify the complex representation which is used. In the definitions used here 
Gabor’s [6] analytic signal} is taken as the complex representation. Some of the 
advantages of the analytic signal in this formulation are discussed in references 
[4, 5 and 7]. 


+ It may be useful to recall the definition of the analytic signal. Let V(t) be a real 
function of t possessing a Fourier representation, i.e. 


¥12(7) = 


V7) |. a(v) cos [d(v) — 2zvt] dv. 


0 


We associate with V(t) another real function, V’’(t), obtained by changing the phase of each 
spectral component by 77/2, i.e. 


Via)= (3 a(v) sin [¢(v) — 27vt] dv. 


0 
‘The analytic signal, V(t), is then defined by 


V(th=V"(t)+iV(t) = Ib a(v) exp {7[d(v) —2zvt]} dv. 


0 
It can be shown that V’’(t) and V’“(t) form a Hilbert transform pair, i.e. 


V(t)=—7 | ux} dt’ 


Me gatrst 


and rTPA (e) 
v= +f —— dt’, 


/ 


=O) 
where f denotes Cauchy’s principal value. 
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With [,,(7) defined in terms of analytic signals it is easily shown [5] that 
T12(7) is itself an analytic signal. It can also be shown (references [3, 4 and 7] 
that in vacuum [";9(7) is propagated according to the two wave equations, 


OT y9(7) 
Or? 


where V,? is the Laplacian operator in the coordinates of P,, (s=1, 2), and ¢is the 
velocity of light in vacuum. By appealing to the Schwarz inequality it can be 
shown that the modulus of the degree of coherence is bounded by zero and one, i.e. 


0<|yi2(7) | <1. (2.6) 


‘These limiting values characterize complete incoherence and complete coherence 
respectively. 

In order to examine the limiting forms of the solution for the propagation of 
mutual coherence, it is necessary to know the form of the mutual coherence 
function in coherent and incoherent fields. In §4 and §5 the form of [,,(r) for 
these limiting cases will be examined in detail; and it will be shown that: (1) a 
coherent field is necessarily a monochromatic field and (2) an incoherent field 
cannot exist in free space. 


1 
SN@e (s=1,2), (2.5) 


3: 


In § 2 it was pointed out that the modulus of the degree of coherence is bounded 
by one and zero and that these extremes are by definition characteristic of coherence 
and incoherence respectively. For quasi-monochromatic light these definitions 
are in accord with the consideration that coherent light interferes and incoherent 
light does not (see Wolf [3]). However, in this section we are concerned with the 
implications of coherence and incoherence on the form of I,.(7), for fields of 
arbitrary spectral width. In a detailed analysis of such fields in which the terms 
‘coherent limit’ and ‘incoherent limit’ are to have a clear and unambiguous 
meaning the above definitions must be more precisely stated. 

The ambiguity which arises in the study of polychromatic fields stems from the 
fact that the modulus of the degree of coherence between the disturbances at two 
points is a function not only of the position of the two points but also of the time 
delay r. Thus it is possible that for some values, say 7= 7, and t= 7, | y12(71)|=1 
and | y42(72)|=0 for the same pair of points in such fields, and the limiting concepts 
of coherence and incoherence become ambiguous. 

This difficulty does not arise in the study of quasi-monochromatic light for the 
approximations characterizing such fields make the modulus of the degree of 
coherence independent of 7 for all values of + for which the theory is applicable. 
This conclusion is evident from the following considerations. For quasi-mono- 
chromatic light the mutual coherence function for sufficiently small | z | is given by 
(see reference [5]) 

Ty2(7)~Ty2(0) exp (—2n17), (|r |< 1/Av). 
Hence 
V12(T) ~ 712(0) exp (— 2xiv7), 


ly12(7) |= |v12(0) |. 
The ambiguity which arises in discussing polychromatic light will be removed 
if for the limiting cases of coherence and incoherence we demand that the modulus 


and 
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of the degree of coherence be 7-independent. Accordingly, the following 
definitions are introduced: 


I. The DISTURBANCES V,(t) and V,(t) will be described as coherent if 
|y12(7)|=1 for all 7, and incoherent if | y12(7)|=0 for all r. 


herent \ . 
Il. An OPTICAL FIELD will be said to be ( ae ) if the disturbances at 


incoherent / 
coherent ) 


incoherent 


all pairs of points in the field are ( 


Thus | y,2(7)|= 1 for a coherent field, and | y,.(7)|= 0 for an incoherent field. 
Since in the past detailed analysis has been limited to quasi-monochromatic 
light, it is clear from the above discussion that this modification of the definitions 
cannot lead to contradictions with the work of earlier writers. 
/ 
4. THE COHERENT LIMIT OF [7j9(7) 

In reference [4] it was shown that for sufficiently small || a coherent quasi- 
monochromatic field behaves essentially as a monochromatic field, i.e. it is com- 
pletely described by a wave function, U, depending on one point only. More 
precisely: in a coherent quasi-monochromatic field the mutual coherence is of the 
form 

Pia(t) = U(P,) U*(P.) exp (—2ni¢r) (|r| <1/A»), (4.1) 
where vis the mean frequency and Av is the spectral width. 

In this section we shall show that this theorem is valid even when the restriction 
on the width of the spectrum of the source is removed. 

Complete coherence is characterized by 


lvi2(7)|= 1. (4.2) 
This implies according to equation (2.2) that [,.(7) is of the form 
D(z) = A, Ay exp (?¢42(7)], (4.3) 
where 
A,=V[Ped(0)) (= 1,2), (4.4) 


and ¢4(7) is a real function of the time delay 7 and of the coordinates of P, and Py. 
It may be shown that [’,9(7) as defined by (2.1) is an analytic signal; we may,. 
therefore, write 
sin $y9() = — nf See (4.5) 
65 aad 
and 
OWA +f see pee (4.6) 


Combining (4.5) and (4.6) we obtain 
exp [ib10(7)] = — -f xP Laat) ger (4.7) 


es TT 
Equation (4.7) is an integral equation for exp [7 ¢,(7)]._ The general solution of it 
was recently found by Edwards and Parrent [8] to be 


exp [idia(7)] =exp [i (8 —2nv7)] TT on( 2"), (4.8), 


m=1 4@ a, aet 
Here the a, are complex constants with complex conjugates a,,* ; and the imaginary 


) 


part of a, has the same sign as v9. In (4.8) exp [74,9(7)] is, when considered as a 
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function of a complex variable, z, a meromorphic function; and the product is 
taken over all its poles (a,*). Thea, are all finiteand non-zero. ‘The constants B 
and vo are real. While (4.8) represents the most general unimodular analytic 
signal, it can, as will be shown here, be interpreted as a mutual coherence function 
only when the complex function exp [i ¢,)(z)] has no poles, i.e., when 


exp [? $12(r)] =exp [7 (8 — 2797). (4.9) 
By definition [’;.(7) represents the complex cross correlation of the disturbances 
at two points, P,; and P,, in the field. Hence when P, coincides with P, the 


corresponding mutual coherence function, [',,(7), is a complex auto-correlation 
function. ‘The real part of I',,(r) is the auto correlation function, (see reference 


[5]), 


AV u(t)}=2V y(t +7) Vy"()). (4.10) 
Therefore, using also the fact that the field is stationary, 
AV (7) =AV 1 (-7)}- (4.11) 


Equation (4.11) may be expressed as 
| FT», (z)} sin 2avr dr = 0 (4.12) 


for all v. In the appendix to the present paper it is shown that (4.12) can be 
satisfied if and only if (4.8) degenerates to 


Ty1(7) = Ay’ exp [7 (B—2797)] (4.13) 


an expression consistent with (4.9). The physical interpretation of (4.13) is that 
all the energy in the field at P, is contained in the single spectral component vp. 
Since (4.13) is valid for all P,, it is clear that at any fixed point, the field is mono- 
chromatic. Further, since (4.13) is deduced from the + dependence only, the 
‘constant’ v, could in principle depend on the spatial coordinate of P,; but this 
case must be excluded since it would imply a change in frequency as the field is 
propagated through free space. We conclude therefore, that yo is a true constant 
characteristic of the entire field, i.e. the field is monochromatic. The mutual 
coherence function can depend on 7 only through the factor exp (—2z7v 7). From 
the requirement that the field be coherent, (4.3), and the fact that the field is 
monochromatic, it follows that 


Dy2(7) = 4, A, exp [? (812 — 277197), (4.14) 


where A, is a function of P, only; A, isa function of P, only; and f,, is a function 
of the coordinates of P, and P,. The functional form of 8, can be deduced from 
the fact that [',,(7) satisfies the two wave equations, (2.5). It is found by 
substituting (4.14) into (2.5) and solving the resulting differential equation that 


By. = «(P1) — (Po), (4.15) 
where A(P,) exp [i«(P,)] satisfy the two Helmholtz equations 
2 
bos (=) |4@ exp [iax(P,)]}=0 (s=1, 2), (4.16) 
c 
and «(P,) is a real function. 


This derivation of (4.15) from first principles is somewhat lengthy and we 
shall not give it here since it is identical to that given in reference [4] in connection 
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with coherent quasi-monochromatic fields. The essential requirements of the 
proof are that ['j.(7) be of the form 


Ty2(t)~ A,Ap exp [i(B12—2777)], (|7 |< 1/Av), (4.17) 


and satisfy the wave equations ; consequently the previous derivation is applicable 
to the present problem. Comparison of (4.17) and (4.14) indicates that the 
previous derivation may be taken over mutatis mutandis for the general case 
considered here. 

Using (4.14) and (4.15) we may writet 


Ty2(7) = U(P,) U* (P5) exp (— 2r1v97), (4.18) 
where 
U(PJ=A(P;) exp [a(Pah C=h,2). (4.19) 
That the converse is true, namely that a mutual coherence function of the 
form of (4.18) always characterizes a coherent field, may be seen immediately by 
substituting (4.18) into the definition of y,,(7), (2.2). 
Thus with no approximation on the spectral width of the illumination the 
following theorems have been established: 


I. An optical field is coherent (|y2(7)|= 1) of and only if it is monochromatic. 


Il. The mutual coherence function in a coherent optical field can be expressed in the 
form of (4.18), t.e. as a simple periodic factor, exp (—2zivor), multiplying the 
product of a wave function, U, evaluated at P,, with its complex conjugate, U*, 
evaluated at P,. 


5. THE INCOHERENT LIMIT OF [';(7) 
Incoherence is characterized by 


lvie(7)|= 9, (5.1) 
which implies (since the intensity, |’,,(0), is assumed to be finite) 
Dy.(7) = 0. (5.2) 
However, by definition 
Dyi(7) = L(Py, t)= (V(t + 7) Vy*(E)). (5.3) 


The auto-correlation function, [’,,(7), is called the se/f-coherence, and it is clear 
from (5.3) that, apart from the trivial case of an identically zero field, the self 
intensity is not identically zero. From (5.2) and (5.3) it follows that the mutual 
coherence function in an incoherent field should be of the form 


aah 0 P,#P, 
T= : 
e I(P,, 7) te 


By a simple generalization of the argument used for quasi-monochromatic 
illumination (reference [4]) it will be shown that [',.(7) cannot be of the form 
given by (5.4) and satisfy the wave equations (2.5). This theorem is most easily 
demonstrated in the frequency domain. Accordingly, we introduce the mutual 


(5.4) 


phat La) should be of the form given by (4.18) for a monochromatic field is of course 
evident from the definition of I'j,(7) in terms of the field functions V(t). However, con- 
sistent with the general formulation of coherence theory, which operates only with observa- 


bles, it is desirable to demonstrate the theorem without appealing to the form of the field 
variable itself. 
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spectral density, I',,(v), which may be defined as the Fourier transform of Tia(7), 
i.e: 


fare | ie Pia() exp Qnive) dr. (5.5) 


Since I’,,(7) is an analytic signal, ['.(v) = 0 for all negative values of v. By the 
Fourier inversion theorem it then follows that 


hE ibe f Geexp (—2aive) des (5.6) 


Substituting from (5.6) into (2.5) we obtain 


bees " (=) Cem a0 nema 2y (5.7) 


In terms of I',,(v) (4.4) can be expressed as 


t..(v)= ‘ ae eK 5.8 
ay =| i(P,,v) P,=P, p cay 


where /(P,, v) is the Fourier transform of TP). 

Let Y be a finite volume of space throughout which the field is assumed to be 
incoherent (e.g. (5.8) satisfied throughout Y). Let © be any closed surface 
contained in ¥. By repeated application of Green’s theorem we obtain the 
formal solution to the Helmholtz equations, (5.7), as 

D.(Py, P2v) = ay I. ie D(S4, Ss, v) oe a dX; dX», (5.9) 
where Y, and Y, are Green’s functions satisfying (5.7) and vanishing over &; 
and S, and S, are points on 2; and P, and P, are points within . 

In (5.9) we allow S, and S, to explore the surface & independently, therefore 
the integral is four-dimensional. ‘Thus the integral in (5.9) may be interpreted as 
a volume integral in a four space, say ¥ , but the integrand is non-zero only ina 
sub-space, say ¥, of ¥. Moreover, the intensity is everywhere finite; and 
therefore, the integral is identically zero for all P, and P, (including P,; = P,). This 
result is, however, contrary to the hypothesis that (5.8) holds throughout V. 
Since (5.9) is a direct consequence of the Helmholtz equations, (5.7), we conclude 
that regardless of the spectral width of the light, an incoherent field cannot exist in 
free space. However, following Blanc-Lapierre and Dumontet we may define an 
incoherent source as one for which the mutual coherence is of the form 


Dy2(7)=1(S2, 7) 8 (S2— Si), (5.11) 


for all pairs of points on the source. 


6. PROPAGATION LAWS 


The mutual spectral density, I',,(v)= (P,P, v) of a field produced by a 
plane polychromatic source is given by (see reference [4]) 


‘ 1 ene 5 ; 
h)= op i : | _P(Sy, So.v)(1 thers) (1 +i) c03 8 6086 


ip CAB ENE atol ase: (6.1) 


Wyle 
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. where I'(S,, Sy, v) is the spectral density of the source; r,(s=1, 2) is the distance 
from S, to P,; 
cos 0 “ : (6.2) 


and Z, is the distance from the plane of the: source to the point P,. ‘The mutual 
coherence function which is the Fourier transform of I",,(v) is then pally found to 


be 
aCe [| cost, cos, F| (Sp se a=") Jas, ae (6.3) 
where -F is the differential operator 


F-[1- 268 2 eS (6.4) 


¢ 6h Cer 
‘The coherent and incoherent limits of (6.1) and (6.3) were examined in reference 
[4] for quasi-monochromatic sources. We shall now examine these limits without 
making any ce on the spectral width of the source, using for this purpose 
the theorems estab!*shed in Section 3. 


6.1. Coherent limit 
As is evident by taking the Fourier transform of both sides of (4.15), a coherent 
source is characterized by a mutual spectral density of the form 


FL Sy.Sir) Ug OS UET(SiloGe na) (6.5) 
Substituting (6.5) into (6. in we obtain 
MP, Ps, v) = U(P;) U*(P,)3(v—»9), (6.6) 
where 
U(P,)= i ees eeeeay coed) oe a (6.7) 
= 1 
According to (6.6) we may write 
Py2(7) = U(P,) U*(P.) exp (— 27797). (6.8) 


From (6.8) and the theorems established in § 3 it is clear that a coherent source will 
always give rise to a coherent field. 

This theorem, previously established under the approximation of quasi- 
monochromatic light, is thus seen to be valid in general. The essential difference 
is that in the previous theorem the result is valid only for sufficiently small time 
delays, since the mutual coherence is only approximately given by 


T42(7) ~ U(P,) U*(P,) exp (—2nivr) (|r |<1/Av). (6.9) 


‘The present generalization is, of course, valid for all + since by (4.15) Py9(z) has 
only one spectral component. 


6.2. Incoherent limit 

In § 4 it was shown that an incoherent field cannot exist in free space although 
an incoherent source can be defined. In the present section we obtain a generaliza- 
tion of the Van Cittert-Zernike theorem for polychromatic sources. This 
generalized theorem expresses the mutual coherence of a field illuminated by a 
plane source in terms of the self coherence distribution of the incoherent source. 
We shall see that, as indicated by the results of §4, the field Se by an 
incoherent source is in general partially coherent. 
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By definition, an incoherent source is characterized by (cf. (5.11)) 


LCSi, S35, 7) ==1 Set) 00S. S). (6.10) 
Hence by (5.7) ['(S,, Ss, v) is given by 
DGS) S;, ¥) =1(S,, 4) 0(S,— 8, ): (6.11) 


We substitute (5.2.2) into (5.1); and after integrating over dS, we obtain 


Pia(v)= | (5, »)(1 —ihr,)(1 + rg) 0088, 08 8? Wes 1e)] gs) (6:12) 
M12 
where r, andr, are now interpreted as the distance from S'to P, and P, respectively. 
By substituting from (6.10) into (6.3) and integrating over d= we obtain the 
mutual coherence function for the field due to an extended polychromatic, 
incoherent source, i.e. 


Pia(z)= | aoe 6, cos iF | 1( Sy 7 a=") las, (6.13) 


where F is the differential operator of (6.4). 

Equation (6.13) is the generalization of the Van Cittert-Zernike theorem 
for polychromatic sources. It expresses the mutual coherence, under the 
conditions stated in terms of self-intensity across the source. 

Since an optical field is coherent if and only if the illumination is monochro- 
matic, it is clear that while an incoherent source gives rise to a partially coherent 
field by (6.13), an incoherent source cannot create a fully coherent field. 


APPENDIX 
We will show in this appendix that the general unimodular analytic signal can 
be interpreted as an auto-correlation function only in the degenerate case that it 
can be written as 
exp [?61:(7)] = exp [2(811 — 27797). 
The most general unimodular meromorphic function with poles in only one half of 
the complex plane may be expressed in the form (see reference [8]) 


* 7 Ga ai} ae Z 
exp fibu(Z)]=| Tl “(25-5 ) lexp ti(Bu 202] (AN) 
c—a a, a), VA 
where the constants a,, determine the position of the poles. In (A 1) the imaginary 
part of a, has the same sign as vp, i.e. 


I6 ay} <0 (A2) 


and f,, and v are real constants. 

The most general unimodular analytic signal is obtained by setting Z=7 in 
(A 1) (see reference [8]). The requirement that (A 1) represent an auto-correla- 
tion function is equivalent (see § 4) to 


R { ie Tucyein avs ar =o (A3) 
where : . 
Dyi(7) = Ay’ exp [?¢n(7)]- (A4) 
We shall show here that (A 3) can be satisfied if and only if the meromorphic 
function, (A1), has no poles. 
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The integral in (A 3) is conveniently evaluated in the complex plane. Equation 
(A3) can be written as 


FF, +F}=0, (A5) 
where 
(ne = | PAA eh cae VIC (A6) 
Tila 


In (A5) and (A6) the identity 
exp (277y,Z) — exp (— 2772) 


sin 27Vv)Z = i 


(A7) 


was used. The function F, in (A 6) is given by an integral along the real axis, 1.e. 


= ae at 7) lor ([Bu—27(%+r)Z}}aZ. — (A8) 


The integral in (A 8) can be evaluated by contour integration closing the con- 
tour at infinity above or below the real axis accordingly as v)+ is less than or 
greater than zero. ‘hus by Cauchy’s residue theorem 


f 0 v<—V 
ELE Ree etAr Tiare i (A9) 
pels Cm as Sas ey : ; #7? 
2 TL (Ss Jee (Budexp Zaire + ») ay] | 
nAM v>— Vo 
since by (A 2) the poles are all in the lower half plane. Similarly, 
0 V< Vp | 
Fis} gto @ 9g #/ Gx a +. (A10) 
Ont =, i (Se) exp (7B,,) exp [277(v9 — v )a,,* 1] 
nAzAmM y > Vo 
The product, 
age CRA 
U ae Ee, 
n=mM 


converges for all Z (see reference [8]). It therefore converges for Z=a 


. pe ) 
and we may write 


exp (18) -4 a, fa, — an 
( B) ia (a 5)- Bite. (A 12) 


Using (A 12) we may write 
if + a5 ie -— wes (Br i 1C,,)(Cos 2n(v si V9 )Om a5 l sin 2a(v a V9 )Om) exp [27(v a ¥)Cm] 
m= 1 
(A 13) 
* 2 (By, +iC,,)(Cos 27(vy — vb», +i sin 2(vy— v)b,,) exp [27(v9—v)C,,] 


V>Vo. 


In (A 13) 6,, and C,, are the real and imaginary parts respectively of a,,; and Cris 
greater than zero (see reference [7]). The physical requirement, (A 1), is that 
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AF , + F_} vanish identically for all v. Equation (A 13) can be written in a more 
convenient form as 


AF a Bay = > By | exp [27r(v% a v)Cm] cos [din 3 2m( V9 a Nn | 


m=1 


a5 exp [277(V% a r)Cr cos [Pm ve 2a(v ra Vo )Om | =0 (A 14) 
where 
Ryb=Byt+Cy? and gy.=tan-*] 52 |. (A15) 


That this equation cannot be satisfied for R,,,40 is clear from the asymptotic 
behaviour of the sums. ‘The second sum vanishes for large v while the first sum 
diverges term by term as e’. Thus we must have 


R, = 0. (A 16) 


However, in the solution of the integral equation (3.7) poles at the origin were 
excluded and the product was taken only over the poles occurring for finite Z. 
Therefore the R&,,, cannot vanish unless there are no poles or zeros. Consequently 
there can be no poles for finite Z if (A 1) is satisfied. Thus 


Dyi(7)= A,’ exp [1811 — 277797) ]. (A 17) 
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Dans un précédent article, l’auteur a présenté plusieurs théoremes relatifs aux formes 
limites de la fonction de cohérence mutuelle dans des champs optiques quasi-monochro- 
matiques. Ces théorémes sont étendus, dans cet article, aux champs polychromatiques. On 
montre, en particulier, que: (1) un champ optique est cohérent, si, et seulement si, il est 
monochromatique, et sa fonction de cohérence mutuelle est de la forme 

Geena) (Bs (Bs kexpi (Zar i/oa9)s 
ou u vérifie ’équation de Helmholtz; (2) un champ optique incohérent ne peut exister, 
méme si l’éclairiage est polychromatique. Toutefois, on définit une source incohérente. 

A Laide de ces théorémes, on examine en détail, pour les limites cohérente et incohérente, 
la solution générale du type fonction de Green pour la propagation de la cohérence mutuelle 
4 partir de sources planes polychromatiques. De cette fagon, on obtient un généralisation 
complete du théoreme de Van Cittert—Zernike pour les champs polychromatiques. 

A partir de ces théorémes, on montre que, tandis qu’une source cohérente donne toujours 
naissance 4 un champ cohérent, une source incohérente polychromatique engendre un 
champ partiellement cohérent. 


In einer alteren Arbeit hat der Verfasser mehrere Theoreme aufgestellt, die mit den 
Grenzen der wechselseitigen Koharenzfunktion in quasi-monochromatischen optischen 
Feldern in Verbindung stehen. In dieser Arbeit werden die Theoreme, auf polychromati- 
sche Felder erweitert. Insbesondere soll gezeigt werden: (1) Ein optisches Feld ist 
koharent, wenn und nur wenn es monochromatisch ist. Dann ist die Funktion seiner 
wechselseitigen Koharenz von der Form 

I\(P,, P:, t)= U(P,) U*(P2) exp (277i VT), 
wo U der Helmholtzschen Gleichung geniigt. (2) Es kann kein inkohirentes optisches Feld 
geben, selbst wenn die Beleuchtung polychromatisch ist. _Indessen 14Bt sich eine inkoharente 


Quelle definieren. 
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Mit Hilfe dieser Theoreme wird die allgemeine Lésung vom Typ der Green’schen 
Funktion fiir die Ausbreitung der gegenseitigen Koharenz aus planen polychromatischen 
Quellen im einzelnen gepriift und zwar innerhalb der koharenten Grenzen. Auf diese 
Weise wird eine vollstindige Verallgemeinerung des Van Cittert—Zernikeschen Theorems 
fiir polychromatische Felder erreicht. 

Aus diesen Theoremen folgt, dass, wahrend eine koharente Quelle immer ein koharentes 
Feld gibt, eine inkoharente polychromatische Quelle ein teilweise koharentes Feld erzeugt. 
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Symposium on Interferometry at the National Physical Laboratory, 
London, England 


A Symposium on Interferometry was held at the National Physical Laboratory, Teddington, 
England, on 9,10 and 11 June. There were five half-day sessions of papers and a further 
session of exhibits and demonstrations. In the introductory session Professor F. Zernike 
discussed the limitations of interferometry in respect of useful time of observations and 
available instrumental aperture and he suggested a narrow connotation of the term inter- 
ferometry which gave rise to discussion on several later occasions. Dr. H. Barrell and Dr. 
L. A. Sayce surveyed work on interferometry in their respective Divisions of the IN| Ls! Bi, 
the Standards and Light Divisions. 

Session 2 was devoted to the topics of absolute length measurement and light sources. 
Dr. E. Engelhard gave comparisons of ‘ lightwave scales’ using different spectral lines. 
Periodic and quasi-periodic errors in such scales, e.g. that of the Cd 5087 line from a com- 
mercial lamp, were studied and ascribed to isotopic hyperfine structure, self-absorption and 
other causes. The dependence of wavelength on discharge pressure and current for several 
Cd and Kr lines was shown. Dr. K. M. Baird reviewed determinations of the wavelengths 
of the “Kr orange line and the !°*Hg green line and suggested that previous views on the 
accuracy of intercomparison of wavelengths (about 1 in 108) were too optimistic; however, 
modern techniques of photoelectric fringe measurement should enable this to be exceeded 
10- to 100-fold. He quoted in support of this a formula due to G. R. Hanes for the least 
detectable change in wave number as a function of the source, interferometer and detector 
characteristics and pointed out that when running the **Kr lamp under laboratory con- 
ditions it is only necessary to hold the current constant to + 10 per cent and the temperature 
to +4° to obtain wavelength stability to 1 in 10°. Dr. K. G. Kessler described (a) a 
mercury 198 atomic beam source giving the 2537 A resonance line with a half-width of 
0-002 cm~!; (6) the use of an atomic beam traversing one arm of a Michelson interferometer 
to absorb a narrow component of the broad line from an ordinary 1**Hg lamp; if the 
instrument has exact equality of paths the narrow component which is not absorbed in the 
other arm will be transmitted by the interferometer; (c) a filter for producing a narrow line 
from the broad 2537 line which consists of an absorbing layer of !°*Hg in a uniform magnetic 
field; one polarized component is absorbed completely but the absorption curves for the 
other are Zeeman-shifted apart, giving a narrow central transmission band about 0:007 cm7! 
wide. [The use of such a filtered source as a wavelength standard was suggested, the 
advantage being the short wavelength which gives a finer sub-division; however, it was 
generally agreed in the discussion that the shorter wavelength was on the whole a dis- 
advantage since it required higher quality optics and there is no difficulty in photoelectric 
fringe sub-division to very great accuracy. Dr. G. W. Series reported a detailed redeter- 
mination of the wavelength of the He 5016 line for the precise establishment of the Rydberg. 
This was done by intercomparison with Cd and Hg lines and in the course of the work a 
variation of the Cd red wavelength across the cavity of a hollow cathode course was dis- 
covered. Professor A. I. Kartashev reported two new instruments developed at the Men- 
deleev Metrological Institute, one for end gauge comparison with an etalon by means of 
fringes of superposition and the second for comparison of two end gauges. 

Session 3 was devoted to ‘ Optical testing and the measurement of relative position ’ 
Professor A. Maréchal presented a paper by Professor M. Frangon on ‘Polarization inter- 
ferometers and their application to the study of isotropic transparent objects ’, Professor E. 
Ingelstam gave a paper on ‘ Problems related to the accurate interpretation. of microinter- 
ferograms ’ and Dr. H. H. Hopkins gave a paper on ‘ Application of two-beam interference 
to the study of optical images’ which described the use of interferometers as analogue 
computers to determine point images and contrast transfer functions. Dr. J. M. Burch 
surveyed the ‘ Possibilities of moiré fringe interferometry’ in a paper which looked chiefly 
to the future; the metrological use of moiré fringes is in a way equivalent to taking a large 
number of readings for averaging purposes, so that we obtain the effect of a large time 
constant without having to spend any more actual time on the observation. It is apparent 
that there will be many further applications of this principle in the future to linear and 
angular measurement. The final paper of this session was by Dr. G. W. Stroke on : Inter- 
ferometry with electronic aids ’ and was devoted to methods of ruling gratings with inter- 
ferometric servo-control and to computation of the line image as the Fourier transform of 
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the Fizeau interference pattern of the grating. Good agreement was obtained between the 
computed image and ™8Hg line images obtained from 10 in. gratings in a 40 ft spectro- 
graph. ; 

In Session 4 papers on Radio, Microwave and Intensity Interferometry were given. Dr. 
A. Hewish described a proposed method of ‘ aperture synthesis ’ of large radio telescopes in 
which a pair of movable small receivers is displaced over an area and the signals are recorded 
and combined by a computer. In this way it should be possible to scan a large area of sky 
in no greater time than would be needed to do it by means of a telescope of the aperture 
synthesized. The method is, of course, dependent on the sources remaining constant in 
intensity and position over the scanning period and it also became clear in the discussion 
that if the scanning apertures were much smaller than the synthesized aperture there would 
be very stringent requirements on the linearity of the amplifiers. Dr. K. D. Froome 
described a millimetric microwave interferometer of Michelson type for determining the 
velocity of electromagnetic waves; it operated in the far-field diffraction region of the 
source, thus eliminating the need for diffraction corrections. A precision of 0-1 km/s in ¢ 
was claimed. Dr. W. Culshaw described work on millimetric microwaves aimed at 
developing techniques for measuring c and for length determination; Fabry—Perot inter- 
ferometers have been developed with reflectors of various kinds in which the reflectance was 
of order 0-999; a Michelson interferometer had been built which operated in the near-field 
region and used calculated diffraction corrections. It was suggested in discussion on the 
last two papers that microwaves, possibly sub-millimetric, may eventually replace light 
waves as primary length standards, the advantages being the greater coherence lengths 
possible and more precise detection; the frequency would have to be stabilized by reference 
to an atomic clock. However, even the microwave protagonists agreed that this might not 
happen for a century or more. The final paper in the session was by Mr. R. Hanbury 
Brown on ‘ A stellar interferometer based on the principle of intensity measurement’; he 
outlined proposals for an instrument with a maximum baseline of 600 ft in which light- 
intensity fluctuations would be compared in the 1-100 Mc/s band. Using 6 m diameter 
collecting mirrors the instrument should be able to measure a star of third magnitude to 10 
per cent with observations extending over eight hours. 

The last Session was concerned with Spectroscopic and Photoelectric Interferometry. 
Mr. D. J. Bradley described a Fabry—Perot interferometer with one plate on an oscillating 
support; the light from the centre of the ring system was collected by a photomultiplier 
and the signal displayed on an oscilloscope to give the line shape directly. Dr. A. H. Cook 
described a Fabry—Perot with pressure scanning in which again the light from the centre of 
the ring system was used. Many speakers stressed the advantage in signal strength in 
doing this rather than working in the outer ring pattern. Dr. P. Connes described a 
Michelson interferometer for the near infra-red in which the two mirrors were replaced by 
diffraction gratings with opposing dispersions; the path difference is modulated, for 
instance by oscillating the compensator, and the signal will be 100 per cent modulated for 
the wavelength for which the gratings are exactly in adjustment; on turning the gratings 
the modulation will be 100 per cent for the new wavelength, so that if the signal is recorded 
it can be Fourier analysed to give the details of a line profile. Dr. H. A. Gebbie described 
a scanning Michelson interferometer for the far infra-red, in which the scanning was accom- 
plished by moving one mirror on precision glass slide-ways. The output was Fourier 
analysed to obtain the spectrum. Dr. J. Terrien described measurements of visibility on a 
Michelson interferometer for studying spectrum line profiles, particularly with reference to 
line symmetry. Doubts were expressed by some as to the extent to which Fourier methods 
would eventually replace direct spectroscopic techniques and it seems clear that as the 
principal advantage lies in the gain in signal-noise ratio obtained from working with the 
undispersed signal these methods would mainly be used in the infra-red region. 

The N.P.L. are to be complimented on a most efficiently organized meeting. The 
papers were preprinted and circulated and authors were allowed to introduce their papers 
briefly. This method of presenting papers is gaining in popularity since so much more 
time is available for discussion. It also offers a partial remedy for that curse of conferences, 
the paper which turns up year after year with minor alterations or additions, since the 
audience will know what to expect; indeed it offers a complete remedy in principle since it 
would be possible to reject the paper beforehand, but few conference organizers seem to be 
hardy enough to do this. W. 'T. WELFoRD. 


REVIEWS 


Fernoptische Beobachtungs- und MeBinstrumente, Dr. NORBERT GUNTHER. Wiss. Verlags- 
gesellschaft, Stuttgart, 1959. Preis DM. 16.50. 


Das Biichlein stellt eine Einfithrung in die psychologischen und optischen Grundlagen der 
Fernrohre und Entfernungsmesser dar und wendet sich namentlich an die Benutzer dieser 
Gerate, um ihnen ein Verstindnis fiir den Aufbau und die Wirkungsweise dieser Gerate zu 
vermitteln. Sein Inhalt geht tiber den des bekannten Buches von Kénig, ‘ Fernrohre und 
Entfernungsmesser ’ hinaus, weil es moderne Konstruktionen bringt, die gegen mecha- 
nische und thermische Einfliisse véllig unempfindlich sind. Dafiir sind die tiberholten 
Bauarten knapper behandelt. Besonderen Wert legt der Verfasser auf die psychologischen 
Zusammenhinge und gibt dadurch auch dem Instrumentenbauer wertvolle Anregungen 
und Hinweise. G. FRANKE. 


Grundlagen der geometrisch-optischen Abbildung, Picut, JoHANNES, 1955 Deutscher Verlag 
der Wissenschaften, Berlin, 187 S. 74 Abbildungen, Leinen DM. 25.30. 


Der Verfasser hat das Werk dem Andenken Max Bereks gewidmet, dessen bekanntem Buch 
er auch im Vorwort die gebiithrende Anerkennung zollt. Damit spricht er der Mehrzahl der 
rechnenden Optiker aus dem Herzen. Es ist mehrfach der Versuch gemacht worden, das 
vergriffene Bereksche Buch zu ersetzen, meist aber ohne rechten Erfolg. Hier sind jedoch 
ganz aus dem Geiste des Vorbildes heraus die Grundbegriffe der geometrischen Optik neu 
dargestellt worden. Dabei geht die Behandlung an vielen Stellen starker in Einzelheiten, 
was sicher als ein besonderer Vorzug angesehen werden kann. Man wird aber bedauern, 
daB dafiir die Beispiele fiir die Seidelschen Rechnungen verloren gegangen sind. Dafiir 
mé6gen insbesondere Preis und Raum gesprochen haben. Auf diese Weise war es méglich, 
das Bruns’sche Eikonal und die Herleitung der Seidelschen Formeln daraus zu bringen, die 
sonst in der Literatur nur schwer zu finden sind. Eine weitere erfreuliche Erganzung ist 
die Berechnung der Lichtwegdifferenzen lings einzelner Strahlen gegeneinander, weil 
damit die Rayleigh’schen Forderungen an den Korrektionszustand optischer Systeme eine 
Erklarung und Deutung finden. 
G. FRANKE. 


Fenaer Jahrbuch 1958. Wissenschaftliche Ver6ffentlichungen. Herausgeber: Prof. Dr. 
Paul Gorlich, Jena. 
1. Teil mit 235 Bildern und 4 Tabellen im Text. 291 S.gr.8° 1958, Lederin, DM. 20. 
2. Teil mit 181 Bildern, 3 Faksimiles und 8 Tabellenim Text. 257 S.gr.8° 1958, Lederin 
DM. 22. 
VEB Gustav Fischer Verlag, Jena. 


Im 1. Teil beschaftigen sich zwei Arbeiten mit Fragen der geometrischen Optik. R. 
Tiedeken erértert die verschiedenen Méglichkeiten, die Verzeichnung optischer Systeme 
festzulegen. HH. Riesenberg ermittelt die giinstigste Kombination von Spiegel und Linse 
fiir eine leistungsfahige Infrarot-Optik. Bei weitem den gréssten Raum nimmt eine einge- 
hende Untersuchung von O. Hofmann iiber die automatische Stabilisierung von Ziellinien 
ein. Dabei wird ein neues astasiertes Pendel beschrieben. Einen zusammenfassenden 
Bericht iiber die Eigenschaften der Selen-Photoelemente geben Dietzel, Gérlich und Krohs. 
Bei der umfangreichen Verwendung, die die Selenphotoelemente gefunden haben, ist eine 
solche Darstellung besonders zu begriissen. Mit dem Wechsel der Schichtdicken beim 
Bedampfen ausgedehnter Flachen befasst sich H. Koch. Den Zustand der Glasoberflachen, 
die zum Bedampfen bestimmt sind, untersuchen Pohlack und Wendler. Der Band enthalt 
ausserdem noch eine Arbeit tiber Polarisationsfilter fiir Infrarot und zwei elektronenoptische 


Arbeiten, 
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Der 2. Teil beginnt mit zwei historischen Aufsatzen zum 100. Geburtstag von C. 
Pulfrich und P. Rudolph. H. Boegehold und R. Tiedeken stellen mit ihrer Arbeit ““ Grund- 
begriffe der Strahlenbegrenzung’’ ein systematisch geordnetes, neues Begriffsgebaude zur 
allgemeinen Diskussion. Danach legt F. Franke mit dem Beitrag ‘‘ Geometrisch-optische 
Durchrechnung von Strahlengangen an optischen Bauelementen in Speerkoordinaten ”’ die 
Ergebnisse seiner Behandlung von Brechungsproblemen mit Speerkoordinaten vor. 

W. Nebe beschreibt in der Veréffentlichung “‘ Dispersion am Rayleigh—Léwe- 
Interferometer’’ eingehend seine Untersuchungen, die ~an Hansen ankntipfend- die 
Ausschaltung von ‘‘ Sprungstellen’’ interferometrischer Eichkuryven sowie Dispersions- 
bestimmungen zum Ziele haben. 

H. Pohlack berichtet, wie durch Kombinationen von Interferenzschichten “‘ Interferenz- 
Minusfilter ’’ hergestellt werden kénnen, bei denen durch Heraustrennen eines schmalen 
Bereichs aus dem sichtbaren Spektrum Purpurfarbténe hoher Sattigung und Helligkeit 
entstehen. 

Halbleiter-Probleme behandeln zwei Beitrage, von denen der eine Selen-Photoelemente 
betrifft und der zweite sehr ausfiihrlich (C. Fritzsche) auf die ‘‘ Herstellung und Eigen- 
schaften von Kupferoxydul-Gleichrichtern ”’ eingeht. 

Von den drei akustischen Arbeiten, die den Band abschliessen, sei nur einer besonders 
erwahnt, der sich mit der Méglichkeit eines Ultraschall-Bildwandlers beschiftigt. 

G. FRANEE. 
H. Krtcer. 


Perfectionnements a l’emploi d’un ensemble photomultiplicateur- 
interférométre de Michelson pour les mesures de longueur d’onde et 
de profil spectral des radiations optiques de grande finesse+ 


par JEAN TERRIEN 
Sous- Directeur 
du Bureau International des Poids et Mesures 


(Received 22 September 1959) 


Description des derniers perfectionnements apportés 4 |’observation 
photoélectrique des franges de l’interférométre de Michelson, avec quelques 
exemples de résultats nouveaux obtenus par cette méthode. 

Un premier perfectionnement consiste 4 enregistrer graphiquement le 
courant du photomultiplicateur qui recgoit les interférences lumineuses, 
pendant un certain temps, a quelques différences de marche. Ceci équivaut a 
allonger €normément la constante de temps afin d’effacer les fluctuations 
d@effet grenaille. Précautions 4a prendre pour éviter les petites erreurs 
systématiques; stabilité nécessaire des interférences. 

Un deuxieme perfectionnement est que ces courants moyens sont 
mesurés pour six ordres d’interférences, réguli¢rement échelonnés d’environ 
0,25, par Vinclinaison de la compensatrice. Les déviations mesurées 
définissent six points d’une sinusoide. Par un calcul simple, on en déduit 
la phase (ou |’excédent fractionnaire de l’ordre d’interférence), la visibilité, et 
la luminosité moyenne des interférences, ainsi que la vitesse des petites 
variations, supposées linéaires, de ces trois quantités pendant la durée des 
observations. 

L’exploitation du message lumineux est ainsi complete, et sa sensibilité 
permet une précision voisine du millieme de frange a un ordre d’interférence de 
ordre de 10°, soit quelques 10~® sur la comparaison de deux longueurs 
d’onde, avec des courants photoélectriques de 10? a 10% électrons par 
seconde. 


1. La DETECTION DES INTERFERENCES OPTIQUES 


Le Bureau International des Poids et Mesures a constamment utilisé les 
interférences lumineuses; son directeur Benoit en 1892-93, avec Michelson, a 
mesuré pour la premiére fois la longueur d’onde de la radiation rouge du cadmium 
par comparaison au métre étalon [1], et pour la deuxieme fois en 1906 avec 
Fabry et Perot [2]. A. Pérard, qui fut également directeur du Bureau Inter- 
national des Poids et Mesures, admettant la symétrie du profil spectral de la 
radiation rouge du cadmium, a fait un nombre immense de comparaisons de 
phase des interférences entre cette radiation et des radiations diverses; ses 
patientes recherches, trop peu connues [3], fournissent des renseignements, 
incomplets mais précieux, sur la structure hyperfine, les renversements, la longueur 
d’onde, des radiations selon les conditions de leur production. 

Lorsque la Conférence Générale des Poids et Mesures a demande au Bureau 
International d’étudier les radiations susceptibles de constituer, par leur longueur 
d’onde, l’étalon fondamental de longueur, nous avons bénéficié de cette longue 
tradition, en l’enrichissant des techniques modernes. Pour l’étude de ces 
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radiations, pour l’analyse de leur profil spectral, pour la mesure de leur longueur 
d’onde et de leurs variations, l’efficacité du procedé de détection de la lumiere 
est d’une importance primordiale. Nous avons tout d’abord substitué des 
photomultiplicateurs 4 l’oeil humain [4], puis cherché a utiliser interferometre 
de facon a exploiter pleinement les possibilités du photomultiplicateur. 

La technique photoélectrique avec |’étalon Perot-Fabry, bien connue par 
les travaux de P. Jacquinot, P. Dufour, P. Chabbal, etc., a fourni rapidement 
de précieux renseignements spectroscopiques, mais la meilleure précision sur 
les profils spectraux et les comparaisons de longueurs d’onde a été obtenue par 
l'emploi complémentaire de l’interférométre 4 deux ondes de Michelson. Le 
cas le plus important pour nous est celui des profils spectraux reconnus symétriques 
4 l’étalon Perot—Fabry, la mesure plus exacte des profils et des longueurs d’onde 
se fait alors au Michelson, par l’observation de la visibilité et de la phase des 
interferences [5]. 

Nous avons publié le calcul pacer de la sensibilité des mesures de phase 
[6, 12]; cette sensibilité est limitée fondamentalement par les fluctuations du 
courant photoélectrique; nous reculons cette limite par trois voies simultanées : 


1° choix d’un tube photoélectrique 4 haut rendement quantique, ot le 
bruit de fond soit a peu prés l’effet grenaille théorique (nous utilisons un 
photomultiplicateur de A. Lallemand). 


2° augmentation du flux lumineux envoyé sur le récepteur, par accroissement 
du facteur de transmission et de l’étendue géométrique de l’optique; mais 
les défauts de planéité des miroirs et le défaut d’uniformité de la densité de flux 
dans le faisceau provoquent des erreurs systématiques, que nous avons calculées 
[7] et qui bornent sévérement cette voie d’action. 


3° augmentation de la durée d’observation, dans les limites compatibles avec 
la stabilité de l’intensité lumineuse de la source, la stabilité des qualités spectrales 
de ses radiations, la stabilité de la sensibilité du récepteur, et la stabilité de 
Vinterférometre. 


2. ALLONGEMENT DE LA CONSTANTE DE TEMPS 


On peut allonger la constante de temps par plusieurs procédés; nous avons 
choisi d’enregistrer le courant continu fluctuant du photomultiplicateur, par un 
suiveur de spot, sans allonger la période du galvanométre qui est 3s; la déviation 
moyenne est estimée sur le graphique aprés 15 4 30s d’enregistrement. La 
sensibilité réellement obtenue semble bien de l’ordre de grandeur calculé d’aprés 
leffet grenaille théorique avec une constante de temps de 15 4 30s. Notre 
interférométre souftre provisoirement d’un grave défaut; les faisceaux se pro- 
pagent dans lair a la pression ambiante, dont l’indice varie avec la pression 
barométrique; lorsque l’ordre d’interférence est par exemple 10°, et que la 
precision désirée desa mesure est 10-3 frange, les variations de pression supérieures 
a3 x 10~* atmosphere sont génantes; or la pression barométrique, méme pendant 
15 a 30s, ararement cette stabilité. Nous verrons plus loin comment les varia- 
tions de pression linéaires en fonction du temps sont rendues inoffensives; contre 
les variations non linéaires, nous avons di multiplier les mesures et faire des 
moyennes, ce qui gaspille beaucoup de temps. Une enceinte étanche et vide 
d’air en préparation supprimera ces inconyénients. 
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3. MESURE SEPAREE DE L’EXCEDENT FRACTIONNAIRE ET DE LA VISIBILITE 

Initialement, nous avons mesuré l’excédent fractionnaire de |’ordre 
d’interférence par le repérage de deux inclinaisons de la compensatrice donnant 
le méme éclairement au centre des anneaux a Vinfini; la sensibilité la meilleure 
s’obtient lorsque ces deux ordres d’interférences sont approximativement 
des quadratures encadrant un maximum ou un minimum d’éclairement [6]. 
Pour mesurer la visibilité, on notait les maximums et minimums du courant 
photoélectrique, obtenus par l’inclinaison de la compensatrice; la visibilité est 


. Imax — Imin 

Imax +Imin 

Ces méthodes initiales se prétaient mal a l’allongement de la constante de 

temps sur des interférences maintenues invariables pendant la durée de 
lenregistrement. 


, avec quelques corrections simples [8]. 


4, PRINCIPE DE LA NOUVELLE METHODE 
En fonction de l’angle d’inclinaison « de la compensatrice, le flux F isolé 
au centre des anneaux a l’infini est une fonction sinusoidale dans le cas 
d’une radiation quasi monochromatique. Cette fonction peut s’écrire 


F=F{ 1 +. Vcos (27 is ~ tu) | 
Xy 


elle est donc définie par les quatre paramétres Fy, V, dy et %. A chaque longueur 
d’onde, %» est une constante de l’interférométre; c’est la variation d’inclinaison 
de la compensatrice qui rétablit la méme figure d’interférence, l’ordre ayant 
varie d’une unité. Nous supposerons que a est connu par une mesure préalable ; 
les parametres a déterminer étant alors au nombre de trois, il suffit de mesurer 
trois flux, F,, F, et F3, pour trois inclinaisons «,, %») et «; de la compensatrice, 
pour que le calcul des trois paramétres soit possible. Le calcul se simplifie si 
les phases sont en progression arithmétique, équidistantes de 7/2: 
pa sth te by = eA y= (F,— Ff) + 2F,—Fs— i) 
is ° 2F,—F,—-F, (Ff, + F,)2 
Ces formules sont un cas particulier de l’application de la méthode des 
moindres carrés pour le calcul des trois paramétres a partir de m flux a m valeurs 


successives de «, équidistantes de 7/2. 


5. ELIMINATION DES VARIATIONS LINEAIRES DES PARAMETRES 


Si l’on désire augmenter la précision en multipliant les mesures, les moindres 
carrés ne semblent pas la meilleure méthode de calcul. En effet, pendant la durée 
des mesures, les paramétres peuvent varier, car la température et les conditions 
d’alimentation de la source, la température de l’interférometre, et l’indice de 
l’air, ne peuvent pas étre parfaitement stables. II est plus avantageux d’éliminer 
le terme du premier ordre dans le développement en série des paramétres en 
fonction du temps. L’avantage le plus important est que les variations linéaires 
de la pression barométrique sont éliminées et n’alterent pas |’exactitude des 
mesures. Remarquons encore qu’une variation linéaire de }) en fonction du 
temps équivaut a une erreur constante sur %, si les observations aux inclinaisons 
successives de la compensatrice sont réguliérement échelonnées dans le temps ; 
la mesure préalable de a» n’exige donc qu’une précision médiocre, suffisante pour 
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justifier les approximations faites en supposant les phases échelonncées d’environ 
a/2. 

Le nombre des inconnues est alors doublé; nous avons donc finalement 
décidé de mesurer le flux recu au centre des anneaux d’interférence a 6 ordres 
d’interférence équidistants d’environ un quart de période. 

On calcule alors les trois paramétres principaux par les formules suivantes 
qui donnent leur valeur 4 l’instant médian de la durée des observations 


8Fo=F, 4+ F,4+2F34+2F,+ 5+ Fe; 
tg ¢,=N/D, avec N= —3F,+5F,—5F; +38, 
et D= —F,-3F,+4F,4+4F,—3F,—Fe 
(l’angle ¢, est déterminé sans ambiguité car sin ¢y a le signe de N et cos dg le 
signe de D); 
! N24 D2 
i 128F%, * 


Bien entendu, on peut aussi calculer les trois inconnues donnant la vitesse de 
variation de ces paraméetres, et déceler si lune d’elles a une valeur anormale. 

Dans cette méthode, les inclinaisons de la compensatrice sont choisies avant 
les expériences; elles pourraient étre réalisées automatiquement; pour chacune 
d’elles, on prolonge |l’enregistrement du courant photoélectrique pendant la 
durée choisie. 


6. AVANTAGES DE CETTE METHODE DE MESURE DES INTERFERENCES 


Dans toute mesure de précision, on demande aux appareils une stabilité 
mécanique, thermique, etc., qui interdit une durée trop longue: toute perte 
de temps est une perte de précision. Notre méthode d’observation des inter- 
férences consacre la majeure partie du temps a l’opération réellement utile: 
Venregistrement de la grandeur mesurée; les changements d’inclinaison de la 
compensatrice selon le programme préétabli se font sans hésitation, et le galvano- 
meétre répond rapidement aux changements correspondants du courant photo- 
électrique: les temps morts inévitables sont donc réduits au minimum. La 
simplicité des manceuvres permettra, si cela se montre utile, de remplacer par un 
mécanisme l’opérateur, qui est une source d’instabilité par ses déplacements et son 
rayonnement thermique. 

Le dépouillement des graphiques enregistrés se fait ensuite a loisir, aucune 
lecture, aucune écriture n’ayant retardé les expériences. La sensibilité peut 
étre augmentée a volonté par allongement des durées d’enregistrement, dans des 
conditions favorables a la stabilité nécessaire. 

Un autre avantage est que tous les renseignements que l’on peut extraire au 
moyen de l’interférometre de Michelson sont obtenus simultanément avec une 
efficacité voisine de l’efficacité maximum théorique limitée par l’effet grenaille. 
Nous allons illustrer maintenant par quelques exemples l’intérét de la mesure 
précise et simultanée de l’intensité, de la phase, et de la visibilité. 


7. EXEMPLES DE RESULTATS 


(1°) Mesure de petits changements de longueur d’ onde 
L’étalon de longueur qui sera proposé a la Conférence Générale des Poids et 
Mesures en 1960 est la longueur d’onde dans le vide de la radiation correspondant 
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a la transition entre les niveaux 2,9 et 5d; de l’atome de krypton 86, l’atome 
n etant soumis a aucune perturbation extérieure. C’est donc une longueur d’onde 
extrapolée a pression nulle et a densité de courant nulle dans la lampe a décharge. 
Une extrapolation est d’autant plus stire que les mesures ont été faites avec des 
valeurs des variables plus voisines de leur limite; la conséquence est qu’il faut 
Savoir mesurer des interférences peu lumineuses. Notre méthode d’observation 
a ete congue précisément pour tirer le maximum de renseignements des faibles 
lumiéres. Elle doit permettre de mesurer un ordre d’interférence de 0,7 x 108 
de la radiation étalon avec une incertitude d’un ou deux milliémes de frange, soit 
une précision relative AA/A=3 x 10-® pour une seule mesure, méme si la pression 
du krypton est réduite 4 quelques microns de mercure, et l’intensité du courant 
a 4 ma dans un capillaire de 8 mm?; le courant photoélectrique est alors de 
l’ordre de 1000 électrons par seconde, et les interférences sont a peine discernables 
par l’oeil adapté a l’obscurité. (Nous n’atteignons cette précision dans une 
seule mesure, pour le moment, que lorsque la pression barométrique est stable; 
la moyenne de 10 4 20 mesures nous semble alors exacte 4 environ 2 x 10-® en 
valeur relative.) 

Nos meilleures mesures ont été faites de la fagon suivante. Par comparaison 
a une lampe a krypton 86 servant de référence stable, on a mesuré les variations 
de la longueur d’onde de la radiation A=605,7nm émise par une deuxiéme 
lampe; dans cette deuxiéme lampe, la densité du courant était 0,2 a.cm~*. La 
pression du krypton étant d’abord 0,03 mm Hg, on a repéré la longueur d’onde 
pour les deux sens opposés du courant continu de la décharge en retournant la 
lampe. _Puis, la pression étant réduite a 0,003 mm Hg, on a repéré 4 nouveau 
la longueur d’onde pour les deux sens du courant. Quelques observations a 
la densité de courant plus faible de 0,04 a. cm~? ont donné les mémes résultats, 
d’ot l’on a conclu que |’extrapolation a courant nul était inutile. La moyenne 
des longueurs d’onde obtenues avec les sens opposés du courant est différente, 
de 4x 10~® en valeur relative, entre les pressions 0,03 et 0,003 mm Hg. Une 
courte extrapolation nous a fourni la longueur d’onde limite a pression nulle. 
On en a déduit les corrections 4 apporter aux longueurs d’onde produites dans 
chacune des conditions de fonctionnement réel de la lampe [9]. 


(2°) Profils spectraux 


Sachant par une étude antérieure a |’étalon Perot-Fabry que le profil de la 
radiation 2),)-5d;, dans les conditions d’émission que nous pratiquons, a une 
symétrie suffisante, la mesure de la visibilité 4 plusieurs différences de marche 
renseigne d’une fagon complete sur le profil spectral; la densité spectrale de 
luminance en fonction de la longueur d’onde est en effet la transformée paire de 
Fourier de la visibilité en fonction de la différence de marche. Nous avons déja 
prouvé par cette méthode [5] que le profil spectral est le produit de composition 
d’une fonction de Gauss et d’une fonction de résonance. 

Des mesures plus récentes de la visibilité aux différences de marche de 10, 20, 30 
et 40 cm ont confirmé cette conclusion, pour la radiation 2p) — 5d;(A=605,7 nm), 
et pour la radiation 1s,-3p,)(A=565 nm), les points expérimentaux s’alignent sur 
une droite lorsqu’on porte la différence de marche D en abscisses et log V/D en 
ordonnées. De la pente de cette droite, on déduit la largeur Doppler pure 6,; 
de son ordonnée A l’origine, on déduit la largeur 8, du profil de résonance. Les 
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deux largeurs composantes 8, et 5, définissent entiérement le profil spectral, et 
l’on peut suivre leurs variations en fonction des conditions d’excitation. 

L’étude des radiations 1s,-2p,; (A=557 nm) et 1s,-2p, (A=556nm) a révéle 
des variations imprévues du profil spectral que nous essaierons d’interpréter 
aprés avoir complété les résultats expérimentaux. 


(3°) Interferences a grande difference de marche 


Grace 4 la connaissance du profil spectral, nous pouvions prévoir avec certitude 
la visibilité 4 une différence de marche quelconque, et cela pour plusieurs conditions 
d’excitation de la source; l’intensité des radiations avait été mesurée elle aussi. 
La possibilité d’utiliser 4 la différence de marche de 1 métre la radiation proposée 
comme étalon présente un certain intérét pratique. Les données précédentes 
ont permis de choisir les conditions d’excitation ot la visibilité et l’intensite 
soient simultanément les plus favorables, et l’expérience a été tentée. On a 
effectivement obtenu des interférences observables a la différence de marche de 
1 métre, avec la visibilité prévue de 0,025; Vordre d’interférence était encore 
mesurable avec une précision d’environ 0,05 frange. 


8. CONCLUSION 


E. Engelhard, utilisant un interférométre a deux ondes [10], puis K. W. 
Meissner, utilisant un étalon Perot-Fabry [11], ont constaté lun et l’autre que 
la plus grande différence de marche accessible pour l’observation des interférences 
de la radiation 605,7 nm du Kr 86 était 0,8 metre. Avec la méme lampe, nous 
avons atteint facilement, et nous pourrions dépasser, la difference de marche de 
] metre. Ce résultat est une illustration de la sensibilité et de la précision que 
Von peut gagner grace aux procédés modernes de détection et de mesure des 
rayonnements optiques, lorsqu’ils sont bien adaptés aux problémes posés. 

C’est grace a un procédé de détection amélioré qu’il est devenu possible 
d’étudier d’abord les conditions du succés de cette expérience, puis d’exploiter 
avec une précision utile les interférences obtenues, malgré leur faible visibilité. 

Ces recherches sur les procédés de détection efficaces, ou sur les profils 
spectraux et les variations de longueur d’onde des radiations les mieux mono- 
chromatiques, sont un exemple des efforts du Bureau International des Poids 
et Mesures en vue de se maintenir a la téte des laboratoires qui ont l’ambition de 
faire des mesures physiques précises et exactes, et de mettre au point un étalon 
de longueur, capable de satisfaire les exigences les plus sévéres, et dont les qualités 
solent soigneusement éprouvées. 


A description is given of recent refinements in the photoelectric observation of fringes 
in the Michelson interferometer, with examples of new results obtained. 

A first refinement consists in the graphic recording of the current of the photomultiplier 
detecting the fringes over a period of time, at different path lengths. This is equivalent 
to a very great increase in the time constant, so as to eliminate fluctuations from shot noise. 
The precautions are described which are necessary to eliminate small systematic errors, 
and give stability. 

A second refinement is that the mean currents are measured for six orders of interference, 
at regular intervals of about 0:25, obtained by tilting the compensating plate. The readings 
give six points on a sinusoidal curve. A simple calculation then gives the phase, the visibility, 
and the mean luminosity, as well as the rate of small variations, assumed to be linear, of 
these three quantities during the observations. 
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The information available is thus completely utilized, and the sensitivity allows an 
accuracy of about one-thousandth of a fringe at an order of interference of the order of Oe 


giving some 10~° in the comparison of two wavelengths, with photoelectric currents of 10° 
to 104 electrons per second. 


Beschreibung der letzten Verbesserungen fiir die photoelektrische Beobachtung der 
Michelson’schen Interferenzstreifen mit einigen Beispielen der mit dieser Methode 
gewonnenen Ergebnisse. 

Die erste Verbesserung besteht in der graphischen Aufzeichnung des Stromes eines 
Elektron-Vervielfachers, der die hellen Interferenzstreifen bei verschiedenen Weedifteren- 
zen wahrend einer bestimmten Zeit aufzeichnen. Das lauft auf eine starke Erhéhung 
der Zeitkonstanten hinaus, um die Schwankungen des Schroteffektes zu unterdriicken. 
Vorsichtsmassnahmen zur Vermeidung kleiner systematischer Fehler; erforderliche 
Stabilltat der Interferenzen. 

Die zweite Verbesserung ist die, dass diese gemittelten Stréme fiir sechs Interferenzord- 
nungen gemessen werden, (durch Kippen der Kompensatorplatte regelmassig um etwa 
0,25 abgestuft). Die gemessenen Verschiebungen bestimmen sechs Punkte einer Sinuskurve. 
Mit einer einfachen Rechnung erhalt man daraus die Phase (oder den iiberschiessenden 
Bruchteil der Interferenzordnung), die Sichtbarkeit und die mittlere Helligkeit der Inter- 
ferenzen, sowie die kleinen (linear angesetzten) Anderungsgeschwindigkeiten dieser drei 
Werte wahrend der Beobachtungsdauer. Die Auswertung der Lichtinformationen ist 
so vollstandig und die Empfindlichkeit der Methode ist so gross, dass man ungefahr 1/1000 
Streifenbreite bei der Ordnungsnummer der Interferenzen von 10%, also einige 10~° fiir 
den Vergleich der beiden Wellenlangen erreicht, wobei der photoelektrische Strom 10°—104 
Elektronen in der sec. betragt. 
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Der Zusammenhang zwischen geometrischen Aberrationen, Helligkcits- 
verteilung im Bild eines Punktes oder einer Linie und Kontrastiibertragungs- 
funktion wird fiir die Bildmitte angegeben, um dann die Frage der giinstigsten 
Einstellung zu erértern. Dabei wird die Erfahrung bestitigt, wonach 
man bei den normalen Aberrationskurven in der Bildmitte fiir Tageslichtauf- 
nahmen die beste Einstellung dort findet, wo die abszissenparallelen 
Tangenten an die Aberrationskurve den kleinsten Abstand voneinander 
haben. Gegenteilige Behauptungen, wonach die beste Einstellung allemal 
durch das Minimum der Streuung des Lichtes gegeben sei, beruhen auf 
einer im allgemeinen unzulassigen Naherung. Bei  handelsiiblichen 
Objektiven kann eine danach ermittelte Einstellung von der giinstigsten 
erheblich abweichen. 


Die Kontrasttibertragungsfunktion eines Strichgitters und die Intensitatsver- 
teilung im Bilde einer unendlich schmalen Lichtlinie sind eng miteinander ver- 
wandt: Die eine ist die Fouriertransformierte der anderen. Deswegen ist die 
Berechnung der Kontrastiivertragungsfunktion besonders einfach, wenn die 
Helligkeitsverteilung im Bilde der Linie bekanntist. Schwieriger ist die Aufgabe, 
wenn diese Helligkeitsverteilung nicht gegeben ist, sondern erst aus den Aber- 
rationsbetragen der trigonometrischen Durchrechnung ermittelt werden muB. 
Hierfiir haben Linfoot und Herzberger das sogennante spot-diagram ausgear- 
beitet, das namentlich fiir auBerachsiale Bildpunkte Bedeutung hat. Es soll 
aber im folgenden nur die Bildmitte betrachtet werden und hier der Zusammen- 
hang zwischen der Helligkeitsverteilung im Bild von Strich und Kante sowie 
der Kontrastiibertragungsfunktion mit der sogenannten Bildgiite und ‘ besten 
Einstellung ’ gesucht werden. Diese beste Einstellung ist schon vielfach unter- 
sucht und gepriift worden vor allem an Fernrohrobjcktiven. Dabei liegen 
freilich beim Fernrohrobjektiv die Verhiltnisse iibersichtlicher, weil es auf 
Fehler des Bildfeldes ohnehin nicht korrigiert und korrigierbar ist, dafiir aber 
die spharischen Fehler fiir einen achsialen Bildpunkt sehr viel besser beseitigt 
zu sein pflegen als etwa bei einem photographischen Objektiv. Denn von diesem 
wird meist ein sehr hohes Offnungsverhaltnis und gleichzeitig eine gute Wieder- 
gabe des ganzen Bildfeldes verlangt, zwei Eigenschaften, die nur durch einen 
Kompromils zu erreichen sind. Im Rahmen dieses Kompromisses pflegt man 
bei komplizierten Systemen fiir die einzelnen Bildfehler hart an die Grenze des 
Verantwortbaren zu gehen. Wir haben also Restfehler und miissen fragen, 
unter welchen Bedingungen sie unschidlich bleiben. Diese Frage soll nun 
zunichst fiir den spharischen Fehler in der Bildmitte angeschnitten werden. 
Wir diirfen dabei die Beugungseinfliisse vernachlassigen, da sie gegeniiber dem 
Filmkorn keine Rolle spielen. Wir behandeln den ganzen Fragenkomplex 


aufserdem an Hand eines Beispieles, um bei jedem Schritt konkrete Verhiltnisse 
zum Vergleich zu haben. 
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Als Beispiel wahlen wir ein modernes Objektiv extremen Offnungsverhalt- 
nisses, 1: 1,4, wie es in ahnlicher Form von verschiedenen Herstellern auf den 
Markt gebracht wird. Fiir dieses Objektiv sind in Abb. 1 die Queraberrationen 
dargestellt, wobei die Auffangebene im Gauss’schen Bildpunkt angenommen wird. 


100 ps f=5cem 1:14 


Abb. 1 


Die Apertur ist auf der Abszisse aufgetragen und zwar als Hohe in der Eintritts- 
pupille, wahrend die Querabweichungen als Ordinaten dargestellt sind. Diese 
Aberrationskurve laBt sich mit guter Genauigkeit durch die Potenzreihe 


y =ah? + bh? + ch’ (1) 
darstellen, wenn h die DurchstoBhohe eines Strahles in der Pupille und y die 


Querabweichung darstellt. In der Abb. 1 ist eine Reihe von Punkten einge- 
tragen, die mit den Werten 


b= 
b= +0,35 
c= + 0,34 


berechnet wordensind. Eine Verschiebung der Auffangebene lings der optischen 
Achse 148t noch ein lineares Glied mh hinzutreten, wobei m= As’ /f ist (Abb. 2). 
Im allgemeinen heift also die Aberrationskurve 


y= —mh+ah3 + bh? + ch’. (2) 


Abb. 2 


Das Hinzufiigen dieses Gliedes mh bedeutet in der Darstellung Abb. 1 eine 
gering fiigige Drehung des Koordinatensystems um den Ursprung. Die 
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sogenannte ‘beste Einstellung’ legt den Wert von m in zweckmabiger Weise 
fest. In Abb. list die Lage der Abszissenachse fiir die Einstellungen As’ = + 0,055 
und As’ = — 0,078 mm angedeutet. 

Ein von einem unendlich fernen leuchtenden Punkt ausgehendes, also 
achsenparallel einfallendes Strahlenbiindel liefert in der Auffangebene hinter 
dem Objektiv ein Zerstreuungsscheibchen, dessen radiale Helligkeitsverteilung 
durch die Aberrationen und die Verschiebung aus der Gauss’schen Bildebene 
heraus bedingt ist. Wenn wir voraussetzen, daB die Pupille gleichmaBig mit 
Licht erfiillt ist, dann liefert der die Ringzone 2hdh durchsetzende Anteil des 
Lichtstroms auf der Auffangebene in dem durch GI.(2) bestimmten Abstand 
y von der Achse eine Beleuchtungsstirke, die bis auf einen belanglosen Faktor 
gegeben ist durch (Abb. 3) 

ae 2hdh _hdh_ h ge d(y") 
oS Syed aia ’ d(h?) 
=1: (—m-+ah? + bh* +ch®)(— m+ 3ah? + 5bh* +7ch*). (3) 


A\P 


Abb. 3 


Fir uns steht aber die Intensititsverteilung im Bilde des leuchtenden Punktes 
gar nicht im Vordergrund des Interesses sondern vielmehr der Intensitatsabfall 
senkrecht zu dem Bilde eines unendlich schmalen Spaltes oder der Kante zwischen 
einer hellen und dunklen Fliche. Um die Beleuchtungsstarke in dem Bild einer 
diinnen Linie zu bekommen, miissen wir fiir den Aufpunkt P im Abstand u von 


dem Gauss’schen Bild der Linie nach Abb. 4 das Integral | Z B(y)dv _ bilden. 
J 0 


Wegen y=w+eo? und ydy=vdv 
wird Tay lees dh es Bae hdk << 
; Jo ydy J yau V(y?—u?) 
Das Integral setzt sich aus mehreren Teilen zusammen, weil die Stiicke 
zwischen —u<y<-+w fiir die Integration ausfallen. Das Integral ist auch 
fiir y= +u endlich. Wenn man nimlich in einem hinreichend kleinen Bereich 
die Aberrationskurve durch eine Gerade darstellt, so liefert die Integration 
zwischen y=u und y=y, 
y=". hdh DP, VWyt+/(y,?—u? 
vy=u / (v2 —u?) ¥ a ‘: MAE tests) 
Im ubrigen ist die Integration numerisch durchzufiihren, weil # und y durch 


die Gl.(2) miteinander verkniipft sind und die inverse Funktion h =f(v) sehr 
kompliziert ist. : 


(+) 
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Um nun auch die Beleuchtungsstirken im Bilde einer Schirmkante zu bere- 
chnen, muf noch die Integration nach u vorgenommen werden: 


pu’ =ytu y max 
| Tw 0) du = [ nan( +arcsin “|. (5) 
y 


u’=0 J y=u 


| 


Abb. 4 


Durch die Gl.(3) ist y in den radialen Abstand vom Nullpunkt iibergegangen, so 
dafs es in Gl.(5) nur als positive GréBe eingeht. Die Auswertung von (4) und 
(5) ist recht mthsam. Fiir jeden Punkt der Kurven L(w) muB tiber die einzelnen 
Stiicke der Aberrationskurve eine numerische Integration durchgefiihrt werden, 
wobei noch eine Interpolation am Ende des Kurvenstiickes vorgenommen werden 
mu. Bei einer Verschiebung der Einstellebene muB die ganze Rechnung neu 
angestellt werden. Nun kann man sich aber an Hand der Aberrationskurve ein 
vollig ausreichendes Bild tiber die Helligkeitsverteilungen in der Auffangebene 
machen und kann daraus die gewiinschten Schliisse ziehen. Wir kommen darauf 
noch zurtick. 

Umgekehrt steht es aber wieder mit dem praktischen Wert beider Begriffe. 
Fir die Beurteilung der Bildgiite, fiir die Ermittlung der ‘besten Einstellung’ 
ist gerade die Verteilung der Beleuchtungsstarke im Bilde des Spaltes fiir den 
Optiker von groBter Wichtigkeit, wahrend die Kontrastiibertragungsfunktion 
dabei sogar zu Fehlschliissen fiihren kann. 

Zur Klarstellung des Sachverhaltes miissen wir uns mit der Berechnung der 
Kontrastiibertragungsfunktion beschaftigen. Man erhalt sie aus der Hellig- 
keitsverteilung im Bilde eines unendlich feinen Spaltes als deren Fouriertrans- 
formierte. Somit wird aus (4) mittels der Substitution a 


1@= 5] Rayexpiga\ae= [ nanx =| ee ws) “yd 
= | hans |’ se (i) cos do= | Jo(ys)hal (6) 


und durch Normierung auf 1(s)/1(0)=D(s) die Kontrastiibertragungsfunktion. 
Die Fourierfrequenz s hangt mit der Anzahl der Linien pro mm zusammen 
durch s=27R. Die Integration la8t sich nun leicht fiir jeden vorgegebenen 
Wert R numerisch unter Beriicksichtigung der Aberrationswerte y;,=f(h;) etwa 
nach der Simpsonschen Regel ausfiihren. 
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In der Formel (6) kann man J,(z) durch seine Potenzentwicklung ersetzen. 


aa 49 pic et oy 


Jolz)=1= (129+ 2) ay aT 


Das fiihrt zu 


D(R)= a | 1 GR) [thas Ca ythah—. = | 


Eine solche Entwicklung kann nur dann zu einer Vereinfachung fiihren, wenn 
man die Reihe nach dem quadratischen abbrechen darf. Nun zeigt sich aber, 
daB bereits fiir x = 1,4 die Vernachlassigung der héheren Potenzen zu einem Fehler 
bei J9(z) von mehr als 10 Prozent fiihrt. 2=1,4=27Ryl iefert y=0,7/Ra 
als einen Anhaltspunkt fiir die Grenze der zulassigen Queraberrationen. Man 
kann also nur unter sehr einschrinkenden Voraussetzungen behaupten, dab 
D(R) dann ein Maximum wird, wénn |y?hdh ein Minimum ist. Dieser 
Gauss’sche Begriff der Totalundeutlichkeit wurde in allen alteren Untersuchungen 
ausdriicklich bei kleinen Aberrationen gepriift und in Ubereinstimmung mit 
der besten Einstellung gefunden. Neuerdings ist er aber ohne diese Einschran- 
kung als Kriterium der besten Einstellung empfohlen worden. Anstelle der 
Forderung auf geringe Aberrationsbetrage tritt die auf eine geringe Strichzahl 
des Gitters. Tatsichlich kann man auf diese Weise yR beliebig klein halten, 
auch wenn die Aberrationsbetrage y sehr groB werden. Es bedeutet, dai man 
die Linien sehr weit auseinanderzeiht. Dann wird zwar jede einzelne Kante 
als Folge der Aberrationen oder Einstellfehler unscharf, ihr Abstand von der 
nichsten Kante ist aber so groB, daB keinerlei Uberlagerung der Kantenbilder 
mehr eintritt. Man erkennt aber hieran, daB die Kontrastiibertragungsfunktion 
in diesem Sinne kein allgemeines Ma fiir die Bildgiite abgeben kann; denn 
der Begriff ‘ Bildgiite’ mu8 sich auf typische Objektstrukturen beziehen, z.B. 
Punkt, Spalt und Kante, nicht aber so spezielle Objekte wie periodische Gitter. 
Bei der Kontrastibertragungsfunktion tritt aber die Objektstruktur in der Form 
von R wesentlich ein. Deswegen ist mit dieser Betrachtung die Gauss’sche 
Forderung | y? dh=min keineswegs bewiesen, sondern gerade im Gegenteil: 
Es zeigt sich, daf§ sie im allgemeinen nicht gilt, sondern nur bei kleinen 
Aberrationen oder speziellen Strukturen, zu welcher man beim wiederholten 
Fokusieren auf die elementaren Objekte wie Punkte, Spalte und Kanten gefiihrt 
wird. Es ware wohl denkbar, da sich zwischen diesen Objekten unterschiedliche 
FEinstellwerte ergaben; indessen ist eine solche Beobachtung bisher noch nicht 
gemacht worden. Es diirfte nicht einfach sein, den Begriff der besten Einstellung 
analytisch allgemein zu erfassen, zumal hier Korrektionszustand der Optik und 
psychologische Faktoren (Kontrasttheorie) mitsprechen. 

Wir haben frither gesehen, daf} die Berechnung der Helligkeitsverteilung im 
Bilde eines Punktes oder einer Linie recht kompliziert ist. Man kann aber aus 
den Aberrationskurven selbst die notwendigen Informationen gewinnen. In 
Abb. 5 ist noch einmal die Aberrationskurve fiir die Gauss’sche Bildebene 
dargestellt. Man liest daraus ab, daB der gesamte Lichtstrom in den Grenzen 
y= +128, bleibt. Nun hebt sich innerhalb dieses Zerstrewungsscheibchens 
noch ein Kern heraus, dessen Durchmesser 2y,=44,. betriigt und in sich den 
Litchtstrom vereinigt, der aus einer Pupillenflache vom Radius h,=15,8mm 
stammt. Der entsprechende Teil der Aberrationskurve ist in der Abbildung 
hervorgehoben. Der Helligkeitsabfall von dem Kern zu dem ihn umgebenden 
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Hof ist sehr steil, obwohl im Kern wie im Hof die Lichtverteilung durchaus nicht 
konstant ist, k6nnen wir fiir beide Gebiete den prozentualen Anteil am Gesamt- 
lichtstrom ® und eine mittlere Beleuchtungsstirke B angeben. 


As’ 2y 2h B d 
Kern 44 31,6 5164 77 Prozent 
Hof 0 Zoi 36,0 46,4 23 Prozent 


Dabei ist B in willkiirlichen Einheiten angegeben. 


+100 y 


Abb. 5 
In der Abb. 6 ist die Auffangebene pmAs’ = —0,078mm zum Objektiv hin 
verschoben worden. Dadurch schmiegt sich der mittlere Teil der Aberrations- 
kurve enger an die Achse an, und die Verschiebung ist so gewahlt, da der 
Kern des Zerstreuungsscheibchens moglichst klein wird. Er schrumpft auf 9 wu 
zusammen. Insgesamt enthalt er sogar etwas weniger Energie als im ersten Falle, 
denn der Durchmesser der Pupillenflache, deren Lichtstrom sich in dem Kern 


Abb. 6 


vereinigt, betragt nur 2h=27,4mm. Aber infolge der Verkleinerung der 
Kernfliche steigt die Beleuchtungsstarke darin sehr stark an. Der Gesamtdurch- 
messer des Zerstreuungsscheibchens wird etwas grofer und die Beleuchtungs- 
stirke im Hof ist ebenfalls gewachsen. Aber das Verhaltnis zwischen den 
Helligkeiten im Kern und im Hof liegt um mehr als eine Zehnerpotenz giinstiger. 


As’ 2y 2h B 
Kern Ou 27,4mm 96950 58 Prozent 
— 0,078 
Hof 3111p 36,0 56,4 42 Prozent 


Diese Einstellung liefert visuell und photographisch die beste Schirfe. 
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Als dritter Fall sei noch die Einstellung nach dem Gauss’schen Kriterium 
behandelt. Aus der Forderung [(y—mh)?hdh=min erhalt man 


tebe (7) 


[we dh 


Die Intergration kann numerisch mit den Wertepaaren y,, h; erfolgen oder 
liber die Aberrationskurve nach Gl.(1) hinweg. Dann ist 
m=h?(2a + $bh? + ch’). 


Man erhilt fiir unser Beispiel einen Wert m= + 1,06 und damit As’ = + 0,055 mm. 
Die Aberrationskurve Abb. 1 geht in die in Abb. 7 dargestellte Form tber. Wir 
bekommen daraus : 


As’ 2y 2h B d 
Kern 70 33,4mm 2277 86 Prozent 
+0,055 
Hof 220 uw 36,0 41,8 14 Prozent 


As'= +0055 


Abb. 7 


Auch hier ist zwar mehr Licht im Kern enthalten als bei der besten Einstellung, 
aber dieser Kern ist sehr viel groBer geworden, und damit die mittlere 
Beleuchtungsstarke kleiner. 

Eine Bestitigung fiir diese Uberlegungen findet man bei den mit dem gleichen 
Objektiv gemachten Versuchsaufnahmen. Wahrend aber unsere vorangegan- 
genen Betrachtungen ftir den Lichtpunkt angestellt worden sind, hat man bei 
den Aufnahmen aus praktischen Griinden einen Spalt und eine Kante gewahlt. 
Dadurch andert sich die Lichtverteilung innerhalb des Kernes und des Hofes. 
Die Breite von Kern und Hof werden aber dadurch nicht geindert. Die Auf- 
nahmen zeigen eine 40 fache VergroBerung der in der Auffangebene entstehenden 
Bilder. Die Abb. 8(c) zeigt das Bild des Spaltes bei der Einstellung in der 
Gauss’schen Bildebene. Die zentrale feine Linie stammt aus dem achsennahen 
Teil der Pupille von etwa 10mm Durchmesser (Abb. 5). Daran schlieBt sich 
der als Kern bezeichnete Teil an, der dem Abb. 5 eingezeichneten Rechteck 
entspricht. Um dieses Bild des Spaltes lagert sich der Hof, der wegen seiner 
geringen Helligkeit nur schwach zu erkennen ist. Die Helligkeitsverteilung tritt 
deutlicher hervor, wenn man vor das Bild einen Absorptionskeil setzt, der oben 
dicht und unten klar ist, und die Beliehtungszeit etwas linger wahlt. Dadurch 


Kontrastiibertragungsfunktion und Bildgiite 315 


verwandeln sich die Aufnahmen des Spaltes und der Kante in eine Art Photo- 
meterkurve (Abb. 9 und 11). Wahrend auf der Abszissenachse die lineare 
Erstreckung erhalten bleibt, erhalt man auf der Ordinate unmittelbar die 
Intensitat im logarithmischen Mafstab. Die beste Einstellung zeigen die 


Abb. 8 


Abb. 9 


Abb. 10 


Abb. 11 
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Aufnahmen (6); in 8(b) ist der Kern schmaler geworden und mit der feinen 
zentralen Linie verschmolzen. Die hohere Intensitat ist aus der groBeren Hohe 
in 9 (b) unmittelbar abzulesen. Dafiir tritt der Hof ein wenig deutlicher heraus. 
Das ist aber nur dann bei der tiblichen Benutzung des Objektivs zu erkennen, 
wenn man 4hnlich kontrastreiche Objekte hat wie bei diesen Versuchen. Im 
allgemeinen bleibt der Hof unter der Empfindlichkeitsschwelle des Bildes. Die 
Abbildungen (d) sind mit der Einstellung nach dem Gauss’schen Kriterium, 
dem Minimum der Totalundeutlichkeit, gemacht worden. Man sieht sofort, 
daB® es in diesem Falle, d.h. bei den bestehenden Aberrationen des Objektives 
versagt. Es sei noch darauf hingewiesen, daB beim maBigen Abblenden des 
Objektives nur der Hof verschwindet; der Kern bleibt erhalten, schmal und 
intensiv im Falle 7 und 9(4), breit und entsprechend lichtschwacher im Falle 
(c) und (d). SchlieBlich ist in a noch eine Einstellung gewahlt worden, bei 
der die Auffangebene vor der besten Einstellung liegt. Hier zerfallt das Spaltbild 
in zwei Bilder, eine Erscheinung, die man zuweilen auch bei der Projektion von 
Strichzeichnungen beobachten kann. 

Es sei an dieser Stelle darauf hingewiesen, daB das giinstigste Untersuchungs- 
objekt der Spalt sein diirfte; denn wenn man die Aufnahmen der Kante 
betrachtet und die Steilheit des Helligkeitsabfalles aus den Graukeilaufnahmen 
beurteilen will, so ist wegen der Undeutlichkeit eine genaue Aussage kaum 
moglich. Nun stellt aber die Graukeilaufaufnahme des Spaltes unmittelbar die 
Ableitung der Helligkeitsverteilung im Bilde der Kante dar. Denn so wie wir 
beim Ubergang von Gl.(4) (d.h. von der Helligkeitsverteilung im Bilde des 
Spaltes) durch eine Integration die G1.(5) (d.h. die Helligkeitsverteilung im Bilde 
der Kante) gewonnen haben, ergibt sich umgekehrt natiirlich durch eine Differen- 
tiation von (5) die G1.(4). AuBerdem stellt die Helligkeitsverteilung im Bilde 
des Spaltes ja den Ausgangspunkt fiir die Berechnung der Kontrastiibertra- 
gungsfunktion dar. Nun ist freilich diese Helligkeitsverteilung im Bilde des 
Spaltes selten explicit gegeben, es sei denn in Form einer Photometermessung, 
und in der vorliegenden Untersuchung auch nicht analytisch aufgestellt worden. 

Deswegen mute die Kontrastiibertragungsfunktion fiir die verschiedenen 
Einstellungen der Auffangebene nach Gl.(6) numerisch berechnet werden 
und zwar fiir die beiden Offnungsverhiltnisse 1:1,4 und 1:2. Bei der besten 
Einstellung (Abb. 12) (As’= —0,078 mm) haben wir auch die giinstigste Kon- 
trastiibertragungsfunktion. Selbstverstaindlich ist fur R=0 definitionsgemaB 
D(R)=1, wie groB die Aberrationen auch sein mégen. Wenn man den Strichab- 
stand im Gitter hinreichend weit macht, weiter als die Aberrationen reichen, 
so bekommt man immer—von anderen Einfliissen abgesehen—den vollen 
Objektkontrast.  Wichtig erscheint eine Linienfrequenz von 30-50 Linien/mm, 
weil sie einem Gitter entspricht, das von der tiblichen photographischen Emulsion 
noch hinreichend gut wiedergegeben wird. Der Unterschied zwischen dem 
Kurvenverlauf fiir das Offnungsverhiltnis 1: 1,4 und dem fiir das Offnungsver- 
haltnis 1:2 ist fast ausschlieBlich bedingt durch den Hof, der sich wie ein 
Schleier tiber das ganze Bildlegt. Blendet man ihn weg, so erhilt man ein scharfes 
Bild, das allein dem herausgehobenen Teil der Aberrationskurve Abb. 6 entspricht. 
Schon fiir die Gauss’sche Bildebene (Abb. 13) fallt die Kontrastiibertragungs- 
funktion sehr schnell stark ab; noch wesentlicher ist aber, daB zwischen den 
Kurven fiir die beiden Offnungsverhiltnisse nur noch ein geringer Unterschied 
besteht, d.h. das Objektiv wird auch beim Abblenden keine besseren Ergebnisse 


Krontrastiibertragungsfunktion und Bildgiite B17 


As'=-0078 


05 


40 48 StICP ym 


Abb. 12 


zeigen. _ Wenn der Durchmesser des Kernes bereits 44 fiir eine unendlich 
feine Linie betragt, so kann man sich tiberlegen, daB bei 24 Linien/mm der 
Kontrast bereits nahe Null kommen muB, weil dann nur noch die unterschiedliche 
Lichtverteilung innerhalb des Kernes einen Kontrasteindruck hervorrufen kann. 
Das wird noch krasser bei einer Einstellung nach dem Gauss’schen Kriterium 
(Abb. 14). Dazu ist allerdings zu sagen, dafs in diesem Falle bei einer Abblendung 
auch die giinstigste Einstellebene sich verschiebt, so dafi in Abb. 14 die obere 
Kurve einen ganz anderen Verlauf nehmen wird und sich an die fiir die giinstigste 
Einstellung annahert. Das liegt einfach daran, daB nun die starken Aberrationen 


As'=+0055 


Q5 


Strich fam 


Abb. 13 Abb, 14 


an den Enden der Aberrationskurve bei der Integration in Gl.(7) keinen EinfluB 
mehr haben. Darin liegt eine Bestatigung fiir die Behauptung, dafs das Gauss’sche 
Kriterium nur bei kleinen Aberrationen Giiltigkeit hat. AuBerdem folgt aber 
daraus, da8 die Einstellung nach dem Gauss’schen Kriterium sehr stark von 
der jeweiligen Abblendung abhangt, wofern nicht die Aberrationen fiir alle 
Aperturen geniigend klein sind. 


O.A. 2B 
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Es sei nun noch darauf hingewiesen, dafs man in der Wahl der ‘giinstigsten 
Einstellung’ gar nicht so frei ist, wie es den Anschein hat. Denn bei der 
praktischen Verwendung der Objektive muB man auch die Aberrationen in den 
juBeren Teilen des Bildfeldes beriicksichtigen. Die beste Einstellung fiir die 
Bildmitte mu8 zugleich auch die giinstigste Einstellung fiir das gesamte Bildfeld 
sein. Wegen der restlichen Bildwélbung und der Feldfehler hoherer Ordnung 
liegt die giinstigste Strahlenvereinigung fiir Objektpunkte auBerhalb der Achse 
meist ein wenig vor der Gauss’schen Bildebene. Darauf mu also bei der 
Berechnung des Objektives Riicksicht genommen werden und ist bei unserem 
Beispiel auch Riicksicht genommen worden. 

Das gegenseitige Abwagen der zu erwartenden Einfliisse der einzelnen Bild- 
fehler ist nur méglich aufgrund der Aberrationskurven in und auferhalb der 
Bildmitte. 

SchlieBlich ist noch die Frage zu beantworten, ob die Kontrastiibertragungs- 
funktionen eines optischen Systems Hinweise enthalten, in welcher Richtung 
das System sich verbessern laBt, die auf andere Weise nicht zu erhalten sind. Das 
ist grundsatzlich nicht méglich, weil die Kontrastiibertragungsfunktion und die 
Aberrationsbetrage den gleichen physikalischen Informationsinhalt besitzen. 
Sie lassen sich ja ineinander iiberfiihren, stellen also nur den gleichen Sachverhalt 
in verschiedener Sprache dar. Wollte man aber bei einem praktisch vorliegenden 
System die Kontrastiibertragungsfunktionen messen und daraus zunachst die 
Helligkeitsverteilungen im Spaltbild und daraus die Aberrationen selbst berech- 
nen, so sind dazu nur numerische oder graphische Differentiationen notwendig, 
die ungenau sind. Man kann die Aberrationen mit wesentlich einfacheren 
Mitteln unmittelbar genauer messen. 


The connection between geometrical aberrations, the distribution of light in the image 
of a point or a line and the contrast transmission function is derived for an axial image, 
leading to a discussion of the best focal position. Confirmation is obtained of the experi- 
mental result that, for daylight photography at the image centre, the best setting is obtained 
when the normal aberration curves have the minimum distance between their tangents 
parallel to the axis of abscissae. Opposite assertions that the best position is obtained by 
minimum spread of light, rest on an approximation which is not generally valid. For 
commercial objectives the latter criterion can give a focal position differing significantly 
from the optimum. 


On indique la relation existant entre aberrations géométriques, distribution d’éclaire 
ment dans l’image d’un point ou d’une ligne, et fonction de transmission des contrastes, 
pour le centre de l’image, afin de pouvoir rechercher ensuite la meilleure mise au point. 
On confirme ainsi lexpérience, d’aprés laquelle pour des courbes d’aberrations normales 
au centre de l’image et pour des photographies prises en lumiére du jour, on trouve la 
meilleure mise au point la ot les tangentes 4 la courbe d’aberrations paralléles 4 l’axe des 
abscisses sont a la plus petite distance l’une de I’autre. Les affirmations contraires, d’aprés 
lesquelles la meilleure mise au point serait donnée par le minimum de diffusion de la 
lumiere, reposent sur une approximation inadmissible en général. Pour les objectifs 
commerciaux courants, une mise au point ainsi obtenue peut s’écarter notablement de la 
meilleure. 
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Bei den meisten Anwendungen der Kontrastiibertragungstheorie gelten 
die Apparateeigenschaften (z.B. die Aberrationen) als bekannt. Daraus wird 
dann die Kontrastiibertragungsfunktion berechnet. Hier dagegen lautet das 
Problem: wie muss der Apparat konstruiert werden, wenn eine ganz bestimmte 
Kontrastiibertragungsfunktion gefordert wird? Unter diesem Aspekt wird 
die Kontrastiibertragung fiir folgende Prozesse berechnet: Phasen- und 
Amplitudenfilter in der Pupille des Objektivs (periodisch oder statistisch, 
Fresnel-Linse); Bewegung des Bildes unter gleichzeitiger Variation der 
Beleuchtungsstarke; fotografische Kontrastverstirkung (steile Gradation, 
Nachbareffekt, Maskierung, Herschel-Methode); moderne Kontrastver- 
starkung (elektronische Maske Logetron, Fluoro-Dodge, Fernseh-Methoden). 


Die Kontrastiibertragungstheorie [1] beschreibt bekanntlich die Abbildung 
beliebiger Objekte. Dabei denkt man sich die Objektintensitaét [)(”) und die 
Bildintensitat [,,(«) aus verschiedenen Ortsfrequenzen R (meistens in Linien 
pro Millimeter) zusammengesetzt. Die Kontrastibertragungsfunktion D(R) 
beschreibt dann, mit welchem Kontrast die Ortsfrequenzen aus dem Objekt in 
das Bild tbertragen werden, und welche seitlichen Verschiebungen die 
Frequenzen dabei erleiden. 


1,(*)= | 20) . exp [277Rx] dR, 


iGy= | B(R).exp [27iRx] aR, 


BR) =k). Bok), D(R)=7(R)- exp [:0( 8). 

(Der Einfachheit wegen nur eindimensional geschrieben.) 

Die Kontrastiibertragungstheorie ist sehr vielseitig anwendbar, zum Beispiel 
auf die optische Abbildung, Fotografie, Spektrografie, Fernsehen u.s.w. 

Das Wort ‘aktiv’ im Titel ist nicht physikalisch, sondern psychologisch 
gemeint in folgendem Sinne: bisher war es meistens die Aufgabe der Kon- 
trastiibertragungstheorie, aus bekannten Apparateeigenschaften (z.B. Aberra- 
tionen) auszurechnen, wie gut die Kontrastwiedergabe sein wird. Hier liegt 
das Problem umgekehrt: gefordert wird eine bestimmte Giite der Kontrastwieder- 
gabe. Wie muss man den Apparat konstruieren, damit diese Forderung erfiillt 
wird? A. Blanc-Lapierre [2] und seine Mitarbeiter haben wohl als erste in 
diesem Sinne aktive Kontrastiibertragungstheorie betrieben. Die Probleme 
sind sehr vielseitig, weil nicht immer einfach D(R) =1 die optimale Kontrastiiber- 
tragungsfunktion darstellt. Gegenbeispiele: Softer, hochfrequentes Rauschen, 
storende unwichtige Niederfrequenz in der Fotogrammetrie und Réntgenfoto- 
grafie u.s.w. Deshalb braucht man Methoden zur planmissigen Variation der 


Kontrastiibertragungsfunktion. 
2B2 
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Die bisherigen [3-6] und die neuen Methoden zur ‘aktiven’ Kontrasttiber- 
tragung kann man folgendermassen einteilen : 


1. Rein optische Frequenzfilter. 
1.1. Koharent. 
1.2. Quasi—koharent. 
1.3. Inkoharent (Apodisation). 
1.4. Inkohdrent (Phasenfilter). 


2. Frequenzfilter durch Bewegungseffekte. 


3. Fotografische Frequenzfilter. 

3.1. Gradation. 
3.2. Nachbareffekt. 
3.3. Maske. 

3.4. Herschel. 

4, Nicht lichtoptische Frequenzfilter. 
4.1. Elektronische Maske (Logetron). 
4.2. Fluoro-Dodge. 

4.3. Fernseh-Methoden. 

Bei den folgenden Untersuchungen wird das Wort ‘ Kontrastiibertragungs- 

funktion’ mit CT abgekiirzt. 


' 


1.4. Inkohdrente Frequenzfilter 

1.4.1. Wolters Minimumstrahlkennzeichnung 

Diese Methode [8] hat unter anderem in der Spektroskopie die Aufgabe, eine 
Spektrallinie genauer zu lokalisieren oder einen schwachen Satelliten besser zu 
erkennen. Dazu wird die Pupille des Spektrografen halb mit einer 180°— 
Phasenschicht bedeckt. Die Pupillenfunktion p(x, y) nimmt also innerhalb der 
Pupille die Werte +1 und —1 an (Abb. 1(a)) und ausserhalb der Pupille den 
Wert null. Dann ergibt die Dufheux-Gleichung (hier in der Form von Hopkins 
[9]) die in Abb. 1(4) dargestellte CT (Kontrastiibertragungsfunktion). 


| fees) -p* (x, y)dx dy 


D 
(a) ia (R,) (5) 
x R, 
R= /r2# 
—41 7° 
e = f/2h 


2h 


Abb. 1. (a) Die Pupillenfunktion p(x, y) nimmt in der 2h breiten Pupille die Werte 
+1 und —1 an. 
(6) CT zu Wolters Minimumstrahlkennzeichnung. 
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Bei den beiden oben genannten Problemen sind die héchsten Frequenzen 
wichtig. Deshalb ist es giinstig, dass die hier uninteressanten mittleren 
Frequenzen wenig oder gar nicht durchgelassen werden. Zum vollen Verstandnis 
aN Methode miissen auch nichtlineare Prozesse im Empfanger beriicksichtigt 
werden. 


1.4.2. Gitter in der Pupille. 

Die Pupillenfunktion p(x, y) setzt sich aus der normalen Pupillenfunktion 
P(x, y) mit den Wellenaberrationen W(x, y) und aus der komplexen Amplituden- 
transparenz p,(x,y) des Gitters zusammen. (d= Gitterkonstante). 


P(x, y) = p(x, y) -Pg(*,y), 
Pi(x, y)=exp [tkw(x, y)], k=2n/A, 


SONS S an Dee 


Wenn die Wellenaberration im Bereich einer Gitterkonstante d praktisch 
konstant ist, oder wenn die Queraberration € meistens kleiner ist als die Beugungs- 
ablenkung Af/d> €, oder wenn wahrend der fotografischen Aufnahme das Gitter 
in x-Richtung bewegt wird, dann ist die CT des Apparates ein Produkt aus zwei 
CAPO hy) —Di(Rz R,)-Do(R,); DR, R,): Dutheux-Integral mit 
pi(%,y), also Beriicksichtigung der Aperturbeugung und der Aberrationen 

_ SIA, Pexp (27mm, |] 

D,(R,)= S14, 0? 

Ein Beispiel fiir D,(R,) zeigt die Abb. 2. Man kann auch eine CT mit einer 
Ubertragungsphase @(R,,) erzeugen, was fiir die Frequenz R, eine seitliche 
Verschiebung im Bilde um Ax=—O(R,)/27R, bedeutet. Dann muss 
|A,,|?#|A_,,? sein. Dies entsteht bei unsymmetrischen Gitterfurchen oder bei 
einem Gitter, das nicht mehr senkrecht zur optischen Achse orientiert ist. 
Nimmt man zwei Gitter mit beliebigem Azimut-Winkel (Moiré) und mit 
beliebigem Kipp—Winkel, so kann man Punktbilder simulieren, als ob Koma oder 
Astigmatismus vorhanden ware. 


D(R,) 
P(x) +4 c 


+1 


+—> 
d At 
Abb. 2. Pupillenfunktion pg(x) und CT D¢g(R,) eines 180°-Phasengitters. 
Um den Einfluss der ‘Scheinaufldsung’ (CT <0) zu studieren, nimmt 


man ein Gitter senkrecht zur optischen Achse und dreht es wahrend der foto- 
grafischen Aufnahme (Drehachse parallel zur optischen Aches). Das Minimum 


der 
D,(R)= DIA, lk -Jo(27mdfR,/4)/ ZI AnP, 


R=V/(R2+R,). 
Besselfunktion nullter Ordnung J, ist ungefahr — 0,4 tief, wenn 2mnAfR/d~ 4 ist. 
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Mit anderen Gittern (Abb. 3) lisst sich eine spezielle Frequenz Ry herausheben 
(‘detection’). Liegt die spezielle Frequenz Ry ausserhalb des Frequenz- 
bereiches, der wegen der Aberrationen und wegen der Fotografie noch wieder- 
gegeben werden kann, so ist dieses Gitter als ‘Weichmacher’ (Softer) geeignet. 
Oft erzielt man den Weichmacher—Effekt durch ein Nylon—Gewebe, das man 
beim Vergrésserungsprozess im Abstande Z vor der Bildebene hin und her 
bewegt. Die dazu gehérige CT ist die gleiche wie bei einem Kreuzgitter in der 
Pupille, nur dass die Brennweite f jetzt durch den Abstand Z ersetzt wird. 


p(y) 3 D (Ry) J 
24] Sey Y= I (d-2) 


> € # Ry 
J a a/At rf 


Abb. 3. Pupillenfunktion p¢(x) und CT Dg(R,,) fir Schwarz-Weiss-Gitter. 


1.4.3. Zonenlinse 

Eine verallgemeinerte Zonenlinse (Sorel, Fresnel) mit beliebiger Furchen- 
form der konzentrischen Ringe hat kiirzlich Tsujuchi [10] untersucht, um 
Linsen mit zwei oder drei Brennebenen zu konstruieren. ‘Tsujuchi benutzte 
nicht die CT, sondern Strehls Definitionshelligkeit zur Beschreibung der 
Abbildungsqualitat. 

Mit der bisherigen Bezeichnungsweise (aber in Polarkoordinaten) lautet die 
CT-Theorie der verallgemeinerten Zonenlinse : 


P(r, $) = pil’, ’) -p.AT), 
Pilt, 6) =exp LAW(r, $)], 


-+ co 
pAr)= > A, exp [2ain(r/p,)"], 


Lee : 

A= gal Palr)exp [—2nin(r/p)]4(7*), 
h=Pupillenradius; p,=Radius der 1. Zone; h/p, sei eine ganze Zahl. 
D,(R,y; Z) ist das Dufheux-Integral fiir die Bildebene Z mit der Wellen 
aberration W(r,¢)+2Z.r7/2f?; R,=Rcosy, R,=Rsing 

D(R, b; Z)= 2a Dub 2 Tio) 
>14,P 
DRONA, >. 
N#l 
Die gemischten Glieder mit (A,A,*) sind klein, besonders wenn die 
Queraberration ¢<Af/p, ist. Interpretation: mehrere Bilder in den Ebenen Z, 


Z,, + 2nX(f/p,)?=0 
mit den relativen Intensitiaten |A,,|?/>|A,,|°. 


1.4.4. Statistische Frequenszfilter 
Dieses Problem wurde auch von Sayanagi [6] behandelt, allerdings nur fiir 
aberrationsfreie Objektive. Wir benutzen einen mathematischen Trick, der 
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sich schon bei der Kontrastiibertragungstheorie einer rauhen Linse [11] und 
bei der Kontrastiibertragungstheorie des Gitterspektrografen [12] bewahrt hat. 
Dadurch gilt unsere Rechnung auch, wenn ein ‘statistisches F requenzfilter ’ 
vor ein Objektiv mit Aberrationen geschaltet wird. 

Voraussetzungen : viele kleine ‘Elemente’ auf der Filterscheibe statistisch 
verteilt ; (Sayanagi diskutiert zum Beispiel kleine Kreisscheiben mit konstanter 
Dicke als ‘ Elemente *); alle Elemente gleich; der Durchmesser eines Elementes 
So klein, dass sich darin die Wellenaberration praktisch nicht andert. Es ist 
nicht notig, dass die komplexe Amplitude O in einem Element konstant ist, und 
dass das Element aus einer zusammenhangenden Flache besteht (Beispiele dafiir 
spater). Die Pupillenfunktion p, des statistischen Frequenzfilters ist: 


O(x—x,,y—y,;) fiir die Elemente j= 1, 2, 3 
P.(%,y)= | ; i i 


1 ausserhalb der Elemente 
Pi(x,y) = exp [zRW (x, y)], 
P(*,Y) =Pi(x, yy). po(x,y). 


Dann setzt sich die gesamte CT aus einer CT fiir Beugung und Aberration D, 
und einer CT fiir das statistische Frequenzfilter D, zusammen, ganz analog wie 


bei [11, 12]. 
D(R, Ry) =Dy(Rz R,)-D(Rz, Ry), 
D,(R,, Ry)=1—p+p.D,(R;, R,), 
q|Q—1P 


a 
1—q+qlQP 


g: relativer Flachenanteil aller Elemente 


Pes ° 

IOP =5{ , |1Oe2)Paray, 
_ §ILO,(e,7)— 1]. [0;*(@— AR. ¥— Ry) — U de dy 
Oe T1O,@.9) — IP de dy i 


Die Gleichung mit D, und D, gilt mit einem méglichen Fehler der Grossenord- 
nung p”, den man im allgemeinen vernachlassigen darf. 

Einige Beispiele werden in der Abb. 4 dargestellt. Die Falle (a) und (5), die 
schon Sayanagi behandelte, kénnen als Weichmacher dienen. Bei (c) und (d) 
wird die Niederfrequenz geschwacht, was in der Fotogrammetrie manchmal 
erwiinscht ist (siehe §3.3.1 und § 4.1). Das Filter f kann die Aufgabe von 
Sayanagis ‘Contimat’ erfiillen, also Schwachung einer speziellen Frequenz, 
die zum Beispiel durch Fernsehfotografie oder durch Rasterdruck kiinstlich dem 
Bild aufgepragt wurde. Manchmal ist es in solchem Fall vielleicht zweckmassig, 
die kiinstliche Frequenz und alle héheren Frequenzen zu unterdriicken. 


2. FREQUENZFILTER DURCH BEWEGUNGSEFFEKTE 


Bisher war unser Abbildungssystem statisch. Nun wollen wir den Fall 
diskutieren, dass das Bild wahrend der fotografischen Belichtung wandert 
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x'(t), y’(t). Ausserdem verandert die Lichtquelle ihre Intensitat nach der 
Funktion L(t). , 

Ein Interesse an solchen Vorgingen besteht erstens, weil man so planmassig 
die CT variieren kann, um festzustellen, wie sich zum Beispiel die Scheinauflosung 
auf die Bildqualitat auswirkt. Zum zweiten ermdglicht diese Theorie eine 
Korrekturrechnung, falls man eine durch Bewegungseffekte gestirte Aufnahme 
auswerten will. 


Q(R) 
1 CQ) 3 se 
ae | qt : 
(2) Q=o $= 9/(1- q) 
(6) Q= emia] 8 = 4q Sin (x/2) 
D(R.) 
i [3s 
Ry 


C/Af 


92 9(A+1/C1 +9 (A? 1)] 
Gis) 
Abb. 4. (a), (0), (c) 


Die Umwandlung der momentanen Intensitiatsverteilung J, in die resultierende 
Bildintensitat J lasst sich durch eine CT beschreiben: D(R,, R,) 
I(x, 9) = |Io[¥—x'(t), y—y'(t)] L(t) dt, 
I(x, y)~B(Ry, Ry), Ip(x,) ~ Bo(Ro R,); 
B(R;, R,) =D(R; R,) - BR, R,); 
D(R,, Ry) = JL(t) exp [—27i{R,w'(t) + Ry" (t)}] dt 
= J Jl(v) exp [2mi{vt — R,x' (t)— R,y' (t)}] dv dt, 
L(t)= J {l(v) exp [2mivt] dv, fL(t) dt=1. 
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ADA) 
R 
(d) 
1 D(R,) 
+f +1 
yi) lies |S 
eeeenen eRe eee SEE Fe BY. lage 
aad c/af 
(ec) 
+4 D(Fy) 
ne 


se(S 2) 


Abb. 4. Frequenzfilter mit statistisch verteilten Elementen. Links: ein Element der 
Pupillenfunktion. Rechts die CT. (a) Opake Kreisscheibe. (6), (d) Phasen- 
verzogernde Kreisscheibe. (c), (e), (f) Doppellinien als ein Element; alle Elemente 
parallel, aber in statistischen Abstaénden zueinander. 


Dabei wurde vorausgesetzt, dass sich das momentane Bild nur beztiglich Lage und 

Intensitat, aber nicht beziiglich seiner Form andert. Dadurch wird hier unter 

anderem auf die Kontrastiibertragungstheorie des Kameraverschlusses verzichtet. 
Nun einige Anwendungsbeispiele : 


(1) Bewegungsunschirfe 
eG)=v, ytj=0, Le)=t/7infy < 7/2, 
sin (7R,Ax) 


oR Neue Ax =UeT. 


D(R;, Ry) a 

(2) Lineare Schwingung 
x’ (£)=Axcos2znt/7, y'(t)=0, E(t) wiebei 1. 
D(R,, R,)=Jo(27R, Ax) (Besselfunktion). 
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(3) Kreis—Bewegung 
x'(t)=rcos2rt/7,  y'(t)=rsin2nt/c, 
LG) wie bei) R= (he aR): 
D(R)=J,(2aRr). 
(4) Veranderliche Lichtquelle bei linearer Bewegung 
x'(t)=vt, y'(t)=0, D(R,, R,)=K(R,2). 
(a) Zwei Belichtungen im Abstand Ax= v7 
L(t) = 4[8(r — 7/2) + 6(¢ + 7/2)], 
D(R,, Ry) 3008 (27R, Ax). 


Starke Scheinauflosung! 
(b) Periodische Lichtquelle 


L(t)=1+cos (27vt), 
D(R,, R,) = 9(Rz) + 38[R,— (v/v)] + 39[R, + (/2)]). 


Das eignet sich zur Analyse des Ortsfrequenzspektrums B,(R,,R,) vom 
Momentanbild J,(x,y). Fotometriert man namlich das resultierende Bild 
I(x, y) mit einem langen Spalt (J . . . dy), so erhalt man: 


B,(9, 0) + |Bol(v/2), 0]| cos {27 (v/v)x + B[(v/z), OJ}, 
By=|Bolexp [#8]. R,=v/v; R,=0. 


Das Prinzip von §2.(4)(6) wurde bereits von anderen Autoren zur Messung 
der CT ausgenutzt [7]. 


3. FOTOGRAFISCHE FREQUENZFILTER 

Fotografische Kontrastverstarkung kann man mit folgenden Methoden 
erreichen: steile Gradation, Nachbareffekt, unscharfe Maske, Herschel-Methode. 
Diese Methoden sind alle nicht linear. Bei der CT-Theorie wird aber Linearitat 
vorausgesetzt. ‘T'rotzdem wollen wir als erste Niaherung eine CT-Theorie dieser 
Methoden durchfithren. Diese Theorie gilt nur fiir missige Kontraste im 
Objekt. Meistens ist die Abbildung von Objekten mit nur miassigem Kontrast 
besonders interessant, wie schon Black und Linfoot [13] erwahnten. Um die 
Objekte mit starkem Kontrast braucht man sich keine Sorgen zu machen, weil 
diese praktisch immer gut abgebildet werden. Fiir den Kopierprozess hat 
Frieser [14; siehe dort Figur 15] gezeigt, dass die nichtlinearen Effekte unter 
normalen Verhiltnissen nur einen sekundiren Einfluss auf die Bildgiite haben. 
Dann beschreibt die lineare CT-Theorie die Abbildung geniigend genau. 


3.1. Steile Gradation 
Der Einfluss des Diffusionslichthofes, der sich auch durch eine CT 


beschreiben lasst, ist weitgehend geklart (experimentell von Frieser und vielen 
anderen, theoretisch von H. Miiller [15]). 
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p Im graden Teil der Schwarzungskurve mit der Steigung y (Gradation) gilt 
fiir die Intensitat J(«) und fiir die Transparenz T(x) der Zusammenhang 


(Umkehrfilm !) 
elle (“Py 
7 : 
Fir miassigen Kontrast bedeutet das 
I(x) =1[1 + AI(x)], 


hi 


Tees Tiley Ale) + ee iineee) 


Das quadratische Glied wird kleiner als 1/10, wenn zum Beispiel y=1,5 
und Af=0,5 ist. 

Es wird also oft vorkommen—mindestens in Teilbereichen des Bildes—dass 
man das quadratische Glied vernachlassigen darf. Dann kann man eine CT 
fiir die Gradationsmethode angeben. Die CT ist das Verhiltnis der 
Frequenzspektren von 7(x) und I(x). (Zur Vereinfachung der Schreibweise 
nun eindimensional; ausserdem die uninteressanten Konstanten J und T gleich 
eins gesetzt.) 


I(x) = [{8(R) + 4(R)} exp [271Rx]dR, 
T(x) = [{6(R)+y.5(R)} exp [277Rx]dR, 


f 1, wenn R=0O, 


D,(R)= 


Die Breite des Minimums der CT Dy(R) (siehe Abb. 5) bei R=0O hat keine 
besondere physikalische Bedeutung. Die CT ist namlich eigentlich nur in 
endlichen Frequenzintervallen (‘sampling points’) definiert. Der Abstand 
der sampling points im Frequenzspektrum ist reziproke Wert des Objektdurch- 
messers. Speziell die CT fiir den Gradationsprozess ist in allen sampling points 
venur | ink = 0! 


y, wenn R#0. 


D,(R) 


R 


Abb. 5. CT fiir den Schwarzungsprozess mit der Gradation y. 


3.2. Nachbareffekt 


Nachbareffekte (Eberhard u.s.w.) konnen bekanntlich den Kontrast an 
Kanten und Linien verbessern (Abb. 6). Diese Effekte entstehen i.a. durch 
Diffusion der unverbrauchten Entwicklerfliissigkeit von Stellen mit schwacher 
Belichtung zu Stellen mit starker Belichtung. Da diese Diffusion in Wechsel- 
wirkung mit dem Schwarzungsprozess geschieht, handelt es sich hierbei auch 
um einen nichtlinearen Vorgang. In einer halbempirischen Betrachtung kann 
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man aber zeigen, dass eine lineare Naherung einen brauchbaren Giiltigkeits- 
bereich haben wird. Die Rechnung ergibt eine CT der Form: 


D,(R)=1+A.R®—B. Re. 


Abb. 6. Nachbareffekt. J; ist die fotochemisch wirksame Intensitat, also die Keimdichte. 
Ip ist die aus der Transparenz etmittelte scheinbare Intensitét mit Hilfe der 
SchwAarzungskurve. 


Die Koeffizienten A und B kann man aus einem Experiment wie in Abb. 6 
entnehmen. Ausserdem hat Hendeberg [16] die CT’ des Nachbareffektes 
gemessen und dabei Kurven vom Typ der obigen Formel (siehe auch Abb. 7) 
gefunden. Eine ausfiihrliche Betrachtung zur Anwendbarkeit der CT-Theorie 
auf den Nachbareffekt soll erst nach dem Erscheinen von Hendebergs Arbeit 
herauskommen. 


R 


Abb. 7. CT des Nachbareffektes. Der Einfluss des Diffusionslichthofes ist rechnerisch 
eliminiert. 


3.3. Das fotografische Maskenverfahren 
Von der Objektintensitat J,(«) wird eine scharfe positive ‘Transparenz J,,(x) 
und eine unscharfe negative Transparenz J,(«) hergestellt. Legt man das 
unscharfe Negativ (die ‘Maske’) auf das scharfe Positiv, so wird in der 
resultierenden ‘T'ransparenz I(x) =I,(«).I,(x) der Kontrast verstirkt oder ein 


Reliefbild von der Objektintensitat erzeugt. Fiir miassige Kontraste lautet die 
Theorie folgendermassen : 


I)(x) =1+AIg(«) = J{8(R) + b9(R)} exp [2niRx] dR, 
[, (x) =1+AT,(x) = J{8(R)+6,(R)} exp [27iRx] dR, 
b,(R) =7y-D,(R). bo(R), 
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D,(R), bezw. yy, ist die CT, bezw. die Gradation des Positiv-Prozesses 
1 
if =) Se 
Co) ATG) 
I(x) =I, (x). Iy(x)x 1+AT,(«) — Aly (x), 
I(x) = J{8(R) +(R)} exp [277Rx] dR, 
b(R)=49(R). [yp -Dp(R) - yy -Dy(R)], 


~1—Aly(x), 


(R=0) 


DAR)= ; 
7 Bs Oe Bea te (R40) 


Diese Formel fiir die CT’ des Maskenverfahrens soll nun in 4 Spezielfallen 
angewendet werden. 


3.3.1. Kontrastverstarkung [17] 

Dabei soll die Maske flau (yy<y,) und unscharf sein (D,<D,). Die 
ganz niedrigen Frequenzen werden geschwacht zu Gunsten der hoéheren 
Frequenzen (Abb. 8). Jetzt ist es klar, wie die Art der Maskenunscharfe 
die Kontrastverstarkung beeinflusst. Anwendungsmodglichkeiten gibt es z.B. 
in der Fotogrammetrie und in der Rontgenfotografie (siehe auch § 4.1). 


Q(R) 


Abb. 8. Die CT des Maskenverfahrens Dy und ihr Aufbau aus Gradation yp und CT 
Dp des Positivs, und aus Gradation yy und CT Dy des Negativs (Maske). Hier 
Anwendung des Maskenverfahrens zur Kontrastverstarkung. 


3.3.2. Federzeichungsstil (tone line process) [18] 

Jetzt ist die Maske wieder unscharf (D,<D,), aber ebenso stark wie 
das Positiv (yy=y,)- Die niedrigen Frequenzen werden ganz unterdriickt 
(Abb. 9). Da die héheren Frequenzen nur in scharfen Kanten und Linien 
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auftreten, entsteht ein Bild im Stile einer Federzeichnung. Der Stil des Bildes 


ahnelt auch dem Dunkelfeld-Verfahren in der Mikroskopie. 


a(R) 


R 


Abb. 9. CT fiir den tone line process (Maskenverfahren in Stile einer Federzeichnung). 


3.3.5. shee, H19) 
Nun sollen Positiv und Negativ gleich stark sein (y,=yy) und auch gleich 
scharf, aber um eine kleine Strecke Aw seitlich gegeneinander verschoben. 


D,(R)=D,(R).exp[—27iRAx], 


| ite (R=90); 
D,(R)= : 
| ¥p- Dp (R){1 —exp [—27iRAx]}, (R#0), 
; (R=0), 
D,(R)= 
y,-Dp(R).2miRAx, (R£0). 


Diese CT ergibt ein typisches Reliefbild J,(x), in dem nur die Gradienten 
hervorgehoben werden. 
I,(x)=1+ zie Nae, 


a 


1, (x) = |{8(R) +» «Dp(R) .by(R)} exp [271 Rx] dR. 


3.3.4. Pseudo—Relief [19] 
Falls eine der beiden Voraussetzungen zum Reliefbild 


Yo =Y3 /Dp(R)I= |Px()| 
nicht ganz erfillt ist, wird ausser dem differenzierten Bild noch ein schwaches 
Positiv—Bild entstehen. Das nennt man Pseudo-Relief. 


I(x)=1+a.I,(x)+6. — 


3.4. Herschel-Methode [20] 

Die Herschel-Methode kann man als eine Imitation des Maskenverfahrens 
bezeichnen. Der zu Grunde liegende Herschel-Effekt besteht bekanntlich 
darin, dass ein latentes Bild (durch A < 6500 Ar entstanden) durch eine nachtrag- 
liche Infrarotbestrahlung (A> 6500Ar) geschwacht werden kann. Erfolgt nun 
zuniachst eine Belichtung bei A< 6500Ar mit einem scharfen Bild J,(«”) und dann 
eine Infrarotbelichtung mit dem unscharfen Bild J,,(~) vom gleichen Objekt 
I,(x), so wird der Herschel-Effekt am Orte x reduzierend wirken proportional 
zur Infrarotintensitat /,,(~) und proportional zur Keimdichte, also proportional 
za T(x): 

I(«)=1,(x)—c¢.I,(x) .I,(«)=I,(*).[1—cl,,(«)] 
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I,(x) spielt hier die Rolle des scharfen Positivs und 1—cJ,(x)- die. Rolle des 
schwachen unscharfen Negativs (Maske). Wir nehmen an, die Intensitit habe 
schwachen Kontrast. 


I,(~)=1+AI,(«), I,(x)=1+AI,(x), I,(x)=14+AI,(x). 
Die Entstehung des scharfen Bildes J, aus dem Objekt J, wird durch die CT 


D,(R) vermittelt, analog die Entstehung des unscharfen Infrarotbildes I,, durch 
D,(R). Dann ist die ‘Bildintensitat’ J(«) in linearer Niaherung: 


I(x) =[1+A1,(x)— -—AL,(x)](1—e) 


(1 —c) ist eine hier uninteressante fotometrische Konstante. Die Umwandlung 
der Objektintensitat ,(«) in die Bildintensitat J(v) wird beschrieben durch die 
Cr 

i (R=0), 


ee De) = i= 


Diese Formel stimmt im wesentlichen mit der des Maskenverfahrens tiberein. 
Im Prinzip kann man mit der Herschel-Methode alle vier Spezielfalle des 
Maskenverfahrens realisieren, praktisch aber nur die ‘ Kontrastverstarkung’ 
(§ 3.3.1). Das liegt an der Reduktionskonstanten c, die immer sehr klein sein 
wird. Das hangt damit zusammen, dass die Lichtquanten bei der ersten 
Belichtung einen Keim erzeugen mit einer Wahrscheinlichkeit, die proportional 
zur Grosse der Korner ist. Dagegen mtssen die Infrarotquanten die viel 
kleineren Keime treffen, um zu reduzieren. 


D,(R), (R40). 


4. NICHT-LICHTOPTISCHE FREQUENZFILTER 


4.1. Elektronisches Maskenverfahren (Logetron) 

Es gibt fotoelektronisch gesteuerte Kopiermaschinen (z.B. mit der Firmen- 
bezeichunung Logetron), bei denen die Kontrastwiedergabe verbessert wird. 
Die Wirkungsweise dieser Apparate wird bisher nur qualitativ erklart [21], 
und zwar ahnlich wie bei dem fotografischen Maskenverfahren. Wir wollen 
zunichst die qualitative Erklarung in abgewandelter Form wiederholen und dann 
die CT-Theorie dieser Methode vorfihren. 

Die Transparenz 7(x) (vergleiche Abb. 10) wird zum Zwecke der foto- 
grafischen Vergrésserung durch das Objektiv OL in die Bildebene abgebildet 
auf das fotografische Papier. Die ‘Transparenz T(x) wird von einem 
Fluoreszenzschirm S beleuchtet, auf dem ein Lichtfleck ® (elektronenoptisches 
Bild der Elektronenquelle EQ) hin und her wandert. Der Elektronenstrahl 
wird durch die Ablenkplatten PL iiber jeden Punkt der Transparenz gleich oft 
gefiihrt. In dem optischen Strahlengang befindet sich eine teildurchlassige 
Platte, die einen Bruchteil des gesamten Lichtstromes in eine Fotozelle lenkt. 
Dieses fotoelektrische Signal steuert als negative Riickkopplung die Intensitat 
der Elektronenquelle. Enthalt nun die Transparenz T(x) eine ‘ Niederfrequenz’ 
(Abb. 11 (6), links), so ist der Lichtfleck © (Abb. 11 (@)) fein genug. Im 
Riickkopplungssignal T (Abb. 11(c)) ist diese Niederfrequenz enthalten, Da 
die Riickkopplung negativ wirkt, wird diese Niederfrequenz in ihrem Kontrast 
in der Bildebene geschwacht (Abb. 11(d), links). Dagegen erleidet eine 
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Hochfrequenz (Abb. 11(5), rechts) keine Kontrastverminderung durch die 
negative Riickkopplung, weil der Lichtfleck ® zu grob ist, um die Hochfrequenz 
abzutasten. So versteht man, dass die Frequenzen der Transparenz T(x) 
durch diesen Riickkopplungsprozess mit einer CT-Funktion D(R) beeinflusst 


Abb. 10. Logetron—Prinzip, Erklarung im Abschnitt 4.1. 


A T(x) transparency 
slates SHE 
x 


pie ra eS Se ee 


(b) 
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Abb. 11. Logetron. Umwandlung der Transparenz T(x) in die Intensitiét I(x). 


werden, wie sie in der Abb. 12 dargestellt ist. Eine solche Kontrastverminderung 
in den niedrigen Frequenzen ist ntitzlich, wenn die Information in den niedrigen 
Frequenzen (z.B. Wolkenschatten in einer Luftbildaufnahme) uninteressant 
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ist oder sogar stért. Eine Stérung der Bildauswertung durch zu _ starke 
Niederfrequenz kann entstehen, wenn der Schwiarungsumfang des fotografischen 
Papiers nicht solche starken Kontraste wiedergeben kann. Dann verschwinden 
interessante Hochfrequenz- Details im Schleier-Bereich und im Sattigungsbereich 
der Schwarzungskurve des Papieres. Dafiir geben die Logetronics-Prospekte 
uberzeugende Beispiele. 


D(R) 


R 
at 


Abb. 12. Logetron. CT-Funktion D(R). Das abgetastete Riickkopplungssignal wird 
durch die CT-Funktion D,(R) beeinflusst. 


Nun die CT-Theorie des elektronischen Maskenverfahrens: Wenn in einem 
Moment das Zentrum des Elektronenstrahles gerade am Orte x’ in der Ebene 
S liegt, wird die Transparenz beleuchtet mit einer Intensititsverteilung propor- 
tional zum Lichtfleck ®(x—.x’). Dabei bedeutet ® die Leuchtdichteverteilung 
auf dem Leuchtschirm als Folge des Elektronenstrahles. Wir nehmen an, dass 
der Lichtfleck ® seine Form nicht verandert, wahrend er tiber den Leuchtschirm 
wandert (Isoplanasie). Diese Forderung ist sinnvoll, weil sonst die Bildentste- 
hung in verschiedenen Teilen des Bildes unterschiedlich ware. 

Hinter der Transparenz ist die Intensitatsverteilung proportional zu 
O(x—x’). T(x). Das Riickkopplungssignal in dem Moment (x’) ist proportional 
zum gesamten Lichtstrom in diesem Moment (x’) : 

L(x’). JO®(u—x')T(u) du. 
Also ist die Intensitat der Elektronenquelle L(x’) in dem Augenblick, wo das 
Zentrum des Elektronenstrahles auf den Ort «’ fallt, gegeben durch: 


L(x’')=1—c. L(x’). [®(u—x')T(u) dum 1—c. [O(u—x')T(u) du 
wenn [c. [®(u—x’)T(u) du]?<1. Dazuist hinreichend: c?<1. Vonder Laufzeit 


im Riickkopplungskanal sehen wir vorlaufig ab. (c ist die Rtickkopplungs- 
konstante.) Dann ist in diesem Augenblick («’) die Intensitat hinter der 


Transparenz am Orte x: 

L(x’). O(a —x'). T(x). (f(x) dx=1). 
Die gesamte Intensitat J(x), die vom Orte x losgeht, wahrend der Elektronenstrahl 
(«’) tiber alle Teile der Transparenz wandert, ist das Integral: 
I(x) = [ L(x’). D(x — x") T(x) dx’ = 
I(x) = T(x). (1—c¢. T(x)] = T(x). Ty(*), 
T(x) = JJ®(w—x’).O(u—x')T(u) duds’. 

210 
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T(«) ist gewissermassen ein unscharfes Bild von der Transparenz T(x) mit 
dem Frequenzspektrum B(R). 

B(R)= JT(x) exp [—2mRx] dx, 

B(R)= |Dy,(R)P- Pug (RP. BCR), 

Dy (R) - Dyg(R) = JO(x) exp [— 277 Rx] dx, 

Dyo(R) = JOpe(*) exp [— 271 Rx] dx. 


Dabei ist B(R) das Frequenzspektrum der Transparenz T(R), und Dyg (R) ist 
das Ortsfrequenzspektrum der Elektronenquelle ®,, (x). Die CT-Funktion 
Dy1,(R) beschreibt den Einfluss der elektronenoptischen Abbildung und die 
Streuprozesse im Fluoreszenzschirm vor der ‘Transparenz. Die Grosse 

T,(x)=1—c.T(x) kann man als unscharfes, um den Faktor ¢ geschwachtes 
‘Negativ’ bezeichnen. Demnach ist die Intensitat I (x) hinter der Transparenz 
ein Produkt aus einem scharfen ‘Positiv’ 7J(x) und einem unscharfen 
‘Negativ’ 7,(«), genau so wie bei dem fotografischen Maskenverfahren und 
wie bei der Herschelmethode. 

Soweit ist die Theorie im wesentlichen noch streng giltig, allerdings nicht 
linear beziiglich des Zusammenhanges zwischen der 'Transparenz T(x) und der 
Intensitat J(x). Falls die Transparenz aber nur miassige Kontraste enthalt, 
kommen wir auf dem folgenden Wege zu einer linearen Theorie: 


T(x) =1+AT(x) = [{3(R) +0(R)} exp [2miRx] dR, 
T(«)=1+AT(x) = [{8(R)+D,(R).b(R)} exp [27iRx] dR, 


D(R) = |Dyg(R)P- Pe (R)P, 
Tq) == (%) (ie. 1 (x) 
=(1-2)| 1+47- ae at |. 


Bei massigen Objektkontrasten und nicht zu grosser Riickkopplungskonstanten 
cist das letzte Glied zu vernachlassigen : 


ESAT 
ile 


Dann lautet die Frequenzdarstellung fiir die Intensitiat 1(«): 
I(x)=(1-c). | {9(R) + b(R)— a ID HO Se be ory} exp [277Rx] dR. 


Der Faktor (1—c) hat nur fotometrische Bedeutung. Die CT-Funktion fiir 
die Umwandlung der T'ransparenz 7(w) in die Intensitat /(«) ist das Verhiltnis 
der Frequenzspektren von I(«) und T(x): 


1, (R=0), 


D(R)= c 
1— “_D,(R), (R40). 


Dieses Ergebnis, das in der Abb. 12 dargestellt ist, kann man in zweifacher 
Hinsicht verallgemeinern. Die Erweiterung fiir zweidimensionale Objekte ist 
trivial. Ausserdem wollen wir noch den eventuellen Einfluss des elektrischen 
Frequenzganges D,,(v) (v= Zeitfrequenz) im Riickkopplungskanal beriicksich- 
tigen. Da dieser Effekt im allgemeinen nicht sehr wichtig sein wird, wollen 


Aktive Kontrastiibertragungstheorie 335 


wir die Rechnung nicht vorfiihren, sondern sofort die verallgemeinerte 
CT-Funktion aufschreiben: 


1 (R,=0=R,), 


c 


T= D(ReR,), (R,#0#R,), 


D (Ry Ry) =|Dgg(Rw Ry) P+ |Duy(Rm Ry). $A{D,(oR,) + Dy (vR,)}- 
Der Realteil Z des elektrischen Frequenzganges D,(v) macht sich in dieser 
Weise bemerkbar, wenn sich der Lichtfleck auf dem Fluoreszenzschirm mit der 
Geschwindigkeit v hin und her bewegt in +x -Richtung und in + y -Richtung. 
Bei den Logetronics-Apparaten ist das so definierte (x, y) -Achsenkreuz um 45° 
gegentiber den Bildkanten verdreht. 

Zur Beschreibung des Gesamtprozesses im Logetronics-Apparat bis zum 
fertigen Papierbild miissen natiirlich noch die lichtoptische Abbildung und die 
fotografischen Vorgange in der Papieremulsion durch Multiplikation mit den 
entsprechenden CT-Funktionen beriicksichtigt werden. 


DR Ry) = 


= 


4.2. Fluoro-Dodge 

Das Fluoro-Dodge-Verfahren [22] ist ebenfalls eine moderne Kopiermethode, 
bei der die Kontraste in den hohen Frequenzen stairker wiedergegeben werden 
als die Niederfrequenzkontraste. Man kann es als moderne Abart der Herschel- 
Methode (§3.4) auffassen. Der zugrundeliegende physikalische Effekt ist die 
Fluoreszenzausloschung durch Infrarot-Bestrahlung. 

Von dem Negativ NEG (siehe Abb. 13) soll auf dem Papier PAP eine 
Kontaktkopie hergestellt werden. Als Beleuchtung dient das Fluoreszenzlicht 
eines mit UV bestrahlten Fluoreszenzschirmes (FLUO). Das UV-Licht 
selbst wird durch ein Filter (UV-FI) vom Negativ und Papier ferngehalten. 
Zur Erzeugung der ‘negativen Riickkopplung’ (analog zum Logetron) wird 


UV FLOOD UV -FI NEG PAL na all IR 


T(x) 


° 
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Abb. 13. Fluoro—Dodge—Prinzip, oben: die wesentlichen Teile des Apparates, unten: 
das Wellenlangenspektrum der Strahlung an den verschiedenen Orten im Fluoro— 
Dodge—Apparat. 
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das Papier und das Negativ von riickwarts mit IR-Licht bestrahlt. Das IR- 
Licht wirft auf den Fluoreszenzschirm ein Schattenbild des Negativs. Dieses 
IR-Bild ist unscharf wegen des Abstandes zwischen Negativ und Fluoreszenz- 
schirm. Das unscharfe IR-Bild J,(x) loscht teilweise die Fluoreszenzstrahlung 
I,(x)=1—c.I,(x). Die Konstante c hangt von den spektralen Leucht- 
dichten der beiden Lichtquellen, von der Fluoreszenzschicht, von den 'Trans- 
missionsgraden und von den Apparatedimensionen ab. Von dieser Fluoreszen- 
zintensitat I,,(«) entsteht auf dem Negativ eine unscharfe Abbildung I (e); 
unscharf wieder wegen des Abstandes zwischen Fluoreszenzschirm und Negattv. 
Nach Durchstrahlung des Negativs mit der Transparenzverteilung T(x) fallt 
auf das Papier die Intensitat (x). 


I(x) =1,(*) s L(x): 
Die folgenden Beziehungen beschreiben die eben genannten Prozesse: 
T(x) = JB(R) exp [271Rx] dR, 
T(x)+I,(«) ~ B(R)>B(R). Dj, (R), 
I,(x)=1-—c.I1,(x) = J{6(R) —cB(R). Dip (R)} exp [271 Rx] dR, 
I, (x)= JB (R) exp [27tPx] dR, 
I,(x)>1,() ~ Bp(R)>B,(R). Dp(R). 
Dabei ist D;,(R) die CT-Funktion fiir die unscharfe IR-Abbildung des 
Negativs auf den Fluoreszenzschirm, und D,(R) ist die CT-Funktion fiir die 
unscharfe Abbildung der Fluoreszenzintensitat auf das Negativ. Nun teilen 


wir die Transparenz 7x) ein in ihren konstanten Anteil, den wir der Einfachheit 
halber mit 1 bezeichnen, und in den ‘ Wechsellicht ’-Anteil AT: 


T(x) =1+AT(x) = [{8(R) +5(R)} exp [20iRx] dR, 
I,(x)=1+AI,(x), 


Py ee AL Ge -a3 S Toph) |, 
I(x) =(1-0)] 1- -= ALG) 


Hess -a 1 +AT(x)— 7 AL(x)— a 


Enthalt die Transparenz T(x) nur massige Kontraste, so kann man das letzte 
Glied vernachlassigen. Die Intensitat auf dem Papier I(x) ist dann in 
Frequenzdarstellung : 


fea kes) | {9(R) +0(R)— 7° Diy (R)-Dy(R). wn) exp [27iRx] dR. 


Die Konstante (1 — c) vor dem Integral hat nur fotometrische Bedeutung. | Durch 
Vergleich mit der Frequenzdarstellung fiir T(x) erkennt man, dass der Fluoro- 
Dodge-Prozess der Umwandlung von der Negativtransparenz 7x) in die 
Intensitat auf dem Papier /(«) durch die folgende CT-Funktion dargestellt wird : 


1, (R=0), 


D(R)= 
(&) Hereers (R40). 
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Die allgemeine Form dieser CT-Funktion ist ebenso wie beim Logetron (Abb. 
12). Will man diese CT-Funktion noch konkreter berechnen, so benotigt man 
die Kenntnis der Apparateeigenschaften, die fiir die beiden unscharfen Abbildun- 


gen (Dix D,) verantwortlich sind. Der Ubergang zu zweidimensionalen 
Objekten ist auch hier trivial. 


4.3. Fernseh-Methoden 


Da diese Methoden bekannt und geklart sind [23], begniigen wir uns mit 
threr Aufzahlung. Durch die Steilheit der Kennlinie kann man die zu § 3.1 
aquivalente Operation durchfithren (Abb.5). Mit elektronischer Differentiation 
lassen sich CT-Kurven wie in §3.2 (Abb. 7) und in § 3.3.3 (Relief) herstellen. 


Normally, the contrast transfer of an optical apparatus is calculated from the system 
parameters (e.g. aberrations). This paper, on the contrary, deals with the question how 
the image-forming system has to be designed in order to give a prescribed contrast transfer 
function. 

For this purpose the following methods are discussed: phase and amplitude filters in 
the pupil of the objective lens (periodic or random; Fresnel lens); moving the image 
and, at the same time, varying the illumination; photographical contrast amplifiers (steep 
H. & D. curve, adjacency effects, masking, Herschling); non light-optical contrast 
amplifiers (electronic masking Logetronics, Fluoro-Dodge, television). 


Dans la théorie, on calcule d’habitude le facteur de transmission du contraste en 
supposant les paramétres de l’appareil (aberrations, etc.) connus et fixés. Ici, au 
contraire, la question est de savoir comment construire l’appareil pour avoir une courbe 
de transmission du contraste particuliére. 

On discute les possibilités suivantes: filtres d’amplitude et de phase dans la pupille 
de l’objectif (périodiques ou aléatoires, lentilles de Fresnel); mouvement de l’image quand 
léclairage varie en méme temps; amplificateurs photographiques pour le contraste 
(gradation brutale, effet de voisinage, masque, méthode d’Herschel); amplificateurs de 
contraste non conventionnels (masque électronique Logetron, Fluoro-Dodge, télévision). 
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A method is described which uses the Brewster angle method to measure 
the refractive index of transparent films on reflecting substrates. The strong 
background reflection from the substrate is eliminated by scanning the 
filmed and bare parts of the substrate and adjusting the angle of incidence till 
the modulation is a minimum. The method is applied to anodic oxide films 
on tantalum and an increase in apparent index of refraction with increasing 
oxide thickness found. 


1. INTRODUCTION 


In principle, the thickness and refractive index of a transparent film on a metal 
surface may be obtained by analysis of the state of polarization of light reflected 
from the surface. In practice, the method is difficult to apply. Explicit 
expressions for the index and thickness in terms of the experimental observables 
cannot be obtained, so that indirect methods have to be used. Moreoever, it 
is necessary to know the optical constants of the underlying metal. In view of 
the sensitivity of the optical constants of a metal to the state of the surface, it 
would be necessary to determine these for each specimen. The accuracy 
attainable in such measurements is not high. 

For the determination of refractive index alone, the method devised by 
Abelés [1] has the advantage of simplicity and requires no information about 
the underlying substrate. The film must cover part of a flat surface and is 
illuminated with a collimated beam of light polarized with the electric vector 
parallel to the plane of incidence. At an angle of incidence $=arctann, where n 
is the refractive index of the film, the reflectances of the bare and coated portions 
of the substrate are equal. If the substrate is transparent and of refractive index 
not too different (+ 0-3) from that of the film, the setting for equality of reflectance 
can be made visually with, for suitable film thicknesses, an accuracy of + 0-002 
in the refractive index. If, however, the film is viewed against the high reflectance 
of a metallic substrate, the visual method of locating the Brewster angle is 
hopelessly insensitive. In the method described below, the discrimination is 
made photoelectrically. ‘The accuracy attained in measurements on anodic 
tantalum oxide approaches the best obtained in measurements on transparent 
substrates. 

The Brewster angle method gives the refractive index alone: the thickness 
may be readily determined by interferometry, e.g. by the use of Fizeau fringes. 
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In the case of oxide films on metal surfaces, it is necessary to allow for the fact 
that the metal/oxide interface lies below the level of the unoxidized surface, [2]. 


2. METHOD 

The principle of the photoelectric method used for Brewster angle measure- 
ment is as follows. ‘The coated and uncoated metal surfaces are illuminated 
alternately and the output from the photomultiplier collecting the reflected light 
is examined for modulation. The angle of incidence is varied until the modulation 
is zero. Overall stabilization against source variations is effected by causing the 
output of a reference photomultiplier to control the gain of the amplifier following 
the measuring photomultiplier. 


TO MONITOR PHOTOMULTIPLIER. 


x 
or evhe. 


ARC. 


POLARIZER. 


Figure 1. Brewster angle photoelectric spectrometer. 


The arrangement of the spectrometer is shown in figure 1. The specimen 
is mounted on a chuck on the motor shaft and adjusted so that the plane of the 
surface is accurately perpendicular to the axis of the motor shaft. A diaphragm 
over the collimator allows four beams to emerge. The first is reflected by a 
small prism to the monitor photomultiplier: the second clears the specimen 
chuck and is used to set the zero angle of the telescope (Z). The third is reflected 
by the specimen on to a constant deviation mirror and into the measuring photo- 
multiplier. ‘The fourth beam clears the constant deviation mirror and enables 
the angle of incidence of the light on the specimen to be measured (A). Although 
the constant deviation mirror obviates the need for following the reflected beam 
with the telescope, there is a slight lateral shift of the beam on rotating the 
spectrometer table. ‘The beam thus moves slightly over the photocathode 
surface: variations in photocathode sensitivity would result in variation in sen- 
sitivity of the detection of the modulation minimum although without introducing 
any appreciable setting error. Such variations in sensitivity were minimized 
by diffusing the light entering the photomultiplier, using ground-glass screens. 
The errors involved in using four beams slightly off-axis amount to a few seconds 
of arc and are negligible. ‘The chuck and specimen are statically balanced. 
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There is generally a slight residual unbalance when the chuck is spinning, resulting 
in slight vibration: this is turned to advantage by leaving the table unclamped 
and allowing the vibration to rotate the table smoothly through the Brewster 
angle. ‘The modulation minimum is more accurately located by this means than 
by manual scanning. 


2.1. The monitor amplifier system 


A high-pressure mercury arc, an 80 watt MB/U type, operated on direct 
current, is used as source. ‘The effect of fluctuations in intensity, resulting from 
sporadic movement of the arc over the electrodes, was removed by modulating 
the gain of the amplifier following the measuring photomultiplier. "The modula- 
tion signal is obtained from a reference multiplier. 

The electronic system used (figure 2) was similar to that used by Buma [3] 
for use with a.c. light sources. Light from the source is chopped at 80c/s and 
falls on a monitor photomultiplier from which the output is fed to a three-stage 
amplifier. ‘Type 931A photomultipliers were used. The rectified output from 
the amplifier is added to a variable d.c. voltage and fed to the grid of a variable 
2 pentode forming the first stage of the main amplifier. Low-noise pentodes 
are used in the amplifier, which is tuned to the rotation frequence of the motor. 
The operation of the monitor was checked by interposing absorbing filters in 
the main beam: no detectable change of output was observed for changes in 
light intensity of up to 30 per cent. 


SPECIMEN 
MAIN AMPLIFIER 
TUNED. 
ne/s mn. </S 
CHOPPER 
MONITOR AMPLIFIER 
TUNED. 
BO c/s 8Oc/s. 


Figure 2. Monitor system to eliminate sporadic fluctuations in light source. 


The amplifier output is taken alternatively to a C.R.O., with which a rapid 
approximate adjustment is made, or, after rectification, to a d.c. meter. 


2.2. Application to anodic tantalum oxide 
The method has been applied to the measurement of the refractive index of 
tantalum oxide, formed by anodizing tantalum in ammonium borate. Measure- 
ments on polished bulk specimens and on specimens of Ta prepared by thermal 
evaporation in vacuo show an apparent increase in refractive index with increasing 
oxide thickness (figure 3). "The specimens for curves (@) and (b) were produced 
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simultaneously by thermal evaporation and anodized at the following current 
densities : 


Specimen (a) 30uacm~ 

Specimen (6): 60ua cm™. 
Curve (c) was obtained from a mechanically polished bulk specimen. The 
surface finish on polished specimens was considerably less smooth than that 
of the evaporated films and this may account for the higher refractive index 
observed on the bulk samples. Imperfections in the oxide film and surface 
roughness result in some scattering with a resultant decrease in the specular 
reflection: a reflectance match will therefore be made at a higher angle than the 
true one. ‘The reproducibility of the individual settings was such as to yield an 
uncertainty of not more than +0-015 for the mechanically polished specimens. 
With the films formed by evaporation the precision was higher. 

The apparent rise in index shown in curve () for an anodizing potential 
greater than about 20 volts may result from increasing inhomogeneity in the anodic 
film. Dark field illumination revealed that for a given specimen the imperfec- 
tions increased as the thickness increased. For similar specimens grown to the 
same anodic voltage the imperfections increased with increasing anodic current 


density. Surfaces which were initially rougher in general produced less perfect 
oxide layers. 


3. DIscussION 
The Brewster angle method will always yield a value which, for a smooth, 
uniform isotropic film, will be the refractive index of the film material. It is 
probable that the dotted part of the curve of figure 3 is a manifestation of the 
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Figure 3. Refractive index of oxide films on tantalum anodized in ammonium borate to 
various voltages. 


(a) Evaporated Ta film anodized at 30 wa/em?. 
(b) Evaporated Ta film anodized at 60,a/em?, 
(c) Polished bulk Ta anodized at 40 jza/cm?. 
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developing imperfections in the film with consequent scattering, rather than a 
real increase in the refractive index of the film. 


There is some evidence [4] that anodic films on tantalum may be non-uniform, 
possessing a gradient of refractive index normal to the plane of the film. The 
Brewster angle method alone will not detect this. The uniformity of the film is 
checked by calculating the reflectance of the film at angles near the Brewster angle, 
by using the derived refractive index, and comparing with measured values of 
reflectance. It should be noted that, in the case of films in which the index 
gradient is linear, the Brewster angle method does not give the average index. 


On décrit une méthode utilisant la méthode de l’angle de Brewster pour mesurer 
Vindice de réfraction de lames transparentes sur supports réfiéchissants. La forte 
reflexion du support est éliminée en balayant les parties nue et recouverte de la lame et en 
faisant varier l’angle d’incidence jusqu’a ce que la modulation soit minimum. La méthode 
est appliquée aux lames d’oxyde anodique sur tantale et l’on trouve une augmentation de 
lindice de réfraction apparent avec l’épaisseur de l’oxyde. 


Es wird ein Verfahren zur Messung des Brechwertes einer durchsichtigen Schicht auf 
reflektierender Unterlage beschrieben, welches den Brewsterschen Winkel benutzt. Die 
starke Reflexion des Untergrundes lasst sich eliminieren, wenn man wechselweise den 
beschichteten und nackten Teil des Tragers vergleicht und den Einfallswinkel so lange 
andert, bis die Modulation ein Minimum erreicht. Nach diesem Verfahren lasst sich 
die auf Tantal niedergeschlagene anodische Oxydschicht messen. Mit zunehmender 
Schichtdicke der Oxydhaut ergibt sich auch eine Zunahme des gemessenen Breechwertes. 
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On the transfer function of a non-uniform atmosphere 


by J. V. RAMSAY 
Division of Physics, National Standards Laboratory, C.S.I.R.O., Sydney 


(Received 8 Fune 1959) 


A discussion is given of the effect on telescopic performance of an 
atmosphere which introduces a phase disturbance across the incident beam. 
The transfer functions for stationary and uniformly moving disturbances 
are deduced. 

Numerical examples are given for the case of a sinusoidal disturbance, 
and confirmatory experimental evidence is described. 


1. INTRODUCTION 

The problems of atmospheric seeing can be divided broadly into two parts: 
(a) the origin of the distortions in the wave front, and (db) their effects on the 
image produced by atelescope. This paper is concerned with the latter question. 

In discussions on atmospheric seeing two models of an atmosphere have 
usually been considered; one postulates a random variation in phase across the 
incoming wavefront (Keller [i], Ratcliffe [2]), and the other a sinusoidal variation 
(Hewish [3]). ‘The model considered here consists of a thin disturbing layer 
which impresses a periodic phase variation across a transmitted beam. In the 
general case, the disturbance may be resolved into a series of Fourier components 
each of which diffracts the incident beam. ‘The complex amplitude across the 
entrance pupil, and hence the image intensity distribution and the transfer function, 
depends not only on the amplitudes of the Fourier components but also on the 
distance of the disturbance from the telescope and on its position relative to the 
optical axis. 

The intensities of the image of a point object at infinity with stationary or 
uniformly moving disturbances are discussed below, and the relevant transfer 
functions deduced. ‘These results are illustrated numerically with reference to a 
sinusoidal disturbance, and confirmatory experimental evidence is described. 
The analysis is restricted to the case of a one-dimensional aperture and the results 
therefore apply to the principal axes of an image given by a rectangular aperture. 


2. DETERMINATION OF THE IMAGE INTENSITY 

The method used to determine the image intensity is an extension of that of 
Hewish [3]. 

Let a plane light wave pass through a thin disturbance G (figure 1) which 
impresses a phase which varies periodically across the beam. U is the semi- 
aperture of the observing system distant z from the disturbance, and X is the 
image plane; x, wu and x’ are coordinates in the disturbance, the pupil and image 
planes respectively. 

‘The complex amplitude A(g) of the wave emerging from the disturbed medium 
G may be expressed as 

A(g) = exp (i) 


Transfer function of a non-uniform atmosphere 345 


where 
ys =exp in| a + > {@,, cos 2an(x/1+«) +6, sin 2an(«/1 + 2} | (1) 
pi) 


A Fourier series expansion is used to define the disturbed phase; /is the spatial 
wavelength of the fundamental mode and k (=27/X) the propagation constant. 
The quantity « describes the displacement of the disturbance relative to the optical 
axis; for a stationary disturbance « is constant, whereas for a uniformly moving 
disturbance « is a linear function of time. Since a, is a constant it may be omitted 
without any loss in generality. 


z 


Figure 1. 
Using the expansions 


exp [zka,, cos 27n(x/1+«)]= S J n(ka,) exp [t27m(na + })] exp [¢27n(mx/1)] 
and pe 

exp [2kb,, sin 27n(x/1+«)]= SS J ,(Rb,,) exp (t27pna) exp [i27n(px/1)], 
equation (1) can be rors a 


A(g)= > SY — ¥ In(a,,)T,(kb,) exp [i2n{n(m +p)a-+ m/4}] 


n=1m=— © p=—0 
x exp [¢27(m+ p)nx/I]. (2) 
The complex amplitude A(g) can be regarded as due to an infinite number of 
plane waves inclined to the x axis at angles @,, ,,, given by 
sin 0, p= thm (3) 
each plane wave having a phase retardation 27{n(m-+p)a + (m/4)} relative to the 
primary wave. The amplitude of each wave (the modulus of the complex ampli- 
tude) is given by J,,,(ka,,)J,,(kb,,). | Formally there is an infinite number of plane 
waves, but the J,,(ka,,), and consequently the amplitudes, are negligible if the 
order m is appreciably larger than the argument ka,. For example, if ka, =5, 
than J, (5)=0-0015 and J,,(5)=0-00007. Furthermore, there are rarely signi- 
ficant discontinuities associated with atmospheric disturbances, so that the higher 
harmonics of the Fourier expansion can be neglected; consequently only small 
values of n are significant in practice. 
The complex amplitude on a plane parallel to the disturbing medium and at 
a distance z from it is given, to a constant factor, by 


A(u)= SY —_¥Y Iy(ha,)T(Rb,) exp [72n{n(m +p)x+m/43] 


x exp [1k(2 C08 9, m,p +USIN In, m, p)]- (4) 
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If these waves are imaged through a one-dimensional aperture of width 2U, 
the complex amplitude A(x’) in the image plane is given by 


A(e')= SS YS Iy(ka,)I,(kb,) exp [i2a{n(m +p)x+ m/4}] 


n=1mM=—© p=—-O 
x exp (tke COS Oy, m, p) SincRU(siN 8, mp —* )s (5) 
where 
sinc kU(sin 8, m,»—%*) is defined to be 


sinkU (sin 8, m,»—*’) 
RU (sin On, mp»p—*) 


The image intensity I(x’) is given by 


I(x’) -| > E Jn (a,) (by) sinc RU By, ,p—*") 
2 
x cos{2an(m + p)a+m(7/2)+ kz cos 6, 2 


Y Iin(R@n)Ty(Rb,,) sine RU(sin 8, mp —*’ ) 


nlm, p 


SSH ee eee £08 Bama} | (6) 


If the disturbance is moving with a uniform velocity perpendicular to the 
optical axis, the time-averaged image intensity can be determined by allowing 
the spatial phase « to vary uniformly with time: 


Ee a 


=F = [J m( Ra, )J uh eee 


n,m, p, n,m 
nm+p)=n “ne a ) 


x sinc? kU(sin 8, m, » — *) cos (m-— m')(7/2)]. (7) 


3. "THE TRANSFER FUNCTION 
The transfer function (Duffieux [4]) is given by 


(w)=| . I(x’) exp (—twx") dex’ (8) 
where w is the relevant Fourier frequency of the object. 
Now define the following terms: 
W)=27U/A, 


Danes = 2an(m +p)a +m(7/2) +kzcos 6 


NM, p 
and 


dee m, Dp =J,,(ka, Jp (kb, ). 
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As is well known, the transfer function is only non-zero for 0<w < 2w,, in which 
case integration of equation (8) leads to 


T(w)= a > nm pF nim 
w sin @ —Sin 0G). >: 
0 Gaon cin nl ( n,m, p n,m’, p ) 
x {cos Pn, mM, p cos Py 3m’, p’ —sin Pn, mM, p sin Pn, m’, 2} 
x [exp {—7w sin Oy, m’, p’ + tw(sin OF eg SIO an, a 


— exp {—7w sin On, m, p — 1wo(sin On, ne aS, ne) | 


a (1 a w/2w9) » Jn (RG, )Jp?(Rb,) exp ( —tw sin G;, m, ey (9) 


n,m, P 
The time-averaged transfer function is defined by the following equation: 
ree()= | Tay(x') exp (—twx’) dx’. 


Insertion of the value of Jay(x’) from equation (7) and integration leads to 


Tav(@) aa (1 —w/209) a tie mM; p tie m’,p’ 
non Bn Ge +) 
x cos (7/2)(m—m') exp(—twsin 8, m, »): (10) 


The complex amplitude in the entrance pupil, and hence the image structure 
and the transfer function, depends on the distance of the disturbance from the 
pupil. The factors involving z in the above expressions appear in the form 


exp (¢kz cos 6, m,,)- From equation (3), 


i m+ p)nd\ 22 
cOs Cmnp = (1—sin* Gn.m pita | 1 ter ] : 


Since we are only concerned with small values of m, p and n, and as />), it follows 
that to sufficient approximation 


2 
SCOSUy yp =| 1 — {ter } 


Thus the expression exp (7kz cos 8, m,,) has the value unity if 


ff 


is an integer for all relevant values of m, p and 1, i.e. if z/A and Az/2/? are integers 
simultaneously. The former condition is of little consequence. ‘The latter 
occurs for z=2/2/A, 4/?/A, etc. If A=4x10->cm and the wavelength of the 
disturbance, /, is lcm, then the spacing between planes where disturbances 
produce identical effects is 4x 10cm. This is so large that no movement of a 
disturbance solely along the line of sight can give rise to normal scintillation effects. 
For example, if the velocity along the line of sight were 10*cm/sec, the time 
required for the image structure to vary over one cycle would be 400sec. For 
longer spatial wavelengths, the time is even greater. 

In the above discussion a purely phase disturbance A(g), postulated in the 
atmosphere, has been distorted by propagation over a distance 2 so as to produce 
in the entrance pupil of the telescope a modified disturbance A(u). Knowledge 
of A(u), which in general contains variations of amplitude as well as phase, 
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permits the image intensity and transfer function to be calculated. ‘The expres- 
sions for the general case are rather complicated, and the results arising can best 
be illustrated by what happens when A(u) is restricted to (a) a sinusoidal variation 
of phase and (6) a sinusoidal variation of amplitude. A pure variation in phase 
occurs across the entrance pupil if any sinusoidal phase disturbance with a 
sufficiently small depth of modulation (say <A/6) is introduced at a distance 
given by 3/A=nl?/A?, n being zero or an integer; a pure amplitude variation 
occurs if 

pga Ue eS OTe! 

haere se 


4, SINUSOIDAL PHASE DISTURBANCE 
For a sinusoidal phase disturbance in the entrance pupil of the telescope, 
! 


a, =0; 
b, =0(n> 1), 
and z=0. 


For a stationary disturbance « is constant and 


I(x')= s E> J ,(kb)J (kb) sinc RU (sin 6, — x’) 
p=— 0 p’=—0 


x sinc kU (sin 6,,— x’) cos 27a(p —p’). (11) 


Its associated transfer function is given by 
(w)= il = ee See at w 
a | cos — ee 
U0, i (p-?P’) ios ( P} 
pF 
-{ ‘ ( =) 
— cos —— < p’—p{ 1-— — | 
l Wo 
ie 2 S,(Rkb)J p(Rb)T _. 27U w 
meee Af eye 
fag (p-?’) [sin l (P( a P} 


atte 2))] 


2 ROVER ‘ 2rnU w 
i (1 om) 2 _J,2(kb) 60s (- 2»). (12) 
Similarly, time averages of the intensity and the transfer function are 
Tay(x’)= > J,?(kb) sinc? kU (sin 8, — x’) (13) 
and pas 
hele = : 27U . w 
Tav(w) = (1 ae ae) Cos (= an ). (14) 


Results of numerical calculations using these expressions are illustrated in 
figures 2 and 3. As expected, the cosine disturbance gives a symmetrical image 
the argument of the transfer function being zero (figure 2b,c). However, me 
sine disturbance causes asymmetries in the image, giving rise to significant values 
of the argument of the transfer function (figure 2a), particularly when 7> U 
As / becomes smaller with respect to the aperture U, these asymmetries diminish 
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until, when /< U/2, they are insignificant (figure 2d). ‘This is because there is 
then less of the aperture affected differently by a sine or cosine disturbance. 
Consequently, when /<U/2, any movement of the disturbance across the 
aperture has little effect and the image remains stationary, the time-averaged and 
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Figure 2. Relative image intensities and associated transfer functions showing the effect 
of a stationary phase disturbance of wavelength / and modulation b as imaged by a 
system with semiaperture U; w/w, denotes the Fourier components of an extended 
object. Full and broken lines refer to sinusoidal and cosinusoidal disturbances 


respectively. 


oun 2D 
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instantaneous images being the same. As U// increases, multiple images begin 
to appear and a series of maxima and minima develop in the modulus of the 
transfer function, the positions of the minima being given by 


w Zn l\oLt 
ea OR aoe 
a ( 2 Jon , 


and maxima by 


bole 


w 1 : w l 
as — — 1 — d —_— << 
es (n+ 1) 5,3 n=0,1,2,3 with Fe an Ur 


A reversal of contrast occurs at the positions of these minima if 6, the depth of 
modulation of the disturbance, is sufficiently great (figure 2 d). 
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Figure 3. Time-averaged image intensity with its associated time-averaged transfer 
function. 


For //U <4, the time-averaged and instantaneous cases are the same; con- 
sequently only a single illustration (//U=2) is shown for the time-averaged case 
(figure 3). 


5. SINUSOIDAL AMPLITUDE DISTURBANCE 
A sinusoidal amplitude disturbance in the entrance pupil of the aperture is 
specified by 
A(u)=6sin 27(u/l+a). (15) 
It can be shown, by methods similar to those used above, that the image 
intensity is given by 


Uy Le 1A er 
Cae 22 a 2 sae et 
(x) {sine wu; x) sine 2nU (7 co *) 


—2eos-4rasine27U (; = *) sine2nU (7 4 x)p (16) 


while its associated transfer function 


27U w l . 2rU lw 
ee hte ene ee lee basa 
T(w) 1( i) cos ( i 2) Tats 0o8 tH sin i (= 2) (17) 
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. In the time-averaged case the last term in equations (16) and (17) disappears 
since 


i Ae ie 
lime — | cos at dt is zero. 
T +0 yal — 


Consequently the time-averaged image intensity and the time-averaged transfer 
function are given by 


/ 


Tav(3!)=b4 sine? n> - *) +sinc ant 7 + s)p (18) 


rav(o) =04 (1 ~ x] cos (75 =)\. (19) 


For a sinusoidal phase disturbance across the aperture the transfer function 
is usually complex, whereas for a sinusoidal amplitude disturbance it is always 
real. When 1<U the last term in equation (17) can be ignored and the transfer 
function is independent of movement of the disturbance across the aperture. 


and 


6. EXPERIMENTAL CONFIRMATION 

Some of the above results have been demonstrated experimentally using a 
sinusoidal phase grating made by polishing a sinusoidal pattern on one face of a 
glass plate. An interferogram of this grating is shown in figure 4, the diameter 
of the pattern reproduced being approximately 7-5 cm, and the spatial wavelength 
approximately 1-2 cm with a modulation depth b=A/2. The effect of this grating 
on telescopic performance has been tested by viewing a pinhole, at the focus of a 
collimator, through the grating with a telescope of variable circular aperture. 
With an aperture 3-5 cm diameter a symmetrical pattern is obtained in which the 
spectra are evident (figure 44). As expected, there is no apparent change as 
the grating is moved perpendicular to the telescope axis. But when the aperture 
is reduced to 1-7cm, a movement of the grating across the line of sight causes a 
variation in the image as shown in figure 4c, d and e. ‘The asymmetry in the 
image is very marked, in agreement with the results shown in figure 2 a. 

The effect of a sinusoidal grating on the transfer function can be demonstrated 
by photographing a fan-shaped target. ‘This is shown in figure 4; the aperture 
used is 1-3cm. ‘The reversal of the contrast is clearly shown, as is the effect of 
the orientation of the axis of the grating, which is parallel to the lower rib of 


the fan. 


7. CONCLUSION 

A discussion has been given of the effect on telescopic performance of a model 
atmosphere which introduces periodic phase variations across the incident beam, 
and the contrast transfer function has been deduced. It has been shown that 
for a movement of the disturbance across the line of sight no appreciable movement 
of the image occurs if the spatial wavelength of the disturbance is less than about 
one-quarter of the aperture. When the spatial wavelength is of the order of the 
aperture, image movement usually occurs with movement of the disturbance, 
and an asymmetrical image is produced. For a given value of the depth of 
modulation, the transfer function shows that the image quality deteriorates as 
the spatial wavelength of the disturbance decreases. Movement of the disturbance 
along the line of sight does not contribute significantly to scintillation. 

2D2 
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Figure 4. 
(a) Interferogram of the sinusoidal perturbation. 
(6) Image of a point source when the spatial wavelength of the disturbance is 1:2 cm 
with a modulation b=)/2 and the aperture of the viewing system is 3 cm. 
(c), (d), (ce) Sequential images of a point source as the disturbance is traversed across 
the line of sight, the spatial wavelength being approximately equai to the aperture. 
(f) Photograph of a fan target showing image contrast reversal. 


On discute l’effet, sur les performances d’un téléscope, d’une atmosphére qui introduit 
une perturbation de la phase dans le faisceau incident. On en déduit les facteurs de 
contraste pour des perturbations stationnaires et en mouvement uniforme. 

On donne des exemples numériques pour le cas d’une perturbation sinusoidale, et on 
décrit des résultats expérimentaux confirmant ces exemples. 
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Der Einfluss von Luftstrémungen, die Phasenstérungen innerhalb des einfallenden 
Strahlenbiindels auf die Fernrohrabbildung bewirken, wird untersucht. Die Ubertra- 
gungsfunktionen fiir stationére und langsam verinderliche Stérungen werden abgeleitet. 
Schliesslich folgen numerische Beispiele fiir den Fall einer sinusférmigen Stérung und 
die sich ergebende experimentelle Bestitigung. 
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Photographic sensitivity of image intensifiers with thin end windows{ 


by L. MANDEL 
Department of Physics, Instrument Technology, Imperial College, London 


Density-exposure curves are calculated on the basis of the statistical 
‘ two or more quanta’ theory of photographic exposure [4-8] for an emulsion 
exposed in close contact with the thin end window of an image intensifier. 
The curves are compared with those obtained for direct exposure without 
intensification. It is shown that the effective photographic gain defined in 
this way exceeds the light gain of the image tube, as measured photo- 
electrically, even for identical spectral distributions at the input and output. 
The ratio of photographic gain to light gain may become large at low light 
levels and high intensification, particularly for cascade intensifiers. ‘There are 
two reasons for this: the reciprocity failure of the photographic process and 
the strongly clustered spatial distribution of the photons emitted from the 
image tube. The significance of the latter effect depends on the thickness 
of the end window and some density-exposure curves are derived for different 
thicknesses. 


1. INTRODUCTION 

The most important parameter of an image intensifier is its effective light 
gain and this is usually measured photo-electrically. Nevertheless, when the 
intensifier is used in conjunction with a photographic emulsion the light gain 
is not normally the most valuable measure. ‘The reason is to be found in the 
peculiar non-linearities associated with the photographic process. The grain 
density resulting from a given exposure of a given emulsion depends on at 
least four factors: 


(a) the intensity of the light, 

(b) the spatial distribution of the light, 
(c) the temporal distribution of the light, 
(d) the spectral distribution of the light, 


and all of these may be affected by an image intensifier. In the following we 
shall not concern ourselves with (d), but suppose arbitrarily that the incident 
and intensified images have the same spectral distributions. Some estimates 
of the photographic effect of converting an image having the distribution of 
sunlight into one in the blue luminescence radiation of the ZnS: Ag phosphor 
have been given elsewhere [1]. 

Let us briefly examine the mechanism of image intensification. Incident 
light is allowed to fall on a photo-emissive surface, the photo-cathode, where 
electrons are liberated with probability o per photon. These are accelerated 
and focused to strike a fluorescent screen, where they produce more photons. 
With a typical accelerating potential of 20kv and a ZnS: Ag phosphor, the 
number N of photons emerging from the screen per photo-electron may be 
of the order 1000 [1]. It is clear that both the spatial and temporal distributions 
of the light in the luminescent image will differ from those of the incident image. 


t This paper was read at the Fifth Conference of the International Commission for 
Optics in Stockholm, August 1959, 
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In a small area of the field and in any normal exposure time, the latter disiri- 
butions will be nearly Poissonian [2], while the former depart strongly from 
the Poisson form [3]. These departures, as we shall see, are generally 
favourable for photography, so that the effectiveness of the intensifier may 
exceed the light gain oN. It is the purpose of this paper to examine the 
photographic effectiveness of an intensifier-emulsion combination in terms 
of the usual statistical theory of photographic exposure [4-8]. 

As is well known, it is undesirable to use a lens in order to photograph 
the luminescent image, since even the largest aperture lenses collect only a 
small fraction of the emitted light. A better approach is to make the end 
window of the intensifier sufficiently thin, so that the emulsion may be placed 
directly in contact with it, close to the fluorescent screen. Such a thin window 
intensifier has already been described [9] and the following analysis will be 
concerned with a device of this type. We shall also briefly discuss the two-stage 
intensifier, in which the stages are coupled by a thin window. As we shall 
see, there are certain additional advantages to be obtained from the use of a thin 
end window, since the luminescence radiation is strongly ‘ bunched’ close 
to the phosphor. ‘There is also the possibility that x-rays produced by the 
photo-electrons in the phosphor penetrate through the window and contribute 
to the photographic sensitivity. In the following we shall largely confine our- 
selves to the effect of the luminescence radiation and any possible contribution 
from x-rays will be mentioned only briefly. 


2. "THE PHOTOGRAPHIC EFFECT DUE TO A SINGLE PHOTO-ELECTRON 

It seems to be reasonably well established that a small number of absorbed 
photons (two or more) in the visible region is sufficient to render a photographic 
grain developable [4-8]. ‘Two photons must be absorbed by a grain within a time 
interval 7 of not more than a few seconds in order to produce a stable sub-speck 
[8, 10, 11], but this is not yet necessarily developable. According to the 
conditions of development, one or more additional photons need to be absorbed 
before the grain becomes developable. On the other hand, there is no clear 
distinction between sub-image and developable image states and all grains 
that have reached the sub-image state may be affected by very vigorous or 
prolonged development [12]. The requirement that the first two photons must 
be absorbed within an interval of a few seconds leads to the well-known 
reciprocity failure phenomenon for long exposures to weak light. 

On the other hand, when the exposure time is very short, the effective 
photographic sensitivity again falls, as a result of the finite mobility of silver 
ions within the grain [13]. As the luminescence decay time of a scintillation 
in the ZnS: Ag phosphor is short, this effect might be important, but we shall 
nevertheless ignore it in what follows, partly because little quantitative informa- 
tion appears to be available and partly because the decay time can be strongly 
affected by small quantities of contaminant. 

Consider now the situation at the rear end of a thin window intensifier. 
The geometry is illustrated in figure 1. Let A be the effective separation 
between phosphor and emulsion. When a scintillation occurs in the phosphor 
due to the arrival of a photoelectron N photons will be emitted in the forward 
direction, from a region that is normally small compared with \ and with an 
angular distribution that approximately follows a cosine law. ‘The resultant 
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photon density per cm? 7(r) at a point in the emulsion depends on the radial 
distance r of the point from the centre of scintillation, with 


{ * a(r)oat dr=N, 
0 


As has been shown [1], for 20kv electrons striking a ZnS: Ag fluorescent 
screen with a thin aluminium backing, N is about 1000. At large angles of 
incidence the optical absorption of the emulsion becomes important, but, as 
most of the light is emitted at small angles, we shall ignore this effect. ‘The 
form of 7(r) is derived in the Appendix where it is shown that 

Ba (1) 
(7)= m+ ye 


'Photo- Electron 


Phosphor 


Thin Window 


Emulsion 


Figure 1. The geometry at the end window. 


The distribution is plotted in figure 2. It has an effective width of the 
order A and its maximum is 


(0) = N/xA?2, 
so that, if A is about 20, 7(0)~108 photons/cm?. 


N 
WY One- Stage 


Two-Stage 


r/\ 


Figure 2. The spatial distribution of light from one scintillation. 


Consider now the effect of this radiation on the grains of the emulsion. If 
a is the area of a given grain and e its absorption sensitivity (i.e. the fraction 
of photons striking the grain which has a photographic effect), the mean number 
of effective photons absorbed by the grain is eay(r). The probability that this 


Photographic sensitivity of image intensifiers 357 


grain absorbs v photons is given by the Poisson distribution with mean €ay(r). 
If we now multiply by the differential probability A(a) da of the grain size a 
and integrate over the surface of the emulsion, we arrive at the average number 
of grains M_(a)da within the size interval a and a+da absorbing v photons 
in one scintillation. Thus: 


M (a) da=myP(a)da . = [ean(r)]” exp [—<an(r)|2ar dr, (2) 


where mz, is the total grain density per cm? of the emulsion. Now, for a typical 
fast emulsion, the mean grain area d is of the order 1 sq. micron [14] and « is 
about 10~* for white light [7] and perhaps a little higher for the blue. Since 
we have seen that 7 = 10° photons per cm?, it follows that eay(r) will normally 
be very small and the exponential factor can be neglected when v$ 1. Hence, 
from (1) and (2). 
N\ v 
M (a) da= monn?) Pa) da. (3) 
By averaging over all grain sizes we obtain the total number of grains M, 
absorbing v photons. ‘The experimental grain size distributions vary somewhat 
but, except for the smallest grains which contribute little to the total sensitivity, 
they can be reasonably well approximated by an exponential form [4]: 


Pa) da=(1/@) exp (—a/a)da (4) 
if ag¢a. Then, from (3) and (4) 
1 ‘eaN\” 
pes mnre( (5) 


For v=1, M,=medN, which is evidently correct. Some examples of M, 
for different values of the parameters v and A are collected in the following table. 
My is taken to be 4 x 108 grains/cm? for a typical fast emulsion. 


Table 1. The Average Number of Grains 1/7, Absorbing v Photons in one Scintillation 


= Vi i 
A=10p 4-0 4-2x 10-3 Secs 
2 Ojee 4-0 1ols<c1Os Sle Om 
A= 30 pu 4-0 4-7 x 10-4 IFO 105 ¢ 


It is clear that 7, depends strongly on v and the number of grains absorbing 
v or more photons is very nearly equal to M,. The advantage of making A 
small can be seen at once, but, even when A is 10, one scintillation will not 
normally give rise to any developable grains. As we shall see later, the situation 
is rather different in a two-stage image tube. 

We have so far ignored the possibility that x-rays produced by the photo- 
electrons at the back of the image tube contribute significantly to the photo- 
graphic effect. The emission of a high energy photon depends on a highly 
inelastic collision before much ionization energy loss occurs and is very improb- 
able. Nevertheless, the contribution of x-rays may not be negligible, for it 
is well established that a single absorbed photon of energy greater than a few 
kev will produce a developable grain [15-18] and the emulsion has a high 
stopping power for x-rays below about 30 kev. It is only necessary for X-rays 
to be produced with a probability of the same order as the relevant value of 
M, quoted in table 1 for a contribution to be apparent. 
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3. THE PHOTOGRAPHIC EFFECT OF A SHORT EXPOSURE 


We are now in a position to calculate the photographic effect produced by 
a number of photo-electrons. To begin with we shall suppose that the exposure 
is short compared with the critical period 7 (i.e. of the order 1 sec or less [8, 10]) 
for sub-latent image formation. In other words, we shall disregard low intensity 
reciprocity failure. 

Let us suppose that the image tube has unit magnification and consider a 
uniformly illuminated area A at the input end, which is large compared with 
the emulsion area 7A? covered by one scintillation. Uniform illumination does 
not, of course, imply that the emitted photons are also uniformly distributed 
over an area A, but only that the probability of a scintillation is constant over A. 

Now consider an exposure in which m photo-electrons strike the fluorescent 
screen. It is clear from the foregoing section that » must be large for any 
significant photographic effect to occur and, when z is large, we can write: 

n=poA, (6) 
where p is the mean density per cm? of photons incident on the photo-cathode 
and o the quantum sensitivity. Let p,(m, a@) denote the probability that a given 
grain of area a absorbs v photons in the course of the exposure, and P,(n, a) 
the corresponding probability of absorbing v or more photons. ‘Thus: 


P,(n, a)=Spi(n, a); (7) 
P(n, a) is obviously the chance that a given grain is made developable in the 
course of the exposure. p,(1,a@) is the absorption probability when one 
scintillation occurs somewhere within 4 and this is obtainable from M_,(a) da 
given by (3). Thus: 


1 M,(a)da 
lYay= eS 
P,{1, a) Am, P(a)da 
TA? 1 eaN \” > 
A (2v—1)v! (Ss) ; (8) 


Since eaN/7A* is normally much less than one and since 7\?< A by definition, 
it follows that p,(1, @)<1 for all vy and P,(1, a)xp,(1, a). 
We can now write down the following combinatorial expressions for P,(, a): 


P,(n, a)= > "Cipyi(1, a)[1—P,(1, a) "1+ ¥ "CPs, SF Geaes. (9) 
=a 


t=1 


P,(n,a)= > "Cp,((1,a)[1—Py(1, ari+y "C;Px(1,a)[1—P,(1,a)]"-, (10) 


t=2 


P3(n,a)= > "Cipr'(1,4)[1— Py, a)" "+ > "Cipoi(1, a)[1—P,(1,@)}"* (11) 
+ 2"°Copo(1, a)pi(1, a)[1— P,(1, a)]"* + 3" C;P,'(1, a) [1 — P3(1, a) P= 
etc. ar 
In these expressions the first term always represents the contribution from 
photons absorbed singly in successive scintillations. The other terms represent 


the effect of multiple absorptions per scintillation. These multiple effects are 
rare and depend on the separation A, as shown in table 1. In the limit of small 
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n (weak illumination), the first term always depends on n”, whereas the remainder 
ultimately varies as n. Furthermore, the mechanism represented by the first 
term is subject to long exposure reciprocity failure, whereas the other terms are 
independent of the exposure time (the probability P,(n,a) has no photographic 
significance when visible light is used). It follows, therefore, that the first term 
normally makes the main contribution to P\(n,a), but that the remainder 
becomes increasingly important as the light intensity gets weaker, the exposure 
gets longer and the separation A gets shorter. For the moment we shall 
ignore the effect of reciprocity failure. Then, since m is large and p,(, a) 
small, we can write: 


P,(n, a)=1—exp [—nP,(1, a)], G12) 
P,(n, a) =exp [—nP,(1, a)]{1— [1 +np,(1, a)] exp [—np,(1, a) 

a4 exp —eP,(1,.4)]}, (13) 
P3(n, a)=exp [—nP,(1, a)}{1— [1 +np,(1, a) + 3n°p (1, @)] 

x exp [—np,(1, @)]} (14) 


+ {1 —[1+np,(1,a)—n*p,(1, a)p.(1, a)] exp [—nP,(1, a)]} etc. 

The first term in each expression again represents the successive absorption 
of single photons and has been segregated, except for P,(n, a) where the separation 
has no significance. As np,(1,@) is independent of A, it follows that P,(n, a) 
also does not depend on A, as we should expect. Since nP,(1,a@) is always 
very small (even when np,(1, @) is of the order 1), examination of (13) and (14) 
shows that np,(1,a@) will be very small also, whenever the terms in np,(1, a), 
np;(1,a@), etc. make any significant contribution. We shall therefore use the 
following approximations : 


P,(n,a)~1—exp [—np,(1,a)], (15) 
P,(n, a)~ 1—exp [—p,(1, a)] [1+ p,(1, a)]+P,(1, a), (16) 
P;(n, a) ~1—exp [—mp,(1, a)] [1 + mp, (1, a) + 2n*p,*(1, @)] 

+ n*p,(1, a)p,(1, a) + nP,(1, a). (17) 


Irom these probabilities the resultant photographic density D can be obtained. 
The ratio of D to the saturation density D, is given by (a/a)P,(n, a) averaged 
over all grain sizes [4]: 


(D|D,),= | “£P(n,a)P(a) da (18) 
0 
when v ormore absorbed photons are required for developability. From(6)and (8): 
ne apt eaN\” 19 
elas joan oe 


We shall use the distribution (4) for A(a) and replace P,(1,a@) and P;(1, a) 
by po(1,@) and p;(1,@). The integrals arising from (18) are the well-known 
factorial integrals, so that finally: 


OO) . 

(DID = OE (20) 
O 

(DID,).= FEES +05 (21) 

(D/D,n= 9 EP? +45(0 +45) (22) 


= 
+ 
‘S 
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where O=poedN is the average number of photons absorbed per grain during 
the exposure. S=«d@N/7)? is a factor characteristic of the combination of 
emulsion and image tube, which depends on the separation A. It is normally 
very small (of the order 10~*), but may approach unity in a two-stage intensifier. 
The first term in each equation is of the form 
,l+v+O 

(EO 
that arises in direct photographic exposure [4]. The additional terms represent 
the enhancement due to the proximity of phosphor and emulsion and the 
‘bunched’ photon emission from the phosphor. Since S is so small, the 
terms involving S do not contribute significantly unless Q—and therefore 
DjD.—is very small also. But, because of the natural fog level of all photo- 
graphic emulsions, the contributions ‘of the additional terms will not normally 
be observable. The situation is rather different in a two-stage intensifier or 
when very long exposures are used. 


4. THE PHOTOGRAPHIC EFFECT OF A LONG EXPOSURE: RECIPROCITY FAILURE 

So far we have been concerned with the photographic effect of short exposure 
times, in which the absorbed photons are used efficiently. In practice two 
light photons must be absorbed by a grain within a short interval in order to 
produce a stable sub-speck, which then collects further photons [8, 10, 11]. 
The effect of the first absorption decays in time with a probability 1— exp (—t?/r), 
where 7 is a time constant characteristic of the reciprocity failure. Webb [8] 
found 78sec for a typical emulsion, while Maerker [10] examined a number 
of emulsions and found values in the range 3 to 10sec. For simplicity and in 
order to make use of some results of Silberstein [5], we shall consider a model 
in which two absorptions within a fixed interval + produce a stable sub-latent 
image. Under certain conditions this can be made developable without further 
absorptions [12]. 

In the absence of reciprocity failure, equation (13) gives the probability 
that a grain of area a can be made developable by the exposure. The first 
term represents the contribution from successive single photon absorption 
and this term needs to be modified when the exposure time T is longer than 7. 
The mechanism represented by the second term is obviously not affected. 
We shall use the results of Silberstein [5], who showed that the factor [1 + 2p,(1, a)] 
has to be replaced by a series. Thus: 


ps 


y(n a) =exp [~nP3(1,a)} 1 exp [=nps(1ha)] 


stl 1 : 
> 5 pill, a)} 


% (1 —(-—Do/T}} + exp [~nPx(1,@)]] (23) 
where s is a non-negative integer defined by: 
(T/7r- ID FAG T/r. 


When 7’<7, there is no reciprocity failure and (23) reduce to (13). When 
T'/7-> «©, the whole first term tends to zero, but the contribution of the second 
term remains. ‘Thus, photography via an image intensifier has the advantage 
over direct photography that exposures of arbitrary length are feasible. 
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(D/D,)2. now follows from a and (23) as Browguely: Thus: 
DID bad! et Se (1—(@—-1)r/T} 
(D/D.)2= ee ee a[np (1, a)}'[—nP,(1, a))’ 
x exp [—p,(1, ees 


By replacing P,(1,@) by p.(1,a@) and using (19), the integral again reduces 
to a factorial function, so that: 


DN SS ee Para [1-6 ) ll Geral aitop | 
(24) 


where QO and S are defined as previously. It is convenient to separate the terms 
as follows: 


OPe=- Groy Ze [1-6-5] | r29] 
“ao SR LF |e] Lawton] 


The first line represents the contribution from successive single photon 
absorptions and tends to zero as 7/7, but the remaining terms continue 
to contribute, however long the exposure may be. Since S is only of the 
order 10~* in a single-stage intensifier, the contribution will become significant 
only when 7/7 is very large, say in exposures of several hours. The situation 
is rather different in a multi-stage image tube. 


io) (AY Gy S= 


photons per cm? 


Figure 3. Density-exposure curves for a single-stage intensifier 
for various exposure times. 


Some examples of (D/Ds), as a function of exposure are given in figure 3 
for various fixed exposure times T. It will be seen that a time 7'= 1007 (say 
~15 min) requires about five times as much exposure as a time 7'=7 (5 to 10 
sec) for the same photographic density. In order to express exposure in 
photons per cm? of incident blue light, we require a value for o. It has been 
shown [1] that o can be ~ 15 per cent for a good SB: Cs photo- -cathode illuminated 
by blue light having the spectral distribution of the ZnS: Ag luminescence 
radiation. Here we shall assume that c=10 per cent. With an emission of 
N~ 1000 photons, this conveniently makes the light gain 100. Buta photograph 
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taken at the back of the intensifier tube in a time 7/5 will have the same grain 
density as one taken directly in time 1007. It is clear that the light gain and 
the photographic gain are quite different measures. 

A possible contribution from x-rays has again been ignored, since it is 
difficult to make quantitative estimates. But it is worth noting that any such 
contribution will be free from reciprocity failure and has to be bracketed with 
the terms representing multiple photon absorptions. The reason is, of course, 
the high energy of the quantum and the large number of silver atoms liberated 
per absorption. It follows that any photographic effect of x-rays may be 
negligible at normal exposure times and yet become the major effect with long 
exposures. 


5. THE TWO-STAGE IMAGE INTENSIFIER 


A two-stage intensifier has been described by Stoudenheimer [19] in which 
the stages are coupled by a thin window having a fluorescent screen on one 
side and a photo-cathode on the other. Each electron leaving the first photo- 
cathode can therefore result in oN ~ 100 electrons striking the final fluorescent 
screen and up to 100000 photons emerging. In order to calculate the photo- 
graphic effect, the spatial distribution of these photons must be known. Let 
us suppose that the thin end window and the coupling window of the tube 
are similar and of thickness A. The spread of electrons striking the output 
screen is due partly to the lack of focus in the second intensifier stage and 
partly due to the spread of light across the intermediate window. As we have 
shown, the latter etfect causes a spread of the order A, i.e. 10u to 30, and 
it is possible that by careful electron optical design the first effect can be made 
less than this. ‘The spread due to chromatic aberration alone will be of the 
order 5 at 20kv. 

For simplicity, therefore, we shall suppose that the spatial distribution of 
the electrons striking the final screen is largely due to the intermediate window 
and given by (1). The photon density »(7) at the emulsion due to a single 
scintillation at the point r=0 is therefore expressible as: 


n(r)= 2 flr/d) (26) 


Ts 


where NV is of the order 100 000 and f(7/A) is a dimensionless decreasing function 
which is calculated in the Appendix and illustrated in figure 2. In particular, 
f(0)=123- 

With this modification the calculations of M,(a) da and (D/D.)v proceed 
as before. ‘The term eay(r) which appears in the integral (2) will normally 
be ~1/10, so that the exponential factor can again be neglected. Corresponding 
to (3) we now find: 


M,(a)da= 2 mare( SS) Pa) da 
v | 7 


> 


f(x) dx 


0 


“ 


2k, aN\” 
ce manne ) Pa) da, (27) 


TT. 


2k,, replaces the factor 1/(2v—1) found previously. By definition i=, 
Other values can be computed from figure 2 and we find k, 0-056; k,~ 0-011. 
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M, then follows by averaging over all grain sizes as before: 


eaN \” 
M,= 2k mya? <=) ; (28) 


For v=1, M,=mpe<@N, as previously, but with N increased 100-fold. Some 
typical values are collected in the following table. 


Table 2. The Average Number MM, of Grains Absorbing Photons in one Scintillation 
from a T'wo-stage Tube 


v=1 y=2 3 
A=10 400 14 0-89 

A=20p 400 3-6 0-056 
\=30 400 1-6 0-011 


As before, M, depends strongly on v, so that the number of grains made 
developable by v or more absorptions is approximately M,. A change of A 
can make a substantial difference. When A=104y each scintillation may give 
rise to one or more developable grains, but when A~50,, a grain will only 
rarely be rendered developable. (D/Ds)v follows from (27) as previously and 
we obtain: 


(DID, =O), (29) 

(DID.)a= Qh + ORO, (30) 
_on 4+) 

(DID,)= O° FFG), + 40S (6h40 + 2,8) (1) 


for short exposures. When reciprocity failure occurs, we have, corresponding 


to (25). 


Seer, 33 oo a Filisollasoe| 


In the absence of reciprocity failure, the additional terms involving , still 
make very little contribution to the total, except at densities which are well 
below fog level and therefore unobservable. ‘This is illustrated by the density- 
exposure curves shown in figure 4 for v=3. On the other hand, when the 
exposure time JT is long compared with 7, the effect of multiple absorptions 
represented by the additional terms becomes significant and the value of the 
thickness A plays an important part. ‘This can be seen from figure 5 where 
density-exposure curves are plotted for A= 10 and large A (in practice anything 
greater than about 40) when the exposure time is T=107 and T'=100r. 
The saving of exposure with the thinner window can be around 2:1 at 7=100z, 
and more at longer exposure times. 

To sum up, the photographic gain of the image intensifier will normally 
exceed the light gain as measured photo- =clectrically because of the reduction 
of exposure time, because of the strong ‘ bunching’ of photons close to the 
phosphor and possibly because of the contribution of x-rays. ‘The effects will 
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be most marked when very long exposures are used, i.e. when very faint images 
are being investigated. These are just the conditions frequently encountered 
in astronomical photography and it is in this field that the image intensifiers are 
likely to prove particularly useful. 


( D/O, 


ion iO" | lO oO x 
photons per cm* 


Figure 4. Density-exposure curves for a two-stage intensifier in the absence of reciprocity 
failure (for p <10® photons per cm? the curves are enlarged 100-fold). 
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Figure 5, Density-exposure curves for a two-stage intensifier for various exposure times 
and window thicknesses. 


Les courbes de noircissement d’une émulsion, exposée au contact de la face de sortie 
d’un renforgateur d'images, ont été calculées d’aprés la théorie du processus photo- 
graphique, faisant intervenir deux ou plusieurs termes quantiques [4-8], et comparées 
a celles obtenues par éclairement direct sans renforcement. On a pu observer que le 
renforcement photographique effectif, ainsi défini, est supérieur 4 l’amplification de 
lumiére du tube renforgateur, mesurée photoélectriquement, méme pour des répartitions 
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spectrales identiques a l’entré et a la sortie. Ce rapport, entre les renforcements photo- 
graphique et lumineux devient important pour des faibles éclairements et des fortes ampli- 
fications, spécialement pour des renforcateurs en cascade et ceci pour deux raisons: les 
écarts a la réciprocité du processus photographique et la répartition spatiale tres groupée 
des photons émis par le tube. L’importance de ce dernier phénoméne étant fonction de 
lépaisseur de la face de sortie du tube, on a établi des courbes de noircissement pour 
différentes épaisseurs de celui-ci. 


Auf der Grundlage der statistischen Theorie der ‘‘ Zwei oder mehr Quanten’’ fiir 
photographische Belichtungen werden die Schwarzungskurven fiir eine Schicht berechnet, 
die in engem Kontakt mit dem diinnen Austrittsfenster einer Bildverstirkerréhre steht. 
Die Kurven werden mit denen verglichen, die man fiir eine direkte Belichtung ohne 
Verstarkung erhalt. Es wird gezeigt, dass der wirksame photographische Gewinn, den man 
auf diese Weise definiert, den Lichtgewinn der Bildréhre tibersteigt, wenn man diesen photo- 
elektrisch misst, auch fiir identische Spektralverteilungen beim Eingang und Ausgang. 
Das Verhialtnis des Photographischen zum Lichtgewinn wird besonders gross bei geringen 
Helligkeiten und hoher Verstarkung, insbesondere fiir Kaskadenverstarker. Dafiir 
gibt es zwei Griinde: Der Reziprozitatsfehler des photographischen Prozesses und die 
stark gehaufte Raumverteilung der Photonen, die in der Bildréhre emittiert werden. Die 
Gréosse dieses letzten Effektes hangt von der Dicke des Endfensters ab und es werden 
mehrere Schw4arzungskurven fiir verschiedene Dicken derselben hergeleitet. 


APPENDIX 
The Spread of the Luminescence Radiation Across a Gap of width r 


Let there be a primary light density 7 (xo, yo) (photons per cm?) in the image 
plane on the phosphor side of the gap, and a density 7(, y) in a parallel plane at 
a distance A. If N is the total number of photons emitted, then obviously: 


[Jo me ornderdo=[ [> ne y) dxdy=N. (A1) 


If the photons are emitted with a cosine distribution in the forward direction, 
then from geometry : 
ss rn9(Xo» Vo) 
n(x, y)= ie TPE + (w— Xo)? + (¥— MPL dxy dy. (A2) 
First consider a very narrow primary density distribution centred at the 
origin, corresponding to the scintillation from one photo-electron. ‘Then: 
Nv? 
(% I) = ee ate yt 
Nd 
= OEE 


where 72=x2+y?. This distribution has a width of the order A and a maximum 


of N/w)2. It is plotted in figure 2. . 

Next consider a two-stage tube, in which we suppose that the primary photon 
density 7) at the output phosphor has the form (A 3) and let us calculate 7 from 
(A2). It is convenient to introduce polar coordinates as follows: 


(A3) 


fine, 
ro? =Xy" + Vos 
72 +192 — 217, cos 8 = (%— Xo)? + (¥—Yo)*» 


2E 
O.A. 
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Then: 
NAt le To 
A= oe i 0 (A2+792)2(A? +7? + 797 — 2779 cos 6)? 
It follows at once that the maximum 


d9 dry. (A4) 


NM, (? 1% _N 
1(0)= a 2 OP Sale" Bee 


In the general case we first integrate over 6. Let (A2+72+7,7)/2rr9=B, where 
Bel ae cheng 


ZN ate Ve 1 
(1) = 7 i ie (2rr) 2002 +7,2)2 (B—cos 6)? d6 dry. (A6) 
The integral over @ can be evaluated in the usual way by the substitution 
tang/2=t.) “his: 


[ 1 9 2 if dt a 4 
o (3 —cos 8)? (B+1)Jo 2+(B-1)/(B+1) (B+1) 
co dt 7B 

«| FSIS DE > 1 2 
When this is substituted in (A 6), the integral can be expressed in the form: 

0 LolAa ats taton) ; 

MO= Jy Dre FLOR rye + ae 

Ne (202 + é) es 
= oe) GHEE Ee ae. oa 


where €= (A?—7? + 7,7)/A? and «=r/A. This integral can be evaluated explicitly, 
but the final expression is complicated. In practice it was found easier to compute 
it numerically for several values of «. ‘The resulting form 7(r) is shown in figure 2. 
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The form of the general unimodular analytic signal 


by S. F. EDWARDS and G. B. PARRENT, Ibe 
The Physical Laboratories, The University, Manchester 


(Received 14 August 1959) 


Finding the most general unimodular analytic signal is shown to be 
equivalent to solving a singular integral equation of the Carleman type. 
This equation is solved utilizing the properties of analytic functions. 


1. INTRODUCTION 

The analytic signals introduced into communication theory by Gabor [1] 
have recently attracted considerable attention in optics [2, 3] and other fields. In 
this paper we present the solution to a singular integral equation which arises 
in optics as a consequence of the introduction of the analytic signal. In particular 
we will show that the most general unimodular analytic signal is of the form 

fla)=exp WB+y TL 2 2—), (1.1) 
where the a, are complex constants with complex conjugates @, ; the imaginary 
part of a, has the same sign as y; and f and y are real constants. 

For the purpose of this discussion it is useful to recall the definition of analytic 
signals and some of their general properties. The analytic signal may be defined 
as follows: let V’(t) be a real function such that its Hilbert transform, V*(t) 
exists, and that the inversion theorem is valid, 1.e. 

Vi(t)= = | Taualusle ee) 
Wall Hey SU 
where P denotes Cauchy’s principal value. The analytic signal, V(t), associated 
with V(t) may then be defined as 
V(t)=V*(t)+2V%(t). (1.3) 
The term ‘analytic signal’ is employed since if V(¢) defined in this way is con- 
sidered as a function of a complex variable it is, under very general conditions, 
analytic in half the complex plane (cf. §2). 


2. PHysicAL BACKGROUND 
The integral equation we shall discuss arises in optics from a study of the 
implications of complete coherence. Complete coherence is characterized by] 


bi2(7)|= 1, 
where y,9(7) is the complex degree of coherence given by 


apres) be 1.5 
ya) = TTPO a0 ae 


+ On leave from the Electromagnetic Radiation Laboratory, Air Force Cambridge 
Research Center, Bedford, Massachusetts, U.S.A. 
t The subscript 12 is used to denote that apart from 7 the quantity depends on the 
coordinates of two points P,; and Py. 
2E2 
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In (1.5) Pyy(7) is the mutual coherence function; it is defined as [4] the complex 
cross correlation of the analytic signals associated with the real field quantities (e.g. 
a cartesian component of the electric vector) at two typical points, P, and P, in the 
optical field, 1.e. 
Dyo(7) = (Vi (t— 7) V2*(Z)), (1.6) 
where the sharp brackets denote time average. It is readily shown [5] that 
T,.(7) defined in this way is itself an analytic signal. For (1.4) to be satisfied 
T,.(7) must be of the form 


Dy2(7) = A, Az exp [14 42(7)], (1.7) 
where ¢,.(7) is real and we have put A,=+/[I’,,(0)],  (s=1,2). 
Since I',,(7) is an analytic signal, we have 


sin $4.(7) = — -{° a Pr2(7) dr’, (1.8) 
Pee == er) oY Pee i 
and 
C08 $49(7) = + = | teed Ge et (1.9) 
at es) Ve == UP 
‘Combining (1.8) and (1.9) we obtain 
ST Uilte ce =|" gag oon. (1.10) 
T oO (<4 


‘The solution of this integral equation, (1.10), for exp [2$,.(7)] forms the main 
body of this paper. 


3. SOLUTION OF THE INTEGRAL EQUATION 


Equation (1.10) is a singular form of a Carleman type equation (cf. ‘Tricomi 
1S] 75), ac: 


f(r) =P ig LO) de! + Hr). (2.1) 


"The general solution to (2. - is 


f)=7>5 ral ¥O ) +P ie i = ax’ |. (2.2) 


However, since in (1.10) A= (—i/7) and %(7)=0, the solution, (2.2), becomes in 
this case indeterminate. In fact it is clear that (2.1) can have no solution for 
#=0, except for the eigenvalues, A= +7/7. This singular form is solved here by 
utilizing the properties of analytic functions. To this end we consider 7 as a 
complex variable, s=x+7y; and write (1.10) as 


f(z)= = IE : ee dz’, (2.3) 


‘where we have set 
f()= exp [i6(3)]= exp [?¢42(3)]. 


Since 6(x) is a real function we have 


$(2)=4(2). (2.5) 

It was pointed out in § 1 that the term analytic signal stems from the fact that 

these functions are, Sites considered as functions of a complex variable, analytic 

in half the complex plane. Since extensive use of this property is made in this 
section, we shall digress briefly and demonstrate it. 
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Let U(t) be any function of the real variable ¢ such that the integral 
Le u(t) 
F(z)= — ae 
(z) =| ea (2.6) 


exists. ‘Then the function F(z) is analytic in the upper half of the complex plane 
(see Whittaker and Watson [7], p. 92). Equation (2.6) may be written as 


F(z)= = ‘ au dt + U(z), OT) 


where Cauchy’s theorem has been used. 
In the limit as +x from above the real axis 


F(z)» F(x)=lim {= | : a at us) (2.8) 
=U(e)- = i 2 (2.9) 


From (2.8) it is clear that the analytic signals may be regarded as the limit as 
the real axis is approached of a function analytic in half the complex plane. Or, 
conversely, if in an analytic the real variable is replaced by a complex one the 
resulting function is analytic in half the complex plane. 

For our present problem, the solution of (1.10), the domain of analyticity of 
f(z) may be extended to include the real axis since (a) (1.4) excludes the possibility 
of poles on the real axis, and (6) on physical grounds we require f(7) to be unique 
which excludes branch points on the real axis. ‘Therefore, apart from the trivial 
solution of f(z) identically zero, the function f(z) can have at most isolated zeros 
in the upper half plane (see ‘Titchmarsh [6], p. 88). 

Using (2.5) we may write 


exp [76(z)] = exp [76(2)]. (2.10) 


In the subsequent discussion we shall treat only the problem A=(+1/7) 
since the argument is essentially the same for the negative eigenvalue. 

Equation (2.10) expresses the value of f(z) at all points in the lower half plane 
in terms of its values at conjugate points in the upper half plane. Further, 
(2.10) indicates that corresponding to every zero in the upper half plane there is 
a pole at the conjugate point in the lower half plane and conversely zeros in the 
lower half plane correspond to poles in the upper half plane. ‘Therefore, there 
are no zeros in the lower half plane and the singularities in the lower half plane are 
isolated. Furthermore the singularities in the lower half plane are poles and not 
essential singularities; for by the Weierstrass theorem (cf. Titchmarsh [6], p. 93) 
in every neighbourhood of an isolated essential singularity the function tends to. 
any given limit an infinite number of times, and this behaviour would by (2.10) 
be reflected into the upper half plane. That is an essential singularity in the 
lower half plane would necessarily correspond to an essential singularity in the 
upper half plane. The preceeding argument does not exclude the possibility of 
essential singularities at infinity since infinity is not an isolated point. In the 
same way a branch point in the lower half plane is excluded since it would imply 
multi-valuedness in the upper half plane. We may conclude, therefore, that 
f(z) is a meromorphic function, i.e. its only singularities for finite z are poles. 
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By a modification of Hadamard’s theorem (cf. Titchmarsh [6], p. 284, where a 
full discussion of the concepts below is given) any meromorphic function may 
be expressed as 


falda) 
f(2)= 7S exp LO): (2.11) 


where O(z) is a polynomial of order N; 


= z 
Ei =P 
is the canonical product of the primary factors, 


Blu.p)=(1—u)exp (ut 5 + — 3) (2.12) 


a, and b, are the zeros and poles respectively of f(z). The genus of the canonical 
product satisfies the inequality 


b<p (j=1,2), (2.13) 
where p is the order of the meromorphic function. ‘The order, N, of the poly- 
nomial, Q, also satisfies the inequality, (2.14), i.e. 

N&p. (2.14) 

From the previous argument it is clear that the poles and zeros occur at 

‘conjugate points, i.e. 

bx=Gi. (2:15) 
‘Therefore, (2.11) may be ie using (2.13), as 


flz)= 1 ui (ae a) exp{ $ S | + a= 3 =) lFp (2.16) 


~where we have set 
N 
O(z)= > ba, (2.17, 
j=0 


and m is the largest of the integers p,, p., N. After setting 


; e/a 1 
Tipeee DS (— - =) (2.18) 
= nj nj 
where c; is a real constant, ee a can be rewritten as 
(2/4) ) (i ‘ 2 
z)= an ex OFC.) : 

However, for large z, f(2) Sane as 

F(2) > exp [On + Cn) 35 (2.20) 


z>00 


but (2.20) has m poles and m zeros equally spaced on the circle at infinity; and, 
therefore, if m> 1, f(z) has singularities in the upper half plane. We conclude, 
therefore, that the most general allowable solution is with m= 1. 


The expression 
(2.20) becomes finally 


fe)= (FEES) explie+ys)h 2.21) 
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a meromorphic function of order 1. Thus we have established the following 
theorem: 


The most general unimodular analytic signal is a meromorphic function of order 
one with zeros only in the upper half plane and with poles at conjugate points in the 
lower half plane and is given by the formula (1). 


On montre que la recherche du signal analytique unimodulaire le plus général équivaut 
a la résolution d’une équation integrale singuliére du type Carleman. Cette équation est 
résolue en utilisant les propriétés des fonctions analytiques. 


Das Aufsuchen des allgemeinen unimodularen analytischen Signals ist, wie sich zeigt, 
gleichbedeutend mit der Lésung einer singuliren Integralgleichung vom Carleman-Typ. 
Diese Gleichung lasst sich lésen, wenn man die Eigenschaften analytischer Funktionen 
heranzieht. 
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On the possibility of measuring radiation by using thermomagnetic 
effects below and close to the Curie pointt 


by YNGVE OHMAN 
Stockholm Observatory, Saltsjébaden 


(Received 22 August 1959) 


Some experiments are described where the rapid change with temperature 
in the intensity of magnetization of gadolinium has been used for the purpose 
of measuring radiation. By using a sensitive balance or a sensitive measuring 
device resembling an astatic magnetometer, or induction coils, it seems 
possible to detect a radiation of the order of 10S watt. This high sensitivity 
assumes a vacuum instrument and'the use of an alloy of magnesium and 
gadolinium with a Curie point of only 102°K. 


1. INTRODUCTION 

Thermomagnetic effects below and close to the Curie point have been used 
before in the construction of safety valves for electric ovens, etc. [1]. Different 
kinds of physical experiments related to such effects have been described in various 
publications [2]. The phenomenon has been considered as well for the purpose 
of utilizing solar energy [3]. 

In the study of temperatures near absolute zero, measurements of the suscep- 
tibility of paramagnetic substances have been found before to give very 
valuable results [4]. The good success of this method is due to the fact the 
susceptibility increases with decreasing temperature according to the Curie law. 
The same method could no doubt be used for measuring radiation, though work 
near absolute zero means considerable difficulty. 


INTENSITY OF 
MAGNETIZAT/O 


we 
MEA SUREMENTS 


SUITABLE HERE 


TEMPERATURE T° 


Figure 1 


The writer has made some experiments to investigate the possibility of applying 
a similar method to ferromagnetic metals and alloys by selecting a working tem- 
perature close to the Curie point. ‘Though the experiments made have still a 
preliminary character they look so promising, so that a brief communication might 
be justified. 


t This paper was read at the Fifth Conference of the International Commission for 
Optics in Stockholm, August 1959. 


Measuring thermomagnetic effects 373 


For radiation measurements according to this principle the following properties 
of the ferromagnetic material would be required : 


(1) A high value of the intensity of magnetization below the Curie point for a 
suitable field strength. 


(2) A low value of the Curie point, that is a low working temperature. 


(3) A rapid increase in the intensity of magnetization with decreasing 
temperature below the Curie point. 


(4) A strictly reversible relationship between intensity of magnetization and 
temperature for the field used. 


Among different materials which may be considered in this connection, the 
rare metal gadolinium and some of its alloys are of particular interest. Already 
the pure gadolinium metal has sucha Curie point as low as 17°c [5], and in fact it has. 
a higher magnetic moment than iron. For some of its alloys with magnesium a 
Curie point of only 102°k has been found [6]. The experiments reported in the 
present communication have been made with pure gadolinium. By the courtesy 
of Dr. F. H. Spedding of the Iowa state college in Ames, U.S.A., two thin disks of 
gadolinium metal have been put at my disposal for these experiments. Other 
pieces of the metal have been purchased by the intermediary of the firm Svedano. 
in Stockholm. 

In the following some different devices will be described, the principles of 
which have all been tested by the writer. In most cases only very simple 
constructions have been tried, and it is possible therefore that more advanced 
experiments may change in the future some of the conclusions which have been 
made from the first experiments. 


Figure 2 


2. MAGNETIC BALANCE 


The simplest way to measure the thermomagnetic effect is to measure the 
change in magnetic attraction, for instance by means of a balance. For such 
measurements a field of a strong gradient dH/ds is the most suitable one. If M 
is the induced magnetic moment, the attractive force / acting on the body is. 
given by a relation of the type: 

dH 


Vine eee tan.” “Sia AU etl 
a. (1) 
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For a paramagnetic body, M is related to H according to the simple relation 
Mw~ KH . . . . . . . . . . (2) 


where the susceptibility « is independent of H but a function of the temperature 
(Curie law). From (1) and (2) we have 
py eee eee 
ds 

For a ferromagnetic body the same relation may be used, remembering only 
that « is now a complicated function not only of temperature but also of H. Within 
certain limits the attractive force is favoured not only by a strong gradient but 
also by a strong field intensity. 

A convenient device for showing the thermomagnetic effect is to make a 
balance of the type shown in figure 2, where two identical plates of gadolinium, 
Gd, and Gd, are attracted by magnets. By using two plates, small variations in 
the temperature of the room are compensated. A thermostatic control is desirable, 
however. 

The magnetic balance constitutes an astatic system. As the balance is free 
to swing in the narrow gap between a and 4, one position or the other is therefore 
selected. The following procedures of measurement may be used: 


(1) By changing the counterpoise P. 

(2) By alternative illumination of the two gadolinium plates and by reading 
the time needed for changing the position from 6 to a or vice versa. 

(3) By using magnetic attraction of the counterpoise W and by reading the 
‘current in the coils ¢, or ¢y. 


(+) By heating the unexposed gadolinium plate for instance by means of a 
comparison lamp and by reading the current of this lamp or by varying its distance 
‘or similar procedures. 


(5) By using a torsion balance and by twisting the fibre. 

For recording high intensity radiation the counterpoise W may be formed as a 
small bar of soft iron and be placed inside and along the axis of a ring shaped 
magnet. ‘This could be made as a self-recording device. 

For recording very faint radiation it would be of great interest to use a Hans 
Pettersson micro-balance or a sensitive torsion balance. A mass of only 10—! gram 
can be measured with such devices, and the area of the detector may be made 


very small indeed. A vacuum instrument should of course be used for such 
measurements. 


3. ASTATIC NEEDLES IN AN HOMOGENEOUS FIELD 


Though a gradient in the magnetic field is needed in order to produce an 
attraction of a ferromagnetic body, such a gradient is not needed for turning an 
elongated ferromagnetic body round its centre of gravity ([7] and other textbooks 
in physics). Figure 3 shows a device where two elongated plates of gadolinium 
form an angle of 90°. Without illumination the system is astatic, hecause the two 
needles have in any position the same moment of torque L given by 


L~xH? sind cos d er boaee> ter Pega eevee Seep agen (45) 


where # is the angle which one of the needles forms with the direction of the 
magnetic field. 
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If one of the needles, say Gd, is exposed to radiation, the whole system gets a 
turning moment given by 


NE Teer NcH sin 2 ees 4) (5) 


Figure 3 


When using this device it is convenient to balance the moment by means of the 
torsion of the string. When estimating the sensitivity we may use the relation: 
AL A 
Bt a eer ye eee) 
L K 


4, STATIC NEEDLES IN AN HOMOGENEOUS FIELD 


Figure 4 shows a modified device where the two needles form an angle of 90° —6 
instead of 90°, 5 being a small angle. This forms a static system. Without any 
torsion a stationary position is obtained for an angle #, given by: 


ee one) cass cin, 4 2 
K 


Figure 4 


or assuming that not only § but also the deflection A# is a small quantity : 


gee a ee em 6) 
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Equation (7a) gives information about the minimum detectable energy. If 
we make the assumption that Ax/« may be replaced by 0-10A7, AT being the 
difference in temperature expressed in centigrade, and if we select = 3°, then tor 
a vacuum instrument with black-body-radiation-losses from one side only, we find 
as follows. 

With a Curie temperature of 17°c, a radiation of 108ergcm~*s™ gives a 
deflection A& of 6°. With a Curie temperature of 100°k, a radiation of only 
50ergcm~*s~! gives the same deflection. A few thousandths of this amount 
could probably be detected or only about 10S watt. 

Measurements made by the writer with a Toepfer declinometer at room 
temperature and atmospheric pressure and with the usual magnet replaced by two 
gadolinium plates with a thickness of 0-5 mm, a length of 11 mm and a height of 
2mm, have given a deflection Ad of about 0-2° when exposed to a radiation of 
10?ergcm-2s-!. The considerably smaller value of A® compared with the 
theoretical value 6° is due mainly to the influence of convection and to a fairly 
great torsion of the string. With this simple arrangement the time of response is 
about half a minute in a field of the order of 10? gauss. 


CY 


RADIAT/ON—~> 


Figure 5 


5. DEVICES USING INDUCTION 

In laboratory measurements the permeability is often measured by the induc- 
tion between coils. Figure 5 shows how the same method can be used for 
measuring radiation. Here also two identical gadolinium plates Gd, and Gd, may 
be used for the purpose of compensating small changes in the temperature of the 
room. If one of the gadolinium plates is exposed to radiation so that a difference 
Ap in permeability results and if d//d¢t is the momentary change in the primary 
current, an electromotive force E is recorded by the measuring instrument 
according to the relation 


i] 
BS Apes Sr eee a 
ML (8) 


For small fields the permeability shows sometimes a very rapid change with 
temperature below the Curie point. It is possible therefore that a device of this. 
type may constitute a good measuring instrument when combined with modern 
electronic means for recording faint currents. Already with very simple 
arrangements it is possible to show in this way the thermomagnetic effect in 
gadolinium when cooling the metal with a piece of ice. 
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It is interesting to consider also the possibility of generating directly a current 
in the coil around Gd, when using instead a permanent magnet. The fact that 
the induced electromotive force F is of the type: 

dH 


OE eee one) 


creates a certain difficulty with respect to the rather slow process of heating. On 
the other hand already existing high sensitivity galvanometers can be used for 
such measurements, as dH/dt remains constant during sufficient time to make a 


reading. Some promising experiments have been made by the writer with this 
device as well. 


6. GENERAL CONCLUSIONS 


From the experiments made so far it seems that system A (figure 2) is the most 
sensitive one for detecting radiation. The use of a high sensitive torsion balance 
is probably the best method. System C (figure 4) is very convenient indeed, but 
there is a difficulty in avoiding a small swinging of the needles. System D 
(figure 5) is very attractive also. It is possible that it may be found the most 
convenient one for some purposes. 

The writer wants to stress the preliminary character of the experiments 
reported here. Only measurements with instruments of the highest possible 
sensitivity may give conclusive evidence as to the real value of the suggested 
scheme for measuring radiation. It is possible that special precautions have to 
be taken in order to avoid completely hysteresis effects or Barkhausen effects. In 
the first experiments reported here such effects have not been traced in the 
measurements. 


On décrit quelques expériences qui mettent a profit la variation rapide avec la 
température de l’intensité d’aimantation du gadolinium afin de mesurer des rayonnements. 
En utilisant une balance sensible ou bien un appareil de mesure sensible ressemblant a un 
magnétométre astatique, ou des bobines d’induction, il parait possible de déceler un 
rayonnement de |’ordre de 10 ‘watt. Cette grande sensibilité suppose un instrument 
travaillant dans le vide et l’utilisation d’un alliage magnésium—gadolinium ayant un point 
de Curie de 102°K seulement. 


Es werden einige Versuche beschrieben bei denen die starke 'Temperaturabhiangigkeit 
der Magnetisierungsstarke von Gadolinium zur Strahlungsmessung benutzt wird. Bei 
der Verwendung einer empfindlichen Wage oder einer empfindlichen Messanordnung 
ahnlich einem astatischen Magnetometer oder Induktionsspulen scheint es méglich zu 
sein, eine Strahlung von der Gréssenordnung 10~* Watt nachzuweisen. Diese hohe 
Empfindlichkeit setzt ein Vakuuminstrument voraus und eine Legierung aus Magnesium 
und Gadolinium mit einem Curie-Punkt von nur 102°K. 
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The hypothesis that the tristimulus values of the corresponding colours 
are linearly related is tested in three cases of chromatic adaptation. ‘Test 
colours illuminated by yellow, magenta and green lights are matched against 
Munsell samples under the illuminant C in a binocular viewer of improved 
design, and the elements of the transformation matrices are calculated by the 
method of least squares. Scrutiny of the discrepancies between the values of 
the observed and the computed matches indicates that the hypothesis of 
linearity holds in these cases as it did in the previously investigated cases of 
adaptation to illuminants of continuous energy distributions. 

On the strength of this evidence the invariant colours are calculated in each 
case using the geometrical properties of the affine transformation. The red 
and the blue invariants differ but little from the earlier determinations. The 
third invariant still shows no inclination to any particular region of the colour 
chart. 


1. INTRODUCTION 


In an earlier communication to this Journal [1] an attempt was made to derive 
the form of the relationship between the tristimulus values of the corresponding 
colours in a way that evaded the intricacies of the theory of colour vision. 
Considerations based on the colour equation led to the suggestion that the 
relationship between the tristimulus values of the corresponding colours was 
very likely linear. Supporting evidence of linearity was derived from an 
analysis of some adaptation data obtained by the method of binocular matching. 

Since in the previous experiment only illuminants of continuous spectral 
distributions were used for adaptation it was thought necessary to extend the 
investigation to coloured adaptations in order to test the hypothesis of linearity 
in such cases, especially as some investigators had reported its occasional 
failure [2]. 

The discovery of the right form of the relationships between the tristimulus 
values of the corresponding colours would render possible the prediction of the 
appearance of colours under various types of illuminant. It would also provide 
a better theoretical basis for the study of the invariant colours and might shed 
some light on the fundamental processes that lead to the perception of colours. 


2. APPARATUS AND EXPERIMENT 


The apparatus used in the present work is an improved form of the binocular 
viewer described in a previous article [3]. In the present model each eye views 
a Munsell sample next to a black aperture and placed against a white diffusely- 
reflecting surface. ‘The purpose of this arrangement is to avoid the stimulation 
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of the corresponding retinal regions by the adapting illuminants during the 
matching procedure. The use of small black fixation points and a thin frame 
of black paper for each sample ensures the fusion of the two fields in such a way 
that the two samples will appear adjacent. (Figure 1). Furthermore, the 
symmetrical construction of the present model allows observations to be made 
from either the front or the back of the apparatus. 


Figure 1. Separate and fused fields of view in the binocular viewer. 


One compartment of the viewer was allocated to the standard illuminant C 
obtained from the combination of the standard illuminant A and a daylight 
filter. ‘The standard samples were presented to the observer in the other 
compartment which was lit by one of the coloured illuminants obtained by 
combining the standard illuminant A with the Wratten filters Nos. 8, 32 and 
58 whose spectral transmissions are given in figure 2._ For the sake of comparison 
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Figure 2. Spectral transmittance of the Wratten filters Nos. 8, 32 and 58. 
(The data were kindly supplied by Professor W. D. Wright.) 
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with earlier work the standard illuminant A itself was also included in the 
experiment. 

Each observing session was preceded by five minutes of dark adaptation for 
both eyes followed by five minutes of adaptation to the respective illuminants. 
The standard sample was then presented and the observer sought for a satisfactory 
match among the samples of the Munsell Book of Colour which were shown 
to him in the illuminant C compartment. 

The standard samples used were the ten samples of the major hues in the 
Munsell Book which had the value 5 and the chroma 6. Each sample was 
matched six times, three times by each eye, and the arithmetic mean was taken. 
Any difference between the colour perception of the two eyes thus cancels out. 
To reduce the possible effects of correlation no match was repeated under the 
same conditions on the same day, and the standard samples were introduced 
in the viewer in a random order. 


3. RESULTS AND DISCUSSION 

The tristimulus values of the standard samples under the coloured illuminants 
were calculated by the weighted ordinate method and are given in the tables 
1, 2, 3 and 4 which also include the chromaticity co-ordinates of the samples. 
It should be noted that the given tristimulus values differ from the C.I.E. quantities 
by the constant multiplier that would make }F,/, for the illuminant-filter 
combination add up to 100. This however does not affect the subsequent 
calculations nor the presentation on the colour chart. The tristimulus values 
under the illuminant A are taken from O.S.A. tables [4]. The means of the 
observed match under the illuminant C are given in Munsell notation together 
with their tristimulus values as interpolated from the O.S.A. tables. 

According to the hypothesis of linearity the tristimulus values X’, Y’, Z’ 
of a match are linearly related to the tristimulus values X, Y, Z of the standard, 
thus: 

X’=Ay,X+4,5Y +4,3Z, 


Wiis Ao X + Ag5 Yr Ag, 
Z = Az X ar Azo Y sg 332. 


The matrix of transformation (ars) is calculated by the method of least squares 
treating the above equations as observation equations. The four cases gave 
the following results: 


(1) Adaptation to illuminant A (11) Magenta adaptation 
0-926 0-441 0-141 — 0-008 0-119 0-013 
— 0-619 2°341 —0-303 —0-113 O37. 0-014 
— 0-553 0-923 37269 —0-150 0-329 0-111 
(iii) Yellow adaptation (iv) Green adaptation 
0-019 0-016 — 0-007 0-079 = 0-094 — 0-245 ] 
— 0-019 0-062 —0-061 U4 240-2 LG — 0-640 


| -0:023 00520164 0-099 0-076 0-399 
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Substituting the values of the coefficients in the right-hand terms of the 
above equations we obtain the ‘computed’ values of the matches in each case. 
These are given in the last columns of the tables; they are also plotted in figure 
3 to figure 6 together with the corresponding observed matches. 
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Figure 3. Matches under illuminant C for samples under illuminant A. 
Broken line joins computed matches. 


Figure 4. Matches under illuminant C for samples under illuminant A+ F32. 
Broken line joins computed matches. 
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Figure 5. Matches under illuminant C for samples under illuminant A+ F8. 
Broken line joins computed matches. 
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Figure 6. Matches under illuminant C for samples under illuminant A+ F58. 
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The smallness of the discrepancies between the observed and the computed 
values of the matches show that the affine transformation is as successful in the 
cases of coloured adaptations as it proved to be when the adapting illuminants. 
were of continuous spectral distributions. 


4. DETERMINATION OF THE INVARIANT COLOURS 

The property of the linear transformation that it leaves unaltered either 
one or three directions enables us to calculate the chromaticity coordinates of 
the colours which remain invariant under the investigated adaptation conditions, 
for the unaltered directions of the transformation represent colours which retain 
their colour appearance when the state of adaptation of the eye is changed. 

If X 9, Yo, Z) be a point on one of the unaltered directions its coordinates. 
after the transformation will be AXy, AY», AZ, such that 

AX 9 = 4X9 + A.V + a43Zo, 

AV 9 = Ga1X 9 + Ax2 V9 + Ar3Zo, 

AZ 9 = 431 Xo + Az Vy + AggZo- 
To find the unaltered directions we have only to choose Aso that the determinant 
of these homogeneous equations in X,, Y,, Z) vanishes. This condition 
gives an equation of the third degree in A. Substituting for A in the above 
equations the value of any of the real roots of the cubic gives the ratios. 
X,):Y,:Z, that define the respective unaltered direction. 

The results of the calculations are as follows: 

(1) Case of adaptation to the illuminant A: The cubic in X had only one real 
root giving an invariant in the red region (x=0-641, y=0-342). The author’s 
earlier work [6] had given invariants at (0-700, 0-375) and (0-702, 0-345). 

(11) Case of adaptation to the magenta illumination: ‘Three real roots were 
obtained in the case of the adaptation to the combination of the illuminant A 
and the No. 32 filter giving invariants at (0-132, 0-014), (0-555, 0-200) and 
(0-156, 0-359). The first is close to the earlier determinations of the blue 
invariants [1, 5]. The second invariant, however, shows a noticeable shift 
towards the violet when compared with the red invariants that appeared under 
the other conditions of adaptation. The third unaltered colour falls in the blue— 
green region. 

(iii) Case of adaptation to the yellow illuminant: In the case of filter No. 8. 
with illuminant A the cubic equation had one real root giving a red invariant 
colour at (0-684, 0-335). It should be noted that the transmission curve of this. 
filter does not extend into the blue region. 

(iv) Case of adaptation to the green illuminant: No invariant could be located. 
in the red or the blue region in this case. The only real root of the cubic gave 
a point (2-481, —0-856) which falls outside the spectrum locus. 


5. CONCLUSIONS 
The hypothesis that the tristimulus values of corresponding colours are 
linearly related (which was developed from general considerations of the colour 
equation and was justified in cases of adaptation to illuminants of continuous. 
spectral distributions) has proved to hold its own when the adapting illuminants. 


are coloured. 
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This result, which is noteworthy on its merits, also suggests a theoretically 
sound procedure of calculating the invariant colours directly from the geometric 
properties of the affine transformation. The precision of the evaluated invariants 
depends on both the observational error (which can be reduced by increasing 
the number of matches) and the validity of the basic hypothesis which will 
naturally remain under test and should be checked under more varied experi- 
mental conditions. As the use of the method of least squares makes it feasible 
to calculate the weight of each determination it will be possible to apply statistical 
tests of significance to the observed drifts of the determined invariants when the 
amount of data becomes large enough. 

Further work employing a number of observers will shortly be reported. 
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L’hypothése selon laquelle il y a une relation linéaire entre les composantes tri- 
-chromatiques des coleurs correspondantes est examinée pour trois cas d’adaptation chro- 
matique. Des coleurs d’essai éclairées en jaune, magenta et vert sont comparées dans un 
viseur binoculaire de conception améliorée 4 des énchantillons de Munsell éclairés par la 
source étalon C, et les éléments des matrices de transformation sont calculés par la méthode 
des moindres carrés. Un examen des écarts entre les valeurs des équilibrages observés et 
““ calculés ’? montre que l’hypothése de linéarité est valable dans ces cas, comme elle |’ était 
-dans les cas précédemment étudiés d’adaptation a des sources dont la distribution d’énergie 
est continue. 

Compte tenu de ce résultat, on calcule dans chaque cas les couleurs invariantes 4 l’aide 
des propriétés géométriques de la transformation affine. Les invariants rouge et bleu 
différént peu de ceux obtenus lors des précédentes déterminations. Quant au troisiéme 
invariant, il ne présente toujours aucune préférence pour une région quelconque du 
diagramme des couleurs. 


Die Annahme, dass die Farbwerte einander entsprechender Farben linear miteinander 
verkniipft seien, wird in drei Fallen von Farbumstimmung gepriift. Gelb, purpur und 
griin beleuchtete Testfarben werden bei Normalbeleuchtung C gegen die Munsell Proben 
in einem binokularen Betrachtungsgerat verbesserter Ausfiihrung verglichen und die 
Elemente der T'ransformationsmatrix nach der Methode der kleinsten Quadrate berechnet. 
Eine Priifung der Abweichungen zwischen den beobachteten und den gerechneten Werten 
zeigt, dass die Hypothese der linearen Abhingigkeit auch in diesen Fallen gilt, wie bei den 
alteren Untersuchungen mit der Adaptation an Lichtquellen von kontinuierlich spektraker 
Energieverteilung. 

Gestitzt auf dieses Ergebnis werden die Grundfarben in jedem Fall berechnet, in dem 
man die geometrischen Eigenschaften der affinen Transformation benutzt. Die rote und 
blaue Grundfarbe unterscheiden sich nur wenig von den friiheren Bestimmungen. Die 
-dritte Grundfarbe aber zeigt kein Hinneigen zu irgendeinem Teil der Farbenkarte. 
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Contrast transmission functions at low spatial frequencies 
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The relations existing at low spatial frequencies between the ray-theoretic 
ct-function ¢ of an optical system and the more exact ct-function 7 predicted 
by the usual scalar wave model based on Huyghens’ principle are investigated 
by sharpening and extending a recent analysis due to K. Miyamoto [1, 2]. 
An approximate expression is obtained for the difference between t and 7, 
together with an explicit upper limit for the error of approximation in terms 
of the wave aberration of the system. This main result is shown, in § 3.2, 
to yield quick and easy proofs of most of the known results concerning the 
relations between the radial first and second derivatives of t and 7 at the origin 
with each other, with aperture diffraction, and with the radius of gyration of 
the ray-theoretic image about the origin of coordinates. 

In §4 it is shown that the above-mentioned scalar wave model has the 
following property: the increase, due to aberrations, in the moment of 
inertia of the diffraction image about any point in or near to its bright central 
region is equal to the increase in the moment of inertia of the ray-theoretic 
image about that point. The result is of some interest because of its formal 
equivalence to a statement of P.-M. Duffieux [3, 4] about the physical light 
distribution, although it does not suffice to prove that statement. 


1. INTRODUCTION 


The study of ct-functions at low spatial frequencies is of both theoretical and 
practical interest because of the light which it throws on the relations between the 
wave-theoretic and the ray-theoretic properties of an optical system with specified 
aberrations. A better understanding of these relations is necessary if we are to 
find an answer to the important practical question: in what circumstances can the 
ray-theoretic ct-function of a system be used as a working approximation to its 
actual (wave-theoretic) ct-function in evaluations of optical quality? Much of the 
current interest in this question derives from the fact that the use of ray-theoretic 
ct-functions allows some economy in computation. 

K. Miyamoto [6, 2] has recently considered these questions in three valuable 
and suggestive papers entitled ‘‘On a comparison between Wave Optics and Geo- 
metrical Optics using Fourier Analysis’’. Although Miyamoto did not succeed 
in finding a complete answer to the question posed above, his papers clarify the 
problems awaiting solution and suggest promising lines of attack, besides providing 
instructive computational results in certain special cases. 

In §3 of the present paper we apply a sharpened version of Miyamoto’s analysis 
to investigate ab initio the behaviour of the wave-theoretic ct-function 7 at low 
spatial frequencies, obtaining, as main result (3.26), a two-term approximation for 
the difference between the ray-theoretic and the wave-theoretic ct-functions, 
together with an explicit upper limit for the error of approximation. From this 
main result are derived, in $3.1, approximate expressions for the ‘ diffraction 
correction’ which must be added to the ray-theoretic ct-function to obtain the 
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wave-theoretic ct-function in systems with apertures bounded by an arbitrary 
convex curve. In §3.2 it is shown how the approximate equation (3.26) yields 
easily and quickly most of the known results concerning the values of the radial 
first and second derivatives of the wave-theoretic ct-function in all aximuths & at 
the origin of the frequency plane, and concerning the relation between the second 
moment of the ray-theoretic image and the J-averaged radial second derivatives 
of the wave-theoretic ct-function at the origin. 

The last-mentioned relation is used to obtain, in §4, the rigorous proof of a 
result closely related to a well-known statement of P.-M. Duffieux, viz. that the 
increase in the moment of inertia in the intensity distribution in the diffraction 
image of a point source, caused by the presence of aberrations, is equal to the 
moment of inertia of the light distribution in the geometrical image, all the 
moments being taken about the aberration-free geometrical image point. Since 
the usual approximate model (based on Huyghens’ principle) for the diffraction 
image of a point source has an infinite moment of inertia in systems with a sharp 
cut-off at the edge of the aperturet, some care is needed in assigning a precise 
meaning to the phrase ‘increase in the moment of inertia’. 


2. NOTATION AND PRELIMINARIES 
Figure | shows a pencil of rays emerging from a centred optical system which 
images a point source of quasi-monochromatic light on to the image plane xO’y. 
The rays meet this plane in a small region called the geometrical image patch of the 
point source. Cartesian coordinates (x, y) in the image plane are chosen so that 


spherical 


exit pupil y 


image 
plane 


Figure 1 
t In an aberration-free system with circular aperture, for example, the moment of 
inertia 
Pr fc 2 > ° 00 > 9 » 
[|= ear de dy=22[* LOE dr Gt=x2+y") 
JJ = J ( ‘ 
of the Airy diffraction image is easily seen to be infinite, since 


[Ji(r) ]? ~sin® (r —7/4)/27r 


as r-—>0.~ 
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their origin O’ lies inthe geometrical image patch. A spherical surface with centre 
O' is drawn so as to pass through the axial point O" of Gauss exit pupil of the system ; 
the emerging rays mark out on this sphere a region (with boundary curve @) 
called the spherical exit pupil belonging to O’. Angular coordinates (S59) ate: 
defined for each point P of the region 7 by means of the equations 
E€=cosxO’P, »=cosyO'P. 

Ina centred system with circular stop, imaging an axial object point, the boundary 
curve @ is a circle and . is the region & + 7? <sin?«, where sin « is the numerical 
aperture. ‘Thus in an F/5 system imaging an axial object point, the numerical 
values of € and 7 never exceed 1/10 when P= (€,7) liesin.. In the present paper 
we do not restrict the stop to be circular, nor the object point to be axial, but we 
suppose the condition € + 7? < (1/10)? satisfied by all point in.7. This condition 
keeps down to an acceptable level (of the order of 1 per cent) the approximation 
errors inherent in the mathematical model (equation (2.5)) on which the analysis is 
based. 

The optical aberrations are specified in the usual way by a wave-distortion 
function ¢ (€, 7) in the exit pupil; ¢> 0 signifies a retardation of the geometrical 
wave fronts. A shift (dx, dy) of the (x, y)-origin adds to ¢(€, 7) a term 

— (6x + dy). 

It is convenient to give (€, 7) a second interpretation as cartesian coordinates in 
a (€, 7)-plane introduced for this purpose, and to call the set of points (€, 7) on to 
which -¥ is mapped in this plane the region - in the (€, 7 )-plane. 

The ray deviations Ax, Ay in the image surface are given to a sufhicient accuracy 
by the well-known equations 


op op 
Ag=—, Ay=—. ae) 
Ramniaa ees (2.1) 
We denote these partial differential coefficients by 4), ¢o. 

The mean centre of the ray-theoretic image (geometrical optical light 
distribution) has the coordinates 


a=|0\4[[ diate, s=lv [| dade (2.2) 


where |. | stands for the value of the integral 


ie 


that is to say, for the area of the region -¥ in the (€, 7)-plane. = ,. 
The radius of gyration r(¢) of the ray-theoretic image about the (x, y)-origin is 
given by the equation 


pa Mn= [0 [ | (f1° + $2) dé dy. (2.3) 


Evidently r() is the r.m.s. deviation of the rays relative to the point O’ in the image 
patch. The radius of gyration of the geometrical image about its mean centre 
(&, V) is 
pae—palr {| [di—8)*+ be F) 1d de (2.4) 
BA 


This expression has sometimes been used as a measure of image quality. 
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Geometrical optics needs to be supplemented by the use of diffraction theory in 
the discussion of images formed by systems with small aberrations; for example 
those in which |4(€,7)|<A throughout ., where ) is the wavelength of the light. 
For in these images the ray-theoretic approximation is insufficient for practical 
needs; we need the closer approximation, based on a scalar theory using Huyghens’ 
principle, according to which the normalized intensity distribution in the image is 
represented by the function 
2 

by 


ae=te Pf [ep (e+on-senl} dea], 25) 


which satisfies the equation 
{f w(x, yjdxdy=1. 


Associated with the coordinates x, y in the image surface are the corresponding 
spatial frequencies u,v. ‘The form of the transformation formulae for w, v under a 
change of coordinate axes shows that we can regard the pair (uw, v) as a single two- 
dimensional spatial frequency, with the properties of avector. ‘The line-frequency 
w and the azimuth :s of the two-dimensional spatial frequency (u, v) are given by 
the equations 

u=wcosy, v=wsinyg, (2.6) 


together with the inequality w <0. 
As is well known (Hopkins [6]) the geometrical ct-function t(u, v) of a system 
with aperture .Y and aberration function ¢(€, 7) satisfies the equation 


He Ola eZ { {ex [ — 2nd (ug, + 0f)] dé dy (2.7) 


and the wave-theoretic ct-function 7(u, v) the equation 


° —2n1 _, 
z(u,v) =|. | [| exp { — V(én; u,2)} dé dy. (2.8) 
J Se, J 
In (2.8), the difference-function V(€,; u,v) is defined by the equation 
. Au Av Au Av 
V(E,n; u, =e 5 z) a(¢ Dy 97) 3): (2.9) 


while the domain of the integration c” (see figure 2) is the set of points common to 
the two areas obtained by giving to -Y the parallel displacements (Au/2, Av/2) and 
(—Au/2, —Av/2) respectively. In the language of point-set theory, o% is the inter- 
section [.f + (Au/2, Av/2)] x [.o — (Au/2, Av/2)]. Evidently c” becomes an empty 
set if Aw exceeds d(.), the diameter of the region .° in the (, 7)-plane. It 
follows from (2.8) that the ct-function r(w, v) defined by the equation 


T(u,v)= ie exp [—27(ux+ vy)] w(x, y) dx dy, (2.10) 


vanishes identically when w>A~'d(.V). This means that the actual contrast 
transmission in the physical image is negligibly small for all (w, v) outside a certain 
finite region in the spatial frequency plane. We call this (w, v)-region the 
pass-band of the optical system. It consists of those spatial frequencies (u, v) for 
which the area of the domain c% in figure 2 is greater than zero. By a low spatial 
frequency we shall mean one for which w is small compared with the semidiameter 
of the passband -¥ or, what is equivalent, Aw is small compared with the diameter 
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of the region .¥ in the (£, 7)-plane. In an F/5 system with circular aperture, 20 


lines per millimetre is a low spatial frequency ; it is about 1/20 of the ‘ cut off 
frequency ’ 1/(FA) at the edge of the pass-band. 


A+ GB 2) 


Figure 2 


3. RELATIONS BETWEEN 7 AND ft 


The ct-function 7 and the geometrical ct-function t, defined respectively by 
(2.8) and (2.7), can equally well be regarded as functions of the line frequency w 
and the azimuth %. From (2.8) we have, fixing yf, 


Lee lee) oale Fo 8) 
+[ bo(e+ Sone F) +4o(8- Fn- Z) |sinyh exp {= vt de a 


=e ae exp {> V [dé sin yd cos (358) 
WS) 


where b(c”) denotes the boundary of c%. ‘Taking limits as w> +0, we obtain 


(35), hE [Geos de Goad sinsl a 


=H] | [desing dry cos 


=~ (cosy+Fsiny)— | [d, (), (3.2) 


where (%, #) is the centre of gravity of the geometrical image and d,(-) is the 
diameter of .° in the direction perpendicular to (u, v). | The expression on the 
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right-hand side of this equation is independent of A and its second term, which 
depends only on .¥ and ¢, can also be written 


97% 
Adw o=+0 . 


where 7, denotes the ct-function of the system with zero wave-aberration (¢=0). 
This expression will be called the radial first derivative of 7, at the origin, it being 
understood that the differentiation is with respect to Aw and in the direction 
%. Equation (3.2) shows that the changes in the radial first derivatives of 7 at 
the origin caused by wave aberrations of the form 4(&, 7) =A® (€, 7) are independent 
of A, are simply determined by the shift in the mean centre of the geometrical image, 
and are equal to the changes in the corresponding derivatives of the geometrical 
ct-function. The last result follows on differentiating (2.7) with respect to w 
and making w++0, which gives 


ot — 2m ,- =. 
(ae), arr (#cos+Psiny). 


We now begin to analyse a little more deeply, still following the path indicated 
by Miyamoto [1] but treating the approximations more precisely. ‘The more 
precise treatment yields an approximate expression for the difference between the 
ray-theoretic and wave-theoretic ct-functions, together with an explicit upper limit 
for the errors of approximation in terms of the wave aberrations of the system. By 


(2.8) 
|. r-m)=| | | exp {= 
where ; 


_ Vie ae of 1| oar (3.3) 


2 
= (ud, + vpg) 
2 i z (u Diary’ + 3uPv by49' + 3uv*dpyo0’ + V3dy00’) ; (3.4) 
here 
d= 6 dy = ay 


0’ on’ 


pestle) ey ae) eer ce 


and (€’, 7’), (€", n”) are points somewhere in.%. Let 
K3= oe (l¢iih IP [Pree], IPove |) : (3.5) 


then we can write 


V (€,9;5 u, v) =A (ud, + VPQ) rae 1s, (jul+ |v)? 


=A (ud, + vy) + [8 is Kya, (3.6) 


where @ denotes a complex number, not Ae the same at different occur-. 
rences, such that |@|<1, and +|@| means some real number in the range (—1, 1). 
The last equation follows from the inequalities 


([u|+ |v |)?=2(u? + v2) — ( (ju|—|v])?S202, 24/2<3. (3.7) 
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From (3.6) we have 
an a= V} =exp{—2ni Capen ede ihexp ( bi[6| 7 KX “), (3.8) 
Now if x is real 
je*—1]=|i | etae| sha, el? =14 0x]. (3.9) 
Hence, by (3.8) and (3.9), 


=O 
exp — V} —1=exp{~2ni (uh,+-ofs)} exp ( +718 7 Kalo®)—1 


Seon (ud +05) (1 +6 7 Ao’) =i 


= exp {—2zi (ud, + vd_)}-14+6 Kao (3.10) 
and by (3.3) 
Jot (r—70)= | | [exp {—2ni(udy + 2f2)}— 1] dé dy +1 [8 Kya, 
a 
(3.11) 


On making A+ oo in (3.11) and observing that, for all w and z, 


lim 75(#, 0) =| (Adium =I, 
A>0 A>0 
we obtain the well-known equation 


t=|.a | i | _ exp {—2ni (uh + of) dd (3.12) 


of Hopkins and Miyamoto, satisfied by the geometrical ct-function t(u, v). 
Then (3.11) can be written 


ro m=(t-1)— LI] | fexp{— 2nd + 2)}— 1] a dy 
+07 Ky’, (3.13) 


To estimate the integral on the rightt we use the elementary result 


x \al 
lee lay |= i| (et) ails | 6tdt<4|xP. (3.14) 
0 0 
Writing this in the form 
e@—1=ix+h0x% (—wo<x< wo) (3.15) 


+ This integral can also be estimated as 


- = —1) dé dnv=(1—7)(1—-9), 
A> |) 0-1) df dg= (1-701 -8) 
which leads to 
T=t+(1—6)(1—70) + O(7/4)Kay*w*. 
This cruder estimate is sometimes more useful than (3.29). Note that K; is unaffected 
by defocusing as well as by shift of (x, )-origin. 
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and setting x= —27(u¢,+vd_), we have 


= xp { —2ni (ud, + vd) — 1] dE d 
|. | Jf, eet 2nt (ud, + VPy)} — 1] dE dy 


=~ 2nij >] | (ub, + 09) dé dy +20°0 | || — oF | K,2(Ju]+]o) 
ASF 


(3.16) 
where | .o/ — oY | denotes the area of the region .Y — c% and 
eae (Id: |, 142 1)- (3.17) 
Since |. |-1 |. —c% |=1—7)(u, v), the error term in (3.16) can be written 
4n20K2 (1 — 1) 2. (3.18) 


The manner in which 1 — 7, tends to zero as Aw>0 depends on the form of 7%. If 
W& is a convex regiont we have (see figure 3) 
| 7 —cof |<area TQPP’Q’T’T + area TRPP’R’T’T 


<dw . dy (H), 


Figure 3 


where d,(.7) denotes the diameter of ./ measured perpendicular to the direction 


(u, v), 
Ee [ow [ee ter ceeee 
ent 


o=+0 


t+ This includes foreshortened circular or rectangular apertures, with or without 
edge-vignetting. 
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That is, 


OT 


1 — 79(u, 0) S deo | 


(3.19) 


a=+0 : 
and the error term in (3.16) becomes 
OT 
20 2 0 »\ 3. 
47° 6K, (HR), w 
In the special case where . is a circle of radius sin «, the last expression is equal to 
876K? 3 w* sing. Whenever .~ is convex, 
(Se) Jot |2d, (of) 5 [of ao) 
Aw) 4.6 
where d(-V%) is the greatest diameter of .o/. 


To avoid unessential complications, we assume from this point that ./ is a 
convex region. ‘Then (3.16) can be written 


JA] [ lexp{—2ni(uy + 06s)}—1] af dy 


OT) 


= —27i || (ud, + vd,) dE dn +4770 K,?|—"|  Aw?. (3.20) 
AS Adw| +0 


To estimate the integral on the right of (3.20) we observe that in figure 3 
A—f =TQOPPO'T’T + TRPP’R'T’T— PQR- P’O'R’, 
where 
|PQR|+|P’Q’R’ |=|TQ...T’T|+|TR...T’T|-—[|v-¥ | 
=dw d, (AL) — |S — oF | 


OT) 
= apne Aw Gz), | 
O"7, 
=e 2 Gy? g 3.21 
; Ee Lae ee ( ) 
by ‘Taylor’s theorem, 


<1 | o® max (3.22) 


— aes ap 
provided 6?7,/A2dw? is bounded and continuous inside (0, w). By (3.21), 


= 2ni |.of |- aie (why + 0b) dé dr 


waive (Ife oe“Vn oo 
fae 1a( 28) (3.23) 


Here the error term can also be written as 


027, 
1/20K, |S |A? w? max Pac oI. 


Now in each of the regions TQ... T’T and TR... T’T the value of ud, + vp, on 
any linear segment MN drawn parallel to the direction (u, v) (see figure 3) differs 
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by + 4|@|K,Aw from its value at that end-point M of the segment which lies on @, 


where 


R= rae (ldul |¢i2b | 22 1)- 
The length of each segment MN is }Aw. Thus in (3-23) 


. ae 
( I +] ) eps + eps) én 
a2, Cael bad & Bh er ad ad 
=) | ; (ud, +v$5)|v dé —u dy| + LOK Yu? | , |v dé —udr| 


= | ? (ud, + vy) |v dé—u dy| + 20K pdb). (3.24) 
By (3.20), (3.23) and (3.24). 


"| [exp{—2i(udy +vde)} — 1]dé dy 
v A-SF 


lwp 
= —mil|-A | _ (uds ted) |e dé — ud] 


: 
+2 20K} 79 rol be 
Aew +0) 


+ 78 a) (4nK,2+ KA) dw, (3.25) 


Adw 


and by (3.13), (3.25), 
t=t—(1—7%))- Bele] | [exp { — 271 (ud, + vpg)}— 1]dé dy 
L—S 
+ O(7/4)K3\?w3 


=t— (Lam) +nib/[A] (ud +ega)le dé —u dry 
; 


+27 20K 79 1—Aw or w 
Adw +0 


+ 70 ae) _, GK + Kad) deo? + 7 OK Na, (3.26) 


We note that the replacing of (E, n) by (£7) +a&+ by, which is equivalent to a 
shift of (x, )-origin to the point x= —a, y= —b, multiplies each of 7 and t 
by exp{2zi(au+bv)}. Since 


1—1)=(A/2).x¢|72 | |v dé —u dy| + O(2w?) (3.27) 
, 
as Aw+0, it follows that 
—exp [—271(au + bv)](1 — 79) 
= —(1—1)—midlé|7 | (au+bv) |v dé — u dn] + O22), (3.28) 
C 


and the third term on the right of (3.26) ensures that its validity is unaffected 
by a shift of (x, y)-origin. 
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3.1. The diffraction correction to t(u,v) at low spatial frequencies 
We can make the orders of magnitude of the different terms in (3.26) more 
clearly visible by setting 


P(E) =AD(E, ) ; $i =A, gp .=A,; 
Ky=Ak,, Ky=Ak,, K3=Akzg. 
Then ®(£,7) measures the wave-aberration in wavelengths the constants Ri, 
k, k; depend only on .Y and ®. Equation (3.26) now gives 


Sea niat|o/| | (®, cos p+ , siny)|d€ sin ys — dy cos # 
6 


— 7X02 \/ 2k, |.e7| max 


(0, w) 


OT) . 
tke >. 
a +0 "4 | 


The first term on the right is the ray-theoretic ct-function ¢(u, v) and the remaining 
terms can be interpreted as a ‘diffraction correction’ which is small when Aw 
approaches zero. ‘The second term —(1—7,) represents the effect of aperture- 
diffraction; it is asymptotic to —Aw|-/|-1d,(.7) as Aw>0. The third term, of 
order \?w*, represents a cross-effect between aperture diffraction and wave-error 
slopes round the edge of the aperturet. It vanishes when the first derivatives 
@,,@, are zero everywhere on @, that is to say in an ‘edge-corrected’ system. 
The error term is uniformly of order A®w? as Aw—+0, since t,(u,v) depends on 
A and w only through their product Aw. 

In the more special case of a centred system with circular aperture stop, and 
with numerical aperture sing, it is convenient, following H. H. Hopkins, to 
introduce scale-normalized coordinates (s,,s.) in the (&,7)-plane by means 
of the equations 


is (Anh? + A,)( (3.29) 


SpE COSECG, Sy= 7) COSEC a 
and a reduced line frequency s in the image surface, related to w by the equation 
s=w cosec «. 


The pass-band of the system is then the set of spatial frequencies (u,v) for 
which s <2 and the low spatial frequencies are those for which s<2. 


Observing that 


O La Se eee 
ec omeniee, 9 say as5” 
we write 
oD | | cD] \ | 
lL, =k, coseca=max{ | —|, | — 
j t = A ( Os; OS, ) 
20 O20 02D i 
= = \ 3.30 
1, = Ry cosec & max( 53 lasde)’ -2\) (3°30) 
ose Sars oF eM 
= pes Matte 3s) °° s3 


+ A. Lohmann [8], equation (11), evaluates this term for systems with circular aperture 


and non-uniform transmission. 


O.A. 2G 
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and obtain from (3.26) the equation 


t=t—(1—7))+ ie (= cos y+ ss sinh) ls sin os — ds. cos x| 
a \ 0s, OS5 


+ 7° 2h +824 Ait 1h | (3.31) 
TT rs 


where C is the circle s,2+5,2=1. As in (3.29), the second and third terms on 
the right of the equation can be regarded as diffraction corrections to the 
geometrical ct-function t, which for s<2 give a good approximation to the 
wave-theoretic ct-function. 

The error term in (3.31) gives an upper bound for the approximation error 
which is much larger than the actual value of this error in a practical case. For 
example, in a defocused but otherwise aberration-free system with O=s,?+5,? 
the cofactor of s* in the error term of (3.31) is 1176. ‘To ensure that this term 
is less than 0-02 we therefore need s<0-054. But computation shows that 
s<0-11 is sufficient. In this range, which for an F/5 system runs up to about 
22 lines/mm, 1—7, can be taken as equal to 2s/7 with negligible inaccuracy. 

It is interesting to note that all the terms in (3.31) are formally independent 
of A, as well as of the numerical aperture sinz. ‘They depend only on 9, wand v. 
As already remarked, the term in 7s? vanishes in an edge-corrected system; we 
shall see later that it also vanishes in a system with radially symmetrical 
abberations. _ 


3.2. The radial second derivatives of 7 and t at the (u,v)-origin 
By (2.7), the geometrical ct-function ¢(w, v) is everywhere differentiable as 
often as we please, and assumes the value 1 at the (w,v)-origin. From (3.14) 
follows the inequality 


ler =i a 1X + 4x?| = | (er i it )dt 


0 


la) 
s | LOPdt < 1/3 (3.32) 
0 


for —co<x<o. Applying (3.32) to (3.12), we obtain 
t(u,v)= | | exp { — 271(ud, + vdz) dE dy 
J 


=1—2nil|A | | (uby + 0by)dé dn 
Bo 


ry 


=2n®|.0f | | | (why? + 2uv},hy + 02ho2)dé dy + 0(8/3)m84/2K 3e03 
A 


= 1—27iw(* cosf+ Hsing) 
— 2? Mw [T), cos? + 21,9 cos xssin ys + [yy sin? f] + 0(8/3)73 \/ 2k, 33 w3, 
3233 

where : 

I,,=mean(®,?), .=mean(®,®,), 1,,= pee (®,?), (3.34) 

A A ; 

while (*,y) is the centroid of the geometrical image, as given by (2. 2). “The 
third term on the right of (3.33) is }w? times the moment of inertia of the 
ray-theoretic image about the line x COS of + ysinw=0, drawn HUE the origin 
at right angles to the direction 7s in the image plane. 
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Denoting by # the s-mean 


foye | ac aici aee ein 


we have from (3.33) the equation 


y 3 
#=1—7®w?M,, + 0(8/3)134/2 Mu (3.35) 


M,,=|s¢| | ie (b.2+ bo2)dé dy (3.36) 


is the moment of inertia (2.3) of the ray-theoretic image about the (x, y)-origin. 
t is real valued, since t(—u, —v)=conjt(u, v) by (2.7). 

Equation (3.33) shows that the radial second derivative of t at the origin 
in the direction ;/ is equal to — 27? times the second moment of the ray-theoretic 
image about the line xcosy+ysin%s=0 drawn through the (x, y)-origin in 
the direction 4+ 7/2; (3.35) shows that the radial second derivative of é at the 
origin is equal to —27°M,. These results are of course well known (Spencer 
[9], Lukosz [12]). 


From equation (3.26) we can obtain proofs of the corresponding results 
for 7 and for the real-valued function 


where 


r= lo)= 5. |, cosy eosing)al (3.37) 


It appears that the function +—7,) is twice differentiable at the (u,v)-origin, 
its radial first derivatives there agree with those of t; its radial second derivatives 
exceed those of t by the complex quantity 


p 


2ridjst |= | (¢, cos + dy sin y)|sin # dé — cos x dy]. (3.38) 
¢ 


Since the s-mean of (3.38) can be shown to be zero by routine analysis, we 
conclude further that the function 7—7) is twice differentiable at the w-origii, 
its first two derivatives there agree with those of t, their respective values being 
0 and —27?M,;t. 
The equation 

F#=f—-14+7,)+0(A%%), (3.39) 
obtained by taking ys-means in (3.29), shows that when terms beyond the 
second order in Aw are disregarded, the effects of aperture diffraction and of 
aberrations appear separately in the expansion of 7. A similar equation 

[7] = |¢|—1+ 7 +OV?a*) (3.40) 
holds for the contrast transmission |z7|, but not for 7 itself, except in special 
casest. One of these special cases is that of a circular stop and radially 
symmetrical aberrations; here (3.38) is equal to its own %-mean and so is 
zero. Another is that of an edge-corrected system already noted in §3.1. 

Equation (3.40) can be deduced from (3.29) as follows: First suppose 

x%=y=0 and define 


I(s) =I), cos? & + 21,5 cos # sin yf + Ig sin? f. 


+ Some remarks of J. A. Macdonald ([13], § 6) are of interest in this connection. It 
will be observed that the radial second derivatives of 7) at the origin are all zero when 
the aperture boundary has no sharp corners. 


t See Lohmann [7], Lukosz [11]. 
O.A. 2H 
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From (3.29) we then have 
t=1+4 27?d?w"l(%) + O(A3w). 
Whence 
Br) = 7) + 277A2w l(b) + O(ASw3), 4% (7) = O(?w?) 
[7] = to + 27? Mw*T (yb) + ON") 
= |t]-—1+7)+ O(A%o). 

Since |z| and |#| are unaltered by a shift of («, y)-origin, the condition *=7=0 
can now be dropped. 

The surfaces s=|7(u,v)| and s=7,(u,v) therefore have the same tangent 
cone at the origin, but not in general the same radial surface-curvatures there. 
If the aperture is circular, and if also #=7j=0, the tangent cone is a right circular 


cone of semi-angle arc cos [(2/7)Acosec«], as is easily seen from (3.2), or from 
the equation D,’(0,y)= —2/z (Hopkins [5], p. 574). 


+. MOMENTS OF INERTIA 
We denote by w (x,y) the form which the normalized intensity distribution 
(2.5) assumes when ¢(€,7)=0; thus 


Tu; Ol 


vd 


tal base 


exp [—2mi(ux + vy) ]wo(x, v)dx dy. (4.1) 


Since 


an 


T)(u, v)—T(u, v)= | | exp [—2m7(ux + vy) ][wo(x, y) — w(x, y) ]dx dy 


Jv —@ 


(4.2) 
and, for all c>0, 
| exp [—27i(ux + vy)] exp [—¢(x? + y*) ]dx dy = a/c exp [—7(u2 + v?)/c], 


(4.3) 
it follows by the extended Parseval theorem] that for c>0 


| (wy —w) exp [— (x? + y?)]du dy = 


vd —® 


| } mlcexp [—7?(u? + v*)/c]—(t9—T)dudv. (4.4) 


vw 


Differentiating with respect to c, we obtain 


| (2) — w) exp [—c(x? + y?)] (x? + v2) dx dy 
rae 


== jie : E = x (uw? +2 | exp [—7(u+v")/c](t»9—7)dudv. (4.5) 


Ca eG 
(The differentiation is justified by dominated convergence.) 

t This was first shown by H. H. Hopkins [5], for systems of non-uniform as well as 
uniform transmission. 


JN. Wiener, Stationary Time Series, New York 1949, equation Ss 0225). The 


extension to functions of two variables is not difficult, 
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‘The right-hand side of (4.5) can be written 
20 ro / a ar? 
| ay | (3 Tig «) exp (—7°w?/c)(t)— 7) w dw 
0 


j E 
=2n|* (5 x a) exp(—mw%/e)(t—Fwde. (4.6) 
Now by (3.35) and (3.39) 
Fe ea PACT (4.7) 
where [n(w)|<20k,2\8w. From (4,5), (4.6), (4.7) we have 
[fo oo-myexp [c(t + y)](a + y*)aedy 


2770 dw 


i 2,13 27.2 
=2n| ae fe Tet) exp (—ma%[e)[My +n(0)] 
ON c 
=| 11 —t)exp-t[M,, + n(cl?t*7—) |dt, (4.8) 
0 
where t=7’w?/c. Also 


) 


| 10-eta= =i 
( 


and 


<120k,2A8l2n 4 {  132(1 4+ £)e-t dt, 


v V 


| “£1 — ten (lt? 4) dt 
( 


) 


which tends to zero as c+0. ‘Therefore, by (4.8), 


lim ih) (w—w,) exp [ —c(x? + y”)](x* + y”)dx dy = M,,. (4.9) 
c>+0 = 
Equation (4.9) can be interpreted in words as follows: Jn the mathematical 
model (2.5), the increase in the moment of inertia about the (x, y)-origin of the 
intensity distribution w(x,y), caused by aberrations, is equal to the increase in the 
moment of inertia (2.3) of the ray theoretic image about this point. 

The same relation evidently remains true if all the moments of inertia are 
taken about any point (x,,y,) near the origin in the (x,y)-plane. In fact, the 
increase in each moment of inertia, unlike the value of the moment itself, is 
unaffected by a change of (x, y)-origin. 

Of course, the left-hand side of (4.9) is not the only limit which could be 
used to represent the ‘‘increase in the moment of inertia due to aberrations’’t. 
A limit of some kind must be used, however, since both w(x, y) and ww (x, y) 
have an infinite moment of inertia about the origin. 

The interpretation of (4.9) just given is very close to a statement made by 
P.-M. Duffieux [3] about the light distribution in the optical image. However, 
before any conclusions about the moment of inertia of the physical intensity 
distribution can be drawn from properties of the mathematical model (2.5), 
we need to know far more than we do at present about the errors of approximation 
involved in taking w(x,y) to represent the light intensity in the faint outer 
parts of the image, far distant from its bright central regions. For, a small 
relative error in the value of z(x,y) in these outer regions could, after 


+ Others have been suggested by Duffeux [4]. 
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multiplication by x?+?, contribute a large error to the calculated increase 
in the moment of inertia. 

From (4.7) and (4.9) it is clear that an image quality evaluation based on 
the increase, due to aberrations, in the moment of inertia of the intensity function 
(2.5) (or of the ray-theoretic image) is equivalent to an evaluation based on 
the value of the radial second derivative of 7(w) at the origin. Such an 
evaluation can only be of limited usefulness, since in general the value-distri- 
bution of the ct-function over a finite region of the (w,v)-plane (for example, 
over the region w <0-15/F4A) is not very closely restricted by specifying the radial 
second derivative of 7 at the origin. In particular, a quality evaluation of this 
kind may give misleading results when applied to systems in which the image 
of a point object consists of a small, bright nucleus containing 30 or 40 per cent 
of the light and surrounded by anvextensive faint halo. ‘This point will be 
discussed more fully in a sequel to the present paper. 


Les relations existant dans le domaine des basses fréquences spatiales entre le facteur 
de contraste ¢ d’un systéme optique calculé d’aprés la théorie géométrique et l’expression 
plus exacte 7 du facteur de contraste déduit du modéle ondulatoire scalaire habituel basé 
sur le principe de Huyghens sont étudiées de maniere a préciser et généraliser la récente 
analyse de K. Miyamoto [1, 2]. 

Une expression approximative est obtenue pour la différence entre f et 7, ainsi qu’une 
limite supérieure explicite de l’erreur de l’approximation en fonction de laberration de 
Ponde du systeme. On montre, dans la § 3.2, que ce résultat principal fournit des 
démonstrations rapides et faciles de la plupart des résultats connus concernant les relations 
liant les dérivées radiales premiéres et secondes de ¢ et 7, a l’origine entre elles, avec la 
diffraction par l’ouverture et avec le rayon de giration de l’image géométrique par rapport 
a Porigine des coordinnées. 

Dans la §4 on montre que le modéle mentionné cidessus des ondes scalaires a la 
propriété suivante: l’accroissement, dQ aux aberrations, du moment d’inertie de l’image 
de diffraction par rapport a un point quelconque de la région brillante centrale ou de son 
voisinage est égal a l’accroissement du moment d’inertie de l’image géométrique par 
rapport a ce point. Ce résultat présente un certain intéret en raison de son équivalence 
formelle avec une proposition de P.-M. Duffieux [3,4] sur la distribution lumineuse 
physique, quoiqu’il ne suffise pas 4 démontrer cette proposition. 


Es werden die bei niedrigen Linienfrequenzen geltenden Beziehungen zwischen 
der strahlentheoretischen KUF ¢ eines optischen Systems und der genaueren KUF 7 
nach der tblichen Vorstellung einer skalaren Welle gemiss dem Huyghens’schen Prinzip 
untersucht. Dazu wird eine in jiingster Zeit erschienene mathematische Untersuchung 
von K. Miyamoto [1, 2] verschirft und erweitert. Man bekommt einen Niherungsausdruck 
fiir den Unterschied zwischen t und 7 sowie eine explicite obere Grenze fiir den 
Aproximationsfehler als Funktion der Wellenaberration des Systems. Aus diesem 
Hauptergebnis lassen sich schnelle und einfache Beweise herleiten fiir die meisten bekannten 
Ergebnisse Uber die Verhiltnisse der radialen ersten und zweiten Ableitungen von t und 
7 im Nullpunkt miteinander, mit der Aperturbeugung und mit dem sog. Gaussmoment 
des strahlentheoretischen Bildes um den Koordinatennullpunkt. 

Das oben erwahnte skalare Wellenmodell hat, wie in § 4 gezeigt wird, folgende 
Figenschaften: Die durch die Aberrationen bedingte Zunahme im Gaussmoment des 
Beugungsbildes um irgendeinen Punkt in oder nahe seines hellen Kernes ist gleich der 
Zunahme im Gaussmoment des strahlentheoretischen Bildes um- diesen Punkt. Das 
Ergebnis ist deswegen interessant, weil es formal einer Behauptung von P.-M. Duffieux 


[3, 4] tiber die physikalische Lichtverteilung entspricht, obwohl es nicht als Beweis dieser 
Behauptung angesehen werden kann. 


(1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 


[9] 
[10] 
[11] 
[12] 
[13] 
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CORRESPONDENCE 


Détramage de clichés par filtrage optique 


par Mme M. MARQUET 
Institut d’Optique, Paris, France 


! 
(Received 9 October 1959) 


L’utilisation du montage a double diffraction (figure 1) de MM. P. Croce et 
A. Maréchal (voir Problems in contemporary optics, 1956, pp. 76-82) permet le 
détramage des clichés tramés transparents utilisés en typogravure. 


Figure 1. 


Le spectre de diffraction se compose d’un spectre discontinu (spectre de la 
trame) et d’un spectre en général continu correspondant au spectre de image 
photographique avant tramage. L/interposition dans le plan F d’un écran 
absorbant supprimant le spectre de la trame a l'exception de l’image centrale 
réalise le détramage du cliché. L’écran peut étre constitué: 


(1°) par une serie de points disposés selon un quadrillage a maille carrée de pas 
a’ =ddj/a; d distance PF cliché-plan du filtre, a pas de la trame; 


(2°) ou plus simplement par un diaphragme carré convenablement orienté de 
coté légerement inférieur a 2a’ si lon admet que le tramage supprime les 
fréquences du cliché initial supérieures a 1/a (expérience d’ Abbe). 


L’image détramée est enregistrée photographiquement en P’. Le contraste 
de Pimage détramée est fonction de la loi de tramage et de la courbe caractéris- 
tique de l’émulsion réceptrice placée en P’. La qualité du résultat obtenu 
dépend en partie de la loi de tramage: les résultats les plus satisfaisants corres- 
pondant aux tramages doux ou de pas les plus faibles. 

Lorsque le cliche a détramer est sur support épais ou est de grande surface, 


il peut devenir indispensable @immerger afin de supprimer les dulerences de 
marche et de phase nuisibles. 
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406 Correspondence 
Zur Berechnung von Wellenflachen 


von F. J. HAVLICEK 
Ljubljana-Prule, Jugoslaviyja 


(Received 2 November 1959) 


Da neuerdings [1] wieder auf die Picht’sche Rekursion [2, 3] fiir die Berechnung 
der Koeffizienten der Meridiankurve a’b’c’... einer Wellenflache, fiir die die 
Koeffizienten des Oeffnungsfehlers der orthotomen Strahlen abc... gegeben 
sind, hingewiesen wurde, wire Folgendes zu bemerken : die Picht’sche Rekursion 
lautet 

asa—4/3 <b. 1b =b— 6/5 26> 166 ope eee 

Nimmt man, der Fall ist besonders einfach aber hier allgemein charakteri- 
stisch, an, dass das Strahlenbiindel keinen Offnungsfehler hat, dann sind die 
Koeffizienten a,b,c... Null. 

Ohne irgendwie einzuschranken, kann mann annehmen, dass ein Koeffizient 
sehr hoher Ordnung (00) den Wert ‘ eins’ hat; die obige Rekursion fiihrt dann 
fiir die Koeffizienten niedrigerer Ordnung zu Werten, die durch das unendliche 
Produkt 

ee 
ny. 2n—1 
gegeben sind, das divergent ist. 
Auf Formeln die diese Schwierigkeiten vermeiden, wurde hingewiesen [4]. 
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